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PREFACE 


At the present time, the average undergraduate mathematics major finds mathe- 
matics heavily compartmentalized. After the calculus, he takes a course in analysis 
and a course in algebra. Depending upon his interests (or those of his department), 
he takes courses in special topics. If he is exposed to topology, it is usually straight- 
forward point set topology; if he is exposed to geometry, it is usually classical dif- 
ferential geometry. The exciting revelations that there is some unity in mathemat- 
ics, that fields overlap, that techniques of one field have applications in another, are 
denied the undergraduate. He must wait until he is well into graduate work to see 
interconnections, presumably because earlier he doesn’t know enough. 

These notes are an attempt to break up this compartmentalization, at least in 
topology-geometry. What the student has learned in algebra and advanced cal- 
culus are used to prove some fairly deep results relating geometry, topology, and 
group theory. (De Rham’s theorem, the Gauss-Bonnet theorem for surfaces, the 
functorial relation of fundamental group to covering space, and surfaces of constant 
curvature as homogeneous spaces are the most noteworthy examples.) 

In the first two chapters the bare essentials of elementary point set topology are 
set forth with some hint of the subject’s application to functional analysis. Chapters 
3 and 4 treat fundamental groups, covering spaces, and simplicial complexes. For 
this approach the authors are indebted to E. Spanier. After some preliminaries in 
Chapter 5 concerning the theory of manifolds, the De Rham theorem (Chapter 6) is 
proven as in H. Whitney’s Geometric Integration Theory. In the two final chapters 
on Riemannian geometry, the authors follow E. Cartan and S. S. Chern. (In order to 
avoid Lie group theory in the last two chapters, only oriented 2-dimensional mani- 
folds are treated.) 

These notes have been used at M.LT. for a one-year course in topology and 
geometry, with prerequisites of at least one semester of modern algebra and one 
semester of advanced calculus ‘‘done right.’’? The class consisted of about seventy 
students, mostly seniors. The ideas for such a course originated in one of the 
author’s tour of duty for the Committee on the Undergraduate Program in Mathe- 
matics of the Mathematical Association of America. A program along these lines, 
but more ambitious, can be found in the CUPM pamphlet ‘‘Pregraduate Preparation 
of Research Mathematicians’’ (1963). (See Outline III on surface theory, pp. 68—70.) 
The authors believe, however, that in lecturing to a large class without a textbook, 
the material in these notes was about as much as could be covered in a year. 
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CHAPTER ONE 
SOME POINT SET TOPOLOGY 


1.1 NAIVE SET THEORY 


We shall accept as primitive (undefined) the concepts of a set (collection, family) 
of objects and the concept of an object belonging to a set. 

We merely remark that, given a set S and an object x, one can determine if the 
object belongs to (is an element of) the set, written x € S, or if it does not belong to 
the set, writtenx ¢ S. 

Definition. Let A and B be sets. A is a subset of B, written A C B, ifx € A 
implies x € B. A is equal to B, written A = B, ifA CB and BCA, 

Notation, The empty set, that is, the set with no objects in it, is denoted by ¢. 

Remark. (1) ¢ C A for all sets A, 

(2) The empty set ¢ is unique; that is, any two empty sets are equal. 
For if J, and d,are two empty sets, ¢, C @, and fo fy 
(3) A C A for all sets A. 

Definition. Let A and B be sets. The union A UB of A and B is the set of allx 

such that x e« A or x € B, written 


AUB=I|x;x ¢€ Aorxe Bj. 
The intersection A f\ B of A and B is defined by 
AN Bz=[x;xe€A and x « BI. 


Similarly, if § is a set (collection) of sets, the union and intersection of all the sets 
in § are defined respectively by 


US = Lx; x € S for some S « §], 


fl S= [x; x € S for every S € $]. 
es 


If A CB, the complement of A in B, denoted A’ or B —A, is defined by 
A’ = [xe B; x ¢ Al. 
THEOREM 1. Let A, B, C, and S be sets. Then 


(1) AUB= BUA, 
(22 ANB= BNA. 


(3) (A UB) UC=AU(BUC), 
(4) (AN B)NC=AN(BNC). 
(5) AU(BNC)=(AU B) N(A UC). 
(6) AN(BUC)=(AN B)U(A NC). 


(7) If AC Sand BCS then, (A UB)’ =A’ NB’. 
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(8) If AC S and BC S, then (A fl B)! = A’ UB’. 
(9) If &, and 8, are two sets (collections) of sets, then 


(US) U eo 7 Pe . 


(4.5) n (4.5) ale st 


(10) For §, and 8, as in (9), 


(,U,S.) 1 (,U.S2) Ae Nn S,). 


S,€8, 


Proof. The proof of this theorem is left to the student. 
Definition. Let A and B be sets. The Cartesian product A X B of A and B is the 


set of ordered pairs 


Ax B=[(a, b); ae A, b € Bl. 


A relation between A and B is a subset R of A X B. a and b are saidtobe R-related 


if (a, b) € R. 


Example. Let A = B = the set of real numbers. Then A x B is the plane. The 
order relation x <y is a relation between A and B, This relation is the shaded set 


of points in Fig. 1.1. 


Bie sre = 
ee ey” 


Definition. A relation RC A x A is a partial ordering if 


(1) (Si, S2) €« R and (s2, $3) € R = (Ss, S3) € FR and 
(2) (Si, S2) € R and (se, S,)€ R > s,= Sz. 
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A relation R is a simple ordering if it is a partial ordering, and, in addition: 

(3) either (s,, s,) € R or (s,, s,) € R for every pair s,, s, € S. 

The order relation for S = real numbers is an example of a simple ordering. In 
general, we say that S is partially ordered (simply ordered) by R. 

Definition. Let A and B be sets. A function f mapping A to B, denoted /:A — B, 
is a relation (f CA x B) between A and B satisfying the following properties. 

(1) If@ € A, then there exists 6 € B such that (a, b) € /. 

(2) If (a, 6) € f and (a, 5,) € f, then b = 6,. 

Property (1) says that the function { is defined everywhere on A. Property (2) says 
that f is a ‘‘single-valued’’ function. 

Notation. Let f:A -B, By f(a) = 6 we mean (a, b) «€ f. 

Definition. Let f: AB. fis surjective (onto) if for each b € B there exists 
aeA such that f(@) = 05. If f is surjective, we write f(A) = B. f is injective (one-to- 
one) if f(z) = f(a.) >a =a,. If f is both surjective and injective, we say f is a one- 
to-one correspondence between A and B. 

Definition. A set A is countable if there exists a one-to-one correspondence be- 
tween the set of all integers and A. A Set A is finite if for some positive integer n 


there exists a one-to-one correspondence between the set {1,...,”} and A, in which 
case we say A has 7 elements. 
THEOREM 2. If A = {a,, ..., @,} is a finite set of m elements, then the set of all 


subsets of A has 2” elements. 

Proof. Consider the set F of all functions mapping A to the set {YES, No} con- 
sisting of the two elements YES and NO. F has 2” elements. The set 8 of all sub- 
sets of A is in one-to-one correspondence with F. For let f: 8 F be defined as 
follows. 

For B ¢ 8, that is, for B CA, f(B) is that element of F (that is, 


f(B):A —|YES, NO)}) 
given by 


jane) {EBS = 6B 


J is injective because if /(B) = f(C), then (B)(x) = f(C)(x) for all x « A. Thus 
f(B)(x) = YES if and only if f(C)(x) = YES; that is, x € B if and only if x € C. Thus 
B=C. fis surjective because every function g: A ~ (YES, NO] determines a BCA 
by 
B=[x; g(x) = YES] 

and /(B) = g. O 

Notation. Motivated by this proposition, we denote by 24 the set of all subsets of 
A, Given two sets A and B, B4 denotes the set of all functions A —~ B. 

Definition. Let f € BA, The inverse f- of f is the function 23 — 24 defined by 


f-(B,) =[ae€ A; fla)e B,) (B,C B). 
f-\(B,) is called the inverse image of B,. Note that 
B 
frre (247°, 


Notation. Let W bea set, and let $ bea collection of sets. We say $ is indexed by 
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W if there is given a surjective function 9: W —S. For w € W, we denote ¢(w) by 
Sy and denote the indexing of & by W as {S,,} Pare 

Definition. Let {S,,}.» <w be indexed by W. The product of the sets {S,,} ¢w is 
the set 


HS = If: W US; fw) € Sy» for all w € wi. 


If the set W is not finite, this product is called an infinite product. Note that this 
notion of the product of sets extends the notion of the product of two sets S, x S,. 
For let W = {1, 2}, let = {S,, S,}, and let ¢: W —S by 9(j) = S;, j = 1,2. Then 
S,x Sz = [(s,, ), sj € S;], and HL Sw = [f:{1, 2} +S, U S,5 £(3) € S;], which can be 
identified with [(f(1), f(2)); (4) € Sj], which can be identified with S, x S,. 
Remark. J, Sy, isa set of functions. One might ask whether there exist any such 


functions; that is, is Tt Sy #0? In other words, given infinitely many non-empty 
we 


sets, is it possible to make a choice of one element from each set? It can be shown 
in axiomatic set theory that this question cannot be answered by appealing to the 
usual axioms of set theory. We accept the affirmative answer here as an axiom. 


AXIOM OF CHOICE, Let {S,},¢w be sets indexed by W. Assume S,, # ¢ for all 
weW. Then 


I Sy # ¢. 
wew 


The axiom of choice is equivalent to several other axioms, one of which is the 
following. 


MAXIMUM PRINCIPLE; If S is partially ordered-by R, and T is a simply or- 


dered subset, then there exists a set M such that the following statements are valid. 
(1) TC MCS, 


(2) Mis simply ordered by R. 
(3) If MCN CS, and N is simply ordered by R, then M = N; thatis, Misa 
maximal simply ordered subset containing 7, 


1.2 TOPOLOGICAL SPACES. 


Definition. A metric space is a set S together with a function p: S x S — the non- 
negative real numbers, such that for each s,, s,, s, € S: 

(1) p(s,, s,) = 0 if and only if s, = &. 

(2) pls, $2) = p(se, S,). 

(3) pls,, 5) < pls, s,) + als, s,). 
The function p is called a meiric on S. 

Given a point s, ina metric space S anda real number a, the ball of radius a 
about s, is defined to be the set 


Bg (a) =[s € S; p(s, s,) <a]. 


Example. Let S be the plane, that is, the product of the set of the real numbers 
with itself. We define three metrics on S as follows. 
For P, = (x,, y,) and P, = (%2, ¥,), two points in S, 
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p P,P.) = Wx%,—*,)? + G27 9), 
pAP,, P,) > max {|x,— xi, [Vou yl}, 


plP, P,) = [X27 X,| + |¥27 y,I- 


The ball of radius a about the point 0 = (0, 0) relative to each of these metrics is 
indicated by the shaded areas in Fig. 1.2. Note that a ball does not necessarily have 
a circular, or even a smooth, boundary. 


pi(s,0) <a p2(s,0) <a pa(s,0) <a 


Fig. 1.2 


Remark. The three metrics defined above provide the plane with three distinct 
structures as a metric space. Yet for studying certain properties of these spaces, 
these metrics are equivalent. Thus, if we want to know, for example, whether 0 is 
a limit point of a set TCS, we ask whether there is a sequence of points in T which 
converges to 0; that is, whether a sequence {s,} of points in T exists such that 
given any € > 0, there exists an N such that 


P(sp, 0) <t 


for alln >N. It is not difficult to see that the answer to this question is independent 
of whichever of the above metrics we use for p; that is, given © > 0, there exists 
such an N using p, if and only if there exists such an N using p., etc. The answer 
does not depend on the shape of the ball of radius ¢, but only on its ‘‘fatness’’ or 
‘“‘openness.’’ For this reason among others, it is convenient to gather together those 
properties of a metric space that are essential for describing ‘‘openness’’ and to 
use such properties to define a more abstract structure, a topological structure, in 
which we can still talk about limit points and in which the three metric structures 
on the plane described above will give the same ‘‘open sets.’’ 
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Definition. A topological space is a set S together with a collection % of subsets 
of S (that is, U is a subset of 25) satisfying the following conditions: 

(la) Seu, Seu. s 

(2a) fU,..., U, € u then f U;EW 


(8a) Arbitrary unions of elements in u lie in U; that is, if UCu,then UU eu. 
vew 


The elements of U are called open sets in S. The collection u is called a topology 
on S, 


Remark. We shall often suppress the u and simply refer to S asa topological 
space. 

Definition. Let (S, U) be a topological space. A set ACS is closed if it is the 
complement of an open set, that is, if A’ € U. 

Remark. By takingcomplements in conditions (1a), (2a), and (3a) above, one sees 
that the collection ‘€ of closed sets satisfies the following conditions. 

(lb) De ©, See. - 

(2b) If A,,...,A,€ @, then u A; € @, 


(3b) Arbitrary intersections of elements in @ lie in ©. 
Remark. A topology can be described by specifying the collection of closed sets 
equally as well as specifying the collection of open sets. 
Definition. Let (S, U) be a topological space. Let ACS. A points € S is a limit 
point of A if for each U € u such thats ¢€ U, 


(U-{s})N A¥G. 
Definition. The closure of a set A CS, denoted by A, is the set 
A=AUl[s €S; s is a limit point of A]. 


THEOREM 1. The closure A of a set A is closed. 

Proof. We must show that A’ is open. For this it suffices to show that for each 
s € A’ there exists an open set U, withs « U, C A’. Thens ¢€ U, for each s implies 
ANS U,, and U, C A’ for each s implies U, U, CA’. Thus A’ = Ue U, is a un- 

SE SE seA’ 
ion of open sets and hence is open. 

Now lets « A’, Thens is not a limit point of A, so there exists an open setU, 
such thats « U, and (U, —{s}) A = ¢. Furthermore, s ¢ A because s ¢ A and 
hence, in fact, U, f A = Q. Since each element of U, is contained in an open set, 
namely U, itself, whose intersection with A is_¢, it follows that U, contains no 
limit points of A andU, N A=@Q; thatis,U,C A’. _O 

THEOREM 2. A set A is closed if and only if A = A. 

Proof. Assume A is closed. Then A’ is open. If s ¢ A, then A’ is an open set 
containing s such that (A’ —{s}) NM A =@. Thus s is not a limit point of A. Hence 
all limit points of A lie in A; that is, A = A. O 

Conversely, if A = A, then A is closed by the previous theorem. 

Definition. A set ®C 25 is a basis fora topology on S$ if the following conditions 
are satisfied: 

(1c) De B, 

(2c) U B=S, 

BES 


(3c) If B, and B, € B, then B, NB, = U_B for some subset @CB. 


Bee . 


THEOREM 38. Let S be a set and & be a basis for a topology on S. Let 
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Ue = [U € 25; U is a union of elements of @). 


Then Ug is a topology on S, the topology generaied by &. 

Proof. We must verifythat ug satisfies the three open-set axioms for a topology 
on S, 

By (1c) and (2c) in the definition of a basis, both G% and S € Ug so that condition 
(1a) in the definition of a topological space is satisfied. 


Suppose UC Ug. Then Uv Ve= U (_U B) = UB where @, C@ for each Ve v 
G Be@ 


Veo Be®y 


and 8 = AY @, © ® Hence condition (3a) holds. 
ED 


We prove condition (2a) by induction. We assume that the intersection of # sets 
in Ue lies in Ug. (For k= 1, the statement is automatically true.) Suppose then 
U,, ..., Up4, € Ug. By the inductive hypothesis, YU, N... 1U, € ug; that is, there 
exists a subset ®,C ® such that U,N...NUp= _U B,. Since Uz4,€ Ua, there 


exists a subset ®, C ® such thatU,,,= ,U) B,. Hence 


= =; B 
U,N... NU gs, CU BD al (Ue se 4 11 B,). 
BEB, 
But by condition (3c) in the definition of a basis, B, N B, « Ug. 


Hence U, 1... 1 Ups, € Ug. 0 
THEOREM 4, Let (S, p) be a metric space. Let 


@ = [B,(a); s ¢ S anda is a non-negative real number]. 


Then @ is a basis for a topology on S, 
Proof. (1) B,(0) =¢ for anys € S, so Ge @, 
(2) For any a > 0, S = U B,(a), so S = U B. 
S$é € 


(3) Let s,, s, € S, let a,, a, > 0, and let T= B,(a,) N B,(a,). We may as- 

sume T# @. 
To show that T is a union of elements of 8, it suffices to show that for eachs ¢ T 
there exists a, > 0 such that B,(a,)C fT. For then TC U B,(a,) C T. The first in- 


clusion follows because s € B,(a,) for each s € 7, and the second, because Bla) CT 
for eachs. Thus T = Ue B,(a,) is a union of elements of 8. 
SE 


Jj 
a, = min {a,—6,,a,—b,}, Then a, > 0, and we claim that B,(@@,) C T. For suppose 
te B,(a,). Then 


Now for s € 7, let b; = p(s, sj) for j = 1, 2. Then 6; < a; since s € Bg ,(aj). Let 


pl, $;)< p(t, s) + p(s, s;) < dg + by <a; — b; +b; = a;3 


sote Bs, (a), j=1,2. O 


COROLLARY. A metric space has the structure of a topological space in which 
the open sets are unions of balls. 

Definition. Let S be a set, and let ®, and ®, be bases for topologies on S. ®, and 
@, are equivalent if they generate the same topology; that is, if ue 17 Ue, 

THEOREM 5, Let S bea set, and let ®, and ®, be bases for topologies on S. Then 
®, and 8, are equivalent if and only if 


(1) for each s eS and B,c¢ 8, with s « B,, there exists B,«€ @®, such that 
se B,C B,, and 
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(2) foreach s ¢S and B,«®, with s«B,, there exists B,¢®, such that 
s¢€ B,C B,. 


Proof, Suppose @, and @, are page: andlets <«B, « @,. Then B, c U@, = UG, 
so B,= U_ B, for some subset ®,C @,. Hence s « B, CB, for some B, ¢ 8, Cc ®,. 


B, eB, 
Thus (1) is proved, and (2) is proved similarly. 
Conversely, suppose (1) and (2) are satisfied. We first show that Ue, = UR, Let 
Be@,. By (1) for each s « B there exists B, € ®, such that s « B, CB. Now 
Bc u B,C B, so B= AU B, € Ug, Thus Ue, CUB, Similarly, using (2), 


UB. CUB, and so Ug, = Sie a) 
COROLLARY, The three metrics p,, 2, p, on the plane S described earlier all 
determine the same topology on S, 
Proof. Conditions (1) and (2) of Theorem 5 are clearly satisfied. Oo 
Remark. It is not true, however, that all metrics on a given space give the same 
topology. For example, consider the space R of real numbers with the following 
two metrics. 


pl”, Y,) = 7, — T, 
p71, 72) = {9 . z if 


The open sets in the topology defined by p, are the usual open sets (generated b ny 
open intervals) in R, whereas the collection of Sage sets defined by p, is the set 2 
of all subsets of R. For, in fact, relative to p,, B,(1/2) = {r} for each r¢R, so each 
‘point’? is an open set; "and, hence, so is each Renae of ‘‘points,’’ that is, each sub- 
set of R. 

Definition. If (S, U) is a topological space and u = 25, then S is said to have the 
discrete topology. 

THEOREM 6, Let (S, U) be a topological space and let AC S. Let 


=[ANu; Ue. 


Then U,4 is a topology on A, called the relative topology on A. 
Proof. This is a consequence of the following facts. 


(1) PNA=G,SNA=A, 


(2) ff NA) = (fh uana, 


(3) U(@ NA) =(UHNA oO 
vee Cet 


Remark. When dealing with subspaces, one must be careful to specify which 
topology is being used at any given time. Thus, for example, if U is the open inter- 
val (1, 3) C R and A is the closed interval [2, 4] C R, then U 0 A is open in A, but 
not open in R. However, if A is either open or closed, we do have the following 
theorem. 

THEOREM 7, Let S be a topological space and let AC S. If A is open in S, then 
every open set in A is openinS. If A is closed in S, then every closed set in A is 
closed in S, 

Proof. If A is open in S and B is open in A, then B = U NA for some open set U 
in S; so B is open in S since both U and A are open in S. 
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If A is closed in S, and B is closed in A, then A — B is open in A; so 
A-B=A NU for some open set U in S. Thus 


B=A-(A-B)=A-ANU=ANU, 


Since A and U’ are both closed in S, soisA NU' =B, Oo 
THEOREM 8. Let S be a topological space and let @ CS have the relative topol- 

ogy. Let P be a subset of @. Then the relative topology U, on P regarded as a sub- 

set of Q is the same as the relative topology U, on P regarded as a subset of S. 
Proof. Let AC P. Then 


AeéU,<>A = P NU for some open set UC Q 
<=>A = P11 (QN UV) for some open set Uc S 
Pf & for some openset UCS (since PC Q) 


<A 
<=>A € U,. 0 


1.8 CONNECTED AND COMPACT SPACES. 


Definition. A topological space S is connected if the only sets which are both 
open and closed are ¢ and S. 

THEOREM 1. A topological space S is connected if and only if it is not the union 
of two disjoint non-empty open sets. 

Proof. Assume S is connected, Suppose S = V, U V, for open sets V, and V, with 
V,N V,= ¢, Then V,= V%, so V, is closed as well as open, Since S is connected, 
either V,= g or V,=S. If V,=S, then V,= Q; so in both cases either V, or V, 
must be empty. 

Conversely, suppose S is not the union of two disjoint non-empty sets. Let V CS 
be both open and closed. Then V’ is also both open and closed, and S is the union of 
the disjoint open sets Vand V', Thus either V= Qor V’ = g; that is, either V= g 
or V=S, so S is connected, O 

Examples. It is shown in real analysis that the following spaces are connected: 

(1) The space R of real numbers, 

(2) Any interval in R, 

(3) Real n-space R™, and 

(4) Any ball or cube in R”, 

Remark. A subset ofa topological space is said tobe connected if it is connected 
in the relative topology. 

THEOREM 2, Let S bea topological space, and let 7, and { 7,,},, -w be connected 
subsets of S. Assume 7, T, 4G for each w ¢ W. Then 7, U( U Tw) is connec- 
ted, * 

Remark. This theorem can be used to prove that R” is connected, given the fact 
that lines in R” are connected. For, in fact, let 7, = {o} and {Ty} w ew denote the 
set of all lines through 0. (The indexing set W can be taken to be the unit sphere in 
R".) Then R” = T,UCU Ty). 


Proof. Let T= T, U ( a T,). Suppose T= V, U V, for some disjoint sets V, and 
V, open in 7, Then for each w, V, 1 T, and V,1 7, are disjoint opensets in Ty, 


and their union is 7,. Since 7, is connected, either V, NT, = G or V,N Ty = GD. 
Similarly, either V,NT,= gor V,NT,= g; say V,NT,= G. Then V, NT, = 7; 


oO. 
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that is, T,C V,. Therefore, since 7, 1 Ty 4, V, N Ty #@ for each w € W. 
Thus, from above, V, 1 7, = G for all w « W and Vi" Ty = Ty; that is, Ty CV, 


for all w « W. Therefore, V, = 7, U Cu, Ty), andV,= 6. 0 


Example. R™ — {0} is connected for n > 1. Prove that it is. 
Definitions. Let S be a set. A collection 0 C25 isa covering of S if ae Ve=S, 


If S is a topological space and each V € U is an open set, U is called an open cover- 
ing of S. 

A topological space S is compact if every open covering has a finite subcovering; 
that is, if for every open covering V, there exist a finite number of Sets, say 


k 
Vi,..., Ve € U for some k, such that $ = U V;. 
4 


Example, It is shown in real analysis that 

(1) the compact subsets of R” are the closed bounded subsets of R” (Heine-Borel 
theorem), 

(2) R™ is not compact, and 

(3) an open interval in R1 is not compact. 

Definition. A topological space is said to have the finite intersection property 
(abbreviated f.i. p.) if every collection ¥ of closed sets with property (qa) also has 
property (8): 

(a) Ff... Fp # G for each finite subcollection {F,,..., Fy} C5. 

(8) af FF. 


THEOREM 3, Let S be a topological space. Then S is compact if and only if S 
has the f.i.p. 

Proof. Tiere is a one-to-one correspondence between collections ¥ of closed 
sets in $ and collections U of open sets in S given by complementation; that is, 
U-- if and only if 0 = [F’; Fe s] or, equivalently, = = [vs Vev]. Now if 0 
corresponds to ¥, then 


N F=P<>U Ves, 


Fes 


That is, 0 is an open covering if and only if ¥ does not satisfy property (8); and ‘0 
has a finite subcovering if and only if $ does not satisfy property(a), oO 

THEOREM 4. Every closed subset of a compact space is compact in its relative 
topology. 

Proof. Let A be a closed subset of a compact space S. We show that A has 
the f.i.p. Let § be any collection of closed subsets of A satisfying property (a). 
Since A is closed and each F «€ § is closed in A, each Fe § is closed inS. Thus ¥ 
is a collection of closed sets in S satisfying (a). Since S is compact, Ly FZ. 


But A FCA, soAhasthef.i.p. Oo 


THEOREM 5, Let S$ be a compact topological space. Then every infinite subset 

of S has a limit point. , 
Proof. We show that if A CS has no limit point, then A is finite. The proof is in 
three steps. 

Step (1). Ais discrete; that is, its relative topology is the discrete topology. 
For suppose a ¢€ A, Since a is not a limit point of A, there exists an open set Uz, CS 
containing @ such that (Uz —{a}) NA = Q; thatis, U, NA={a}. Thus each {a} is 
an open set in the relative topology of A and hence A is discrete. 


CONTINUOUS FUNCTIONS 11 


Step (2). A is compact. For in fact, since A has no limit points, A = A, and 
hence A is closed, But, by Theorem 4, this implies A is compact. 

Step (3). A is finite. For let U, = {a} for eacha ¢ A. Then, by Step 1,{UghagcA 
is an open covering of A. By Step (2), A is compact, so there exists a finite sub- 
covering {Ug,,..., Ua;}. 


k 
Thus A = u Ua, ={a,,..., ap} is finite. 0 


1.4 CONTINUOUS FUNCTIONS 


Definition. Let S and T be topological spaces. A function f: S — T is continuous 
if the inverse images of open sets are open; that is, for each open set U < 7, f-U) 
is open in S, 

THEOREM 1, Let S and 7 be topological spaces, Let ®y and ®7 be bases for the 
topologies on S and 7 respectively. Then f: S — T is continuous if and only if for 
each s € S and each V € ®7 with f(s) « V, there exists a U € @s such thats « U and 
fWU)CYV. 

Remark. For metric spaces, Theorem 1 shows that our definition of continuity 
is equivalent to the usual €, 6 definition of continuity. 

Proof. Assume f is continuous. Ifs « S and f(s) « Ve 7, then f1(V) is open 
in 5 and so is a union of elements of @s. Since s « f-(V), s must belong to one of 
these basis elements. Call it U. Then UC f-(V), so f(UU) CV. 

Conversely, suppose for each such s and V there exists such a U. Let Vv be open 
in T. We must show that f-(V) is open in S. Lets « f- “(). Then /(s) « V, so f(s) 
lies in some basis element V, € ®7 with V,c Vv. Therefore, there exists a basis 
element U, € @, such thats € U, and fuye V,C V; thatis, U, Cf” UV). 


Then f-(V) = U_ U,; so f- (VY) is open in S, 0 
sef-X{V) 


THEOREM 2. Let R,S, T be topological spaces, If g: R—-S and /:S—T are 
both continuous, then f « g: R —~ T is continuous. 

Proof. Let V be open in T. Since f is continuous, f-!(V) is open in S. Hence, 
since g is continuous, g“(f-'(V)) is open in R. But (f © g)? = ge f"}, so 
(f° g)!(V) is open in R, and f » g is continuous. | 

THEOREM 3. Let S and T be topological spaces. Let f: S — T be continuous and 
surjective. If S is connected, then so is 7. 

Proof. Suppose V, and V, are disjoint open sets in 7 with V, U V, = 7. Then 
f-(V,) and f-'(V,) are disjoint open sets in S with f-"(V,) U f-+(V,) = S. Since S is 
connected, either f~'(V,) or f-!(V,) must be empty. But since f is surjective, 
f-'(V;) = B for some j implies Vj = . Thus Tis connected. O 

COROLLARY, If f: S — T is continuous, and if S is connected, then {(S) is con- 
nected, 

Example 1. Let /: [a, 6] ~R' be a continuous real-valued function defined on the 
closed interval froma to}. If f(x,) > 0 for some x, € [a, 6], and f(x,) < 0 for some 
%2 € [a, b], then f(xo) = 0 for some xo [a, b]. 

Proof. Let T = f([a,6]). Then T is connected by the corollary since [a,b] is con- 
nected. But if 0 ¢ 7, then T = (R_NT) U (R, N T) is the union of non-empty disjoint 
open sets. Here R, is the set of positive real numbers, and R_ the set of negative 
real numbers, Thus 0 € T; that is, 0 = f(x,) for some x,. Oo 

Example 2. Let S” be the unit sphere in R”*'; that is, 
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+1 
Ss" = eG veep Xing) € ROL y xj? = |. 


Then S” is connected for n > 0, 
Proof. From Sec. 1.3 we know that R”®*1—{0} is connected. Let 


f: Rm1— {g} —» gn 


be defined by 


Ce )- (A, Xo pores Fate). 
peg VE xi? VEX; VE x52, 


Then f is continuous and surjective; so S” is connected. O 

Example 3. Let GL(n,R) and GL(n,C) denote respectively the sets of non- 
Singular x Xm matrices with real and complex entries. Then by stringing out the 
rows of each matrix ina line, GL(n, R) may be regarded as a subset of Rn? and 
hence is a topological space as a subset of R”’ with the relative topology. Similarly 
GL(n, C) < C®? is a topological space. (Note that complex n?-space C”” has the 
topology of the product of R? with itself n? times.) Now GL(n, R) is not connected. 
For let 


A: R® — Ri-{o} 


be the determinant function. A is continuous and surjective. Since R} —{o} is not 
connected, GL(n, R) is not connected. 

Note that this argument fails for GL(n, C) since A: GL(n, C) ~ C — {0}, and 
C —{0} = R?-{0} is connected. In fact, as we shall see later, GL(n, C) is connec- 
ted, 

THEOREM 4. Let S and T be topological spaces, and let f: S — T be continuous 
and surjective. If S is compact, then so is T, 

Proof. Let 0 be an open covering of T. Then[f-!(V); Ve 0] is an open cover- 
ing of S. Since S is compact, there exists a finite subcovering 


{f2(V), -.., 7 (Vet. 


k 
Since f is surjective, f(f-1(Vj)) = V; for j = 1,...,%, and ve V; = T because 
k ; 
Ue FNV;) = §, Thus Tis compact. O 
i 


COROLLARY 1. If f: S — 7 is continuous and S is compact, then f(S) is com- 
pact. 

COROLLARY 2. Let /: S — R’ be continuous. If S is compact, then f assumes 
its maximum and its minimum. ; 

Proof. By Theorem 4, f(S) is compact, and therefore a closed bounded set in R}. 
The maximum of / is the l.u.b. of f(S). It is a limit point of f(S), hence is in /(S) 
because f(S) is closed. Similarly the minimum of f is in f(S). © 

Definition, Let S and T be topological spaces and f: S—~ T. f is a homeomorph- 
ism if f is a one-to-one correspondence and both f and f~! are continuous. 7 

Remark 1. Note that although f-! has been defined as a map aT 25, it may, in 
the case where f is a one-to-one correspondence, be regarded as a map T — S by 
identifying the one-point set {¢} witht and f~‘({t}) with s, where f(s) =t. 
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Remark 2. The fact that, for a homeomorphism /, both f and f-' are continuous 
means that f not only maps points of S to points of T ina one-to-one manner, but 
falso maps open sets of S to open sets of T in a one-to-one manner. This means 
that S and 7 are topologically the same; that is, any topological property enjoyed 
by S is also enjoyed by T and conversely. Thus if f: ST is a homeomorphism, 
then S is connected if and only if 7 is connected; and S is compact if and only if 
T is compact. 


1.5 PRODUCT SPACES 


Definition. Let T be a set and let u and U be two topologies on T. The topology 
4. is said to be weaker than the topology U if UC 0. Or equivalently, if the identity 
map 


I: (7,0) > (7, 


is continuous. 

THEOREM 1, Let S be a set, and let w C25, Then there exists a weakest topol- 
ogy U on S such that WC. 

Proof. Let 


@ = [v; wc vc 25, va topology on S]. 


@ # @ because 25 € @, Let U= fl, 0. 


Then ‘WCU, Moreover, U is a topology on S; that is, U satisfies the open set ax- 
ioms. For, in fact, 
(1) ZG, S € U because GZ, S € U for each VE @. 


k 
(2) If U,,..., Upeu, thenU,, ..., Up « U for each UD € @so n U; € 0 for each 
k k 
uv ée@andhence 1 U;eU. 
jel 


(3) If U, €U for each weW, W some indexing set, then U, € 0 for eachweW 
and each 0 €« @ So Ue Uy» € U for each V € @ and hence U Uy € U. 
we we 


Thus U is a topology on S, Wis the weakest topology containing W because if U 
is any other such topology, then U€ @ and hence U = all UCL, O 


Remark. A basis for the weakest topology on S containing W is 
B® = (U,N...N Up; U;ewtor j=1,..., k, where & is any positive integer]. 


(Throw in ¢g and S.) 

Exercise. Prove this remark. 

Remark. We can regard U in two distinct ways: as the intersection of all topol- 
ogies on S containing ‘W and as the topology ‘‘generated’’ byw. This is analogous 
to the situation in linear algebra where, givena subset W of a vector space V, the 
smallest subspace of V containing W may be regarded either as the intersection of 
all subspaces containing W or as the linear space spanned by W. 

THEOREM 2. Let W be an indexing set and let Prot cw be topological spaces. 
Let S be a set, and let {f,,},<w bea collection of functions, /,: S ~ Ty for each 
weW. Then there exists a weakest topology on S such that f,,: S — T, is continu- 
ous for eachwe W. 
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Proof. Let W = Lhe? (Vy); Vi open in T,, we W]. Let U be the weakest topology 
such that WCU, Clearly, any topology on $ such that each /, is continuous must 
contain W, U is the weakest such topology. nm 

Remark, The set 


= [0 Sw'(Vw); W, is a finite subset of W, Vi) open in Ty for each we W,] 


is a basis for the topology Ul of Theorem 2. 


Definition. Let {Syhwew be a collection of topological spaces. Let P= II S, 
weW 


(Cartesian product of sets). Let 1: P — Sw be defined for each we W by 


tyw(f) = fw), (fe P). 


(Recall that a point f « a Sy is a function 
we 


fi ea als Sw 
such that f(w) € Sy for each w« W.) The product topology on P is the weakest 
topology in which each 1, is continuous, This topology exists by Theorem 2, 


Remark. The function 7, (@ € W) is projection onto the factor Sy. A basis for 
the product topology is 


@®=[N 2, 1(Uy); W, a finite subset of W and Uy 
an open set in S,, for each w « W,]. 


Let us take a closer look at these basic open sets. First, for each wy) « W and each 
open set Up, C Sw,, Tw, (Uw,) is the “cylinder” TM T,,, where 
weW 


_ Sy (w # w,) 
Tw = a (w = W). 


For, in fact, f € tw,'(Uw,) <> Tw (f) € Uw, <> f(wo) € Uy, <> fw) € Ty for each 


weWe> fe I Ty. Taking finite intersections, it follows easily that 
we 


N ttn) = 1 Qy 


weW, 
where 


_ 4s (w ¢ W,) 
Qw 7 ie (w € Wi). 


Thus the basis ® for the topology on P consists of products of open sets, one in 
each factor S,,, with all but finitely many of these being the whole space S,). 

Example 1. Let I denote the open interval (0,1). Then J x J is the open unit 
square in R*, The projection maps are aj; Ix I~I(j = 1,2), defined by 


am, (a,b) =a, 2, (a,b) = BL 
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For Ui, an open interval in J, the cylinder 71’(U1) is the shaded vertical strip in 
Fig. 1.3. 


Fig. 1.3 


For U,, an open interval in J, 7,7(U,) is the shaded horizontal strip in Fig. 1.4. 


y a 


Fig. 1.4 


Thus #7'(U:) f m2'(U2) is the open square in Fig. 1.5. Since the open intervals 
form a basis for the topology on J, it follows that the open squares form a basis for 
the product topology on I xJ. That is, the product topology on I x/ is the same as 
the topology induced on I x J by the metric space topology on R’. 

Example 2. The circle S' is a subset of R?, so it is a topological space in the 
induced topology. The product S! x S! of the circle with itself is a torus (the sur- 
face of a tire or doughnut). In the product topology on the torus, a basis for the 
open sets is given by ‘‘rectangular patches,’’ as in Fig. 1.6, Thestudent should find 
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Fig. 1.5 


Fig. 1.6 


it instructive to convince himself that the product topology on S$! x Sis the same 
as the induced topology on the torus considered as a subset of R°. 
Example 3, Let R, denote the positive real numbers, and let S” denote the unit 
sphere in R”**, Then there exists a one-to-one correspondence 
g: R™1—{o} —~R, x 
given by 


x x 
Ki bey = {ll x 1 (4. a Zn) 
Pl¥y- ss Xue) ( "Aer re ee 
n+1 


where Iix Il = (2 x;*)'?, 9 is in fact a homeomorphism between R®*} — {o} in the 
rs 


induced topology and R, x S” in the product topology. Here R, and S” are topolo- 
gized as subsets of R' and R”*? respectively. 
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Example 4, Let J* = [n; n is a positive integer] and let I, = [0, 1/n]. Then 
P= Il J, is a topological space in the product topology. We introduce a metric on 
ned*® = 
the point set of P as follows. If ¥ = (%i, ..., X,, -..) and y = (yi, ..., Vy, ---) are in 
P, then 


Hes) (2 _ +} ve 


n=l 


Exercise. Show that the series converges so that p is well-defined. Show that p 
is a metric on .P and the metric topology on P is the same as the product topology. 


1.6 THE TYCHONOFF THEOREM 


One of the most important properties of product spaces is given by the following 
theorem. In fact, this theorem is one strong reason why the product topology we 
have described in Sec. 1.5 is a good topology for infinite products (better, for ex- 
ample, than one where products of infinitely many proper open subsets of the fac- 
tors are allowed as basic open sets). 

THEOREM 1. (Tychonoff). The product of compact spaces is compact. 

Proof. The proof is deferred to the end of Sec. 1.6. 

Remark. Let us first consider an application of Theorem 1. Recall from analy- 
sis that there are many nice properties enjoyed by continuous real-valued functions 
on compact spaces which do not hold when the domain is not compact. For example, 
every continuous real-valued function ona compact set assumes its maximum, Thus 
it is reasonable to inquire when a continuous function, defined on some non-compact 
set S, can be extended to a continuous function defined on some compact set C > S. 


Definition, If f: § con T and if SC C,then a continuous extension g of f is a con- 
tinuous map g: C — T, such that g(s) = f(s), s « S; that is, gly = f. 

Example 1. Let S = (0,1], the half-open interval. Let f: S — R! be defined by 
J (x) = sin x for x € (0, 1], Although S is not compact, it is clear that f can be ex- 
tended to a continuous function on the compact set [0,1], the closed interval, by 
setting f(0) = 0. 

Example 2, Let S = (0, 1] as before. Now let f: S —~ R} be defined by 


F(x) =sini/x  forx eS. 


Once again, f is a continuous function on the non-compact set S, but now it is clear 
that f cannot be extended to a continuous function on the compact set [0, 1]; that is, 
we cannot, by adding one point, obtain a compact space on which / can be contin- 
uously extended. But it turns out that if we ‘‘add’’ sufficiently many points, we can 
obtain a compact space P; a continuous function gy: S-~P (yg will in fact turn out to 
be a homeomorphism onto y(S) C P); and a continuous function f: P —R}, such that 


(1) y(S) is dense in P; that is, o(S) = P, 
(2) Fop=f. 


Thus we replace S by a homeomorphic copy ¢(S), carry f over to g(S) through the 
homeomorphism qg7', and then we can extend to a continuous function on a compact 
space P > g(S), 

We construct P as follows. Let 7=[-1,1], and let P, = [0,1] x J, the closed 
square. 
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Let g: S — P, be defined by 
g(x) = (x, sin1/x) (x € (0,1). 
(Note that if f: [0, 1]x 1 —~ R? is defined by 
F(X, y=, 
then fo ¢ = f.) Now Pi is compact, but v(S) # P,. However, if we set 
P = 9(S) = the closure of ¢(S) in Pi, 
then yg: S—~ P. Now P, gy, and the restriction of f to P have the required properties. 
In summary, we have replaced (0, 1] by the graph ¢(S) of sin 1/x (a homeomor- 
phic copy of (0, 1]. See Fig. 1.7. We have carried the function Ff over to ¢(S) 
through the homeomorphism gy’. Then wehave extended our function to the compact 


set 


0} x [-1, 1)) U M(x, sin 1/x); « € (0, 1). 


Fig. 1.7 


Another way to look at the result of this construction is the following. Let us 
take the set y(S) and identify it with S through the homeomorphism ¢. Then the set 
P is identified with the set (Fig. 1.8) 


P = ({o} x [-1,1]) u((o, 1] x {0}). 


The function f is now a continuous function on P that agrees with f on (0, 1] x {0}. 
However, note that the topology on P is not the induced topology from R?; it is the 
topology of P carried over through the identification S — y(S). Thus, for example, 
each point of {0} x [-1, 1] is a limit point of the set (0, 1] x {o}. 
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Fig. 1.8 


Example 2 illustrates the main points in the statement and proof of the following 
theorem, which is a consequence of the Tychonoff theorem. 

THEOREM 2, Let W be a collection of continuous real-valued (or complex- 
valued) functions ona topological space S with the property that each we W isa 
bounded function; that is, w(S) C J,, where I, is, for each w« W, some closed 
bounded interval (or ball), Then there exists a compact space P; a continuous func- 
tion g: S-~P; and a family # of continuous real-valued (complex-valued) functions 
on P such that 


(1) p(S) = P 
(2) [fe y; fe s] = Ww. 


If, in addition, W separates points of S (that is, if, for each s, 4 s, € S, there exists 
aw € W such that w(s,) 4 w(s,)), then ¢ is injective. 
Proof. Let P, = Tl Ty. Since each I, is compact, P, is compact by the Tychonoff 
WE 


theorem. Let yg: S — P, be defined by 

y(s)(w) = w(s). 
Then ¢ is continuous. To prove this it suffices to show that inverse images of basic 
open sets are open, because each open set is a union of such sets. Suppose U is a 


basic open set in P,. Then 


U= 1 ty (Vy) 


weW, 
for some finite subset W, C W, where V, is open in J, for each w « W,. Thus 


y*(U) = Is € S; g(s) € an Ty (Viy)] 


[s ¢ S; yls)(w) € Vy for each we W,] 


u 


[s € S; w(s) € Vy for each w € W,] 
N wi(Vy). 


wew, 
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Thus, since each w € W is continuous, g@}(U) is a finite intersection of open sets. 
Hence ¢"*(U) is open, and ¢ is continuous. 

Now let P= a5). P is compact, for it is a clased subset of a compact 
Then y: S-~ P is continuous, where P has the relative topology in P,, because 
gy: S —~ P, is continuous, Moreover, from the definition of y, it is clear that 


Ty ° Ps) = w(s) 
for each s ¢ S and each w € W. Thus, if we define 
F=([tylp; we WI, 


then 
foo; fee] = w. 


It remains only to prove that if W Separates points, then ¢ is injective, But if, 
for each s, # s,€S, there exists w € W such that w(s,) 4 w(s,), then 


pls,)(w) = w(s,) # w(s,) = 9(s,)(w) 


for that w, so y(s,) # g(s,). oO 
Remark. In Example 2 above, W ={/,, fat where f,(x) = sin 1/x and F(x) = x. 
The function f, was added to obtain separation of points. 


Proof of Theorem 1. Let € bea collection of closed sets in P =: I] Sw, where S,, 
wew 
is compact for each w « W. Suppose § has the following property: 
(a) Intersections of finitely many elements of ¢ are always non-empty. 
To prove that P is compact it suffices, by Theorem 3, Sec. 1.3, to show that 
; fl ¥ #@ for each such ¢. 
re F 


Now even though each collection 


Fy =[ty(F); Fe s] 


is a collection of closed sets in the compact space S, with property (@) (and hence 
each : _ 1,(F) # G)—one cannot hope to find a point in fl F merely by selecting 
"es 


j Fes 
a point x such that 7,,(x) € al ty(F) for each we W. For example, if P isa closed 
es 


square in R*, let ¥ be the following collection of pairs of closed balls about two 
given points P, = (x,, y,) and P, = (x,, y,) € P: 


& = [(Bp(r) U Bp) 0 P; vr € R}J. 
Then the point P, = (x,, y,) has the property that 
m,(P,) « A a,(F) 
and 


H,(P,) € A a(F) 


but yet P, ¢ al F, 
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To remedy this situation we shall enlarge & by adding enough sets to eliminate 
“poor choices.’’? Let A = [S; § is a collection of subsets of P with property (q@) and 
¢ CG]. Note that f € A. Furthermore, A is partially ordered by inclusion; that is, 
a partial ordering relation R in A X A is given by 


(S., G2) € R<> GC Go 


Now {5} CA isa simply ordered subset of A consisting of one point, since $C J. By 
the maximum principle (see Sec. 1.1), there exists a maximal simply ordered A, CA 
such that {F} ¢ A,. Let X= oh §. Then § CH, We claim Ke A,. Note first that 


sce A; that is, 3¢chas property (a). For, if H,,..., Hy € &, then H; € $; for some 

S; « A, (j = 1,...,%). Since A, is simply ordered, there exists a j, such that 

G} © Sj, for all j=1,...,%. Therefore, all H; € $j, and, since $j, has property 
k 


(a), A 4; #£#Q. Thus Xe A. 


But, in fact, ¢ A,. For if 3 £A,, consider the set A, = A, U{3¢}. Then A, isa 
simply ordered subset of A containing {#} and A, ¢A,. This contradicts the maxi- 
mality of A,. 

Note that 3¢ has the following property: 

(6) EK C Pand KN H#@ for all Hc &, then Ke x. 

For otherwise X =  U{K} satisfies property (a); hence Ke A. Thus A, U{K} is a 
simply ordered subset of A (K 2g for each § € A,) containing A,, which contradicts 
the maximality of A,. 

Now, for each w e€ W, let 


x, -[1,(H; H« x], 


Then, is, for each w € W, a collection of closed sets in S,, satisfying property 


, 


(a) because X satisfies property (a). By compactness of S,,, 
Ty = fi, Tw) #9 


for all w « W. By the axiom of choice (see Sec. 1.1), II Ty, ~ @; that is, there ex- 
well 
ists fe Psuchthat f(w)e« fl 7, (H) for each w ¢ W. 
Hex 
It remains only to show that f¢ f F. To prove this it suffices to show that if 
Fes 


V is an open set in P containing f, then Ve X. For if VN H# ¢ for all He &, then 

in particular VN FA @¢ for all Fe €. That this is true for each open V containing 

Ff implies that f ¢€ F; that is, f ¢ F since Fis closed for each Fe §. Thus f € A Ff, 
€ 


proving the theorem. 
So suppose V is an open set containing f. Since Vis a union of basis elements, 
f¢«VcC Vfor some basis element V. Since Vis a basis element, 


vT- -1 
ES a Tw (Vw) 


for some finite subset W, C W, where V,, is, for each w € W,, an open set in Sw. 
Since fe V, f(w) = m,(f) € Vy for each we W,. Furthermore, f(w) €7,(H) for 
each w € W, and each H « X, by our choice of f; that is, for each w « W, and He X, 
either f(w) € 7,,(H) or fw) is a limit point of 1,(7). In either case, it follows that 
Vi  t,(H) # @ for each we Wi, where He x. Therefore, 7,7 '(V,) NH # ¢ for 
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allw « W,, He X. By property (8), 7,.-\V,,) € X for each w € W,. 
Now by property (a) for any H « &, 


VN HD ( a aU) NHeD. 
wevy 


Hence, again by property (8), Ve. O 


2.1 SEPARATION AXIOMS, 


In Chap. I we dealt with topological concepts where it was not particularly im- 
portant whether open sets were plentiful or scarce. However, the topological spaces 
usually encountered in application have plenty of open sets, almost always enough 
to ‘‘separate’’ points, and often enough to ‘‘separate’’ closed sets. 

Definitions, Let S be a topological space. 

Sisa 1, space if, given any pair of distinct points, s,,s,« S, there exists an 
open set U in S containing one of these but not the other. 

Sis a T, space if, whenever s, 4 S,, there exists an open set U, such that s, € U, 
buts, ¢ U,, “and there exists an open set U, such thats, € U, buts, ¢ U,,. 

Sis a T, space, or Hausdorff space, if, whenever s, # So, there exiat open sets 
U; with sy e U; (j= 1, 2) such that U, NU, = G; that ‘is, U, and U, are disjoint. 

Remark. Note that every T, space is a 7, Space and every 7, Space is a T, 
space. An example of a 7, space which is not a 7, space is given by 


S = {s,, s,} =a set consisting of two points. 


The topology on S isu = {¢, S, {s,}}. 
Exercise. Find a T, space which is not 73. 
Remark. Any metric space is a Hausdorff space. For if s, # S,, let 


= p(s,, S) > 0, 


and take U; = B, .(a/2), (j = 1, 2). 

THEOREM 1, 'S is a 7, space if and only if each point of S is closed as a subset 
of S. 

Proof. Suppose S is T,. Let F = {s,} and consider F’. Since S is 7,, there ex- 
ists about each point s « #’ anopen set U, such that s,¢ U,, that is, such that 
U,c F’. Thus F’ = U_ Ug is open in S, and hence F is closed. 


Conversely, suppose points of S are closed. Let U, = {s,}' and let U, = {s,}'. 
Then ifs, #S,,S;¢€ Uj; and U; are open, QO 

THEOREM 2. Every compact subset of a Hausdorff space is closed. 

Proof. Let C be a compact subset of S, To show that C’ is open, and hence C is 
closed, it suffices to show that for each s é C there exists an open set U., contain- 
ing s with U, NC = ¢. Since S is Hausdorff, there exists for each c € C disjoint 
open sets U, * and V, such that s €U,, ce Vow The collection {V, fl Cheecis then 
an open covering of C. (These are open sets in the relative topology.) By com- 
pactness of C there exists a finite subcovering; that is, there exists a finite subset 
C,CC such that old, (Ve Ac)=c, Thuscc ol Vo. Let U, = ofl U,. Then U, is 


open, s «U,, andU, NCCU, N Cu V.) = ¢. This last equality holds because if 
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teU, fi Cu V.), then ¢€U, for allc eC, and te Ve, for some c, € Cy; hence 


teU,, 1 V._, =, which is impossible. © 

Remark. We have actually shown, in the course of proving Theorem 2, that if C 
is a compact subset of a Hausdorff space S and if s ¢ C, then there exist disjoint 
open sets U, and U, such that s « U, and CC U,. We can, in fact, prove more. 

THEOREM 3. Let C, and C, be disjoint compact subsets of a Hausdorff space S. 
Then there exist disjoint open sets U; such that C; CU; (j = 1, 2). 

Proof. For each s € C, there exist, according to the remark above, disjoint open 
sets Us and V, such that s « U, and C,¢ V,. The collection {U, 1 C,}sec, is an 
open covering of C,. Since C, is compact, there exists a finite subset DC on such 
that {U, 1 C,}sep, actually cover C,; that is, C,C 4, Us. Let U,= U Uy and 


U, = a, Vs. ThenC,C U,, and U,N U,= 9 sinceeachU,NV,=G. O 


THEOREM 4, Let S be a compact space, and let T be Hausdorff. Then any con- 
tinuous one-to-one correspondence f: S--T isa homeomorphism, 

Proof. We must show that f-!: T — S is continuous; that is, if U is open in S, 
then f(V) = (f-')'(U) must be open in 7. By considering complements, this is the 
same as proving that if F is closed in S, then f(F) is closed in 7, But by Theorem 
4, Sec. 1,3, F is compact. Thus, by Theorem 4, Sec. 1.4, f(F) is compact. Hence 
J (F) is closed by Theorem 2 above. o 

Examples. That both assumptions are necessary in Theorem 4 is illustrated by 
the following two examples. 

(1) S = R' with the discrete topology (S is not compact). T = R} with the usual 

topology. 
(2) S = {s,, s,} with the discrete topology (S is compact). T = {s,, S,} with 
topology u = {¢, S, {s,}} (7 is not Hausdorff). 

J: S —T = the identity map in both examples. 

Remark. Theorem 3 above shows that in a Hausdorff space there are enough 
open sets to separate compact sets. Sometimes we need to be able to Separate 
closed sets. This requires a stronger axiom. 

Definitions. A topological space S is regular (or T,) if 

(1) S is “7,, and 

(2) for every closed set F in S and each s ¢ F, there exist disjoint open Sets U, 

and U, such that s « U, and FCU,,. 

A topological space S is normal (or T,) if 

(1) Sis 7,, and 

(2) for every pair of disjoint closed sets F; in S, there exist disjoint open sets 

U; such that F; C U; (j= 1, 2). 

Remark, Notice that every Tz space (k = 0, 1,..., 4) is a T; space for each 
a<k, 

Example. We shall construct a space which is Hausdorff, but not regular. Let 
S=[x = (x,, %.) € R*s x, = 0]; that is, S is the “‘closed’’ upper half-plane. We de- 
fine a topology on S by giving ita basis ® as follows. Let R! denote the x, axis 
in R’?, Let S, = S— R', so S, is the ‘‘open’’ upper half-plane. Let 


®, = [B,(r); x € S, and r < x2, where x = (x,, x,)] 
and 
Be = [(B,(r) NS.) U {x}; x € RY, 


where the balls B,(r) are defined relative to the usual metric on R?, Now let 
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@ = 8, U®,. Verification that @ is a basis for a topology on S$ is left to the student. 
The basis elements in ® are illustrated in Fig. 2.1. 


Fig. 2.1 


Note that the topology on S is not the topology induced from the usual topology on 
R?, Now itis easy to check that S is T,, Hence points are closed. Furthermore, 
the set Ri - {o} is closed in S since its complement S, U {o} is clearly open. How- 
ever, the closed set R! — {0} and the point 0 cannot be separated by open sets: if 
U, is open and 0 € U,, then some basis element (B,(r) 1 S,) U {0} is contained in U, 
(for some real number 7), Thus any open set containing (7/2, 0) must intersect U,. 
Hence S is not regular. (We shall later give an example of a regular space which 
is not normal.) 

Remark. Every compact Hausdorff space is normal. This is a consequence of 
Theorem 3 by the fact that closed sabsets of a compact space are compact. 

Remark. The open sets U, and U, whose existence is asserted in the definition 
of a regular space (or of a normal space) might conceivably have the property that 
their boundaries intersect; that is, U, NM U, might be non-empty. According to the 
following two theorems (Theorems 5 and 6), it is possible to choose our sets U; 
more judiciously. 

THEOREM 5. Let S be a regular topological space. Suppose F is closed in S and 
s£F, Then there exist open sets U, and U, in S such that s € U,, F C U,, and 
U,NU,=¢@. 

Proof. By the definition of regularity, there exist disjoint open sets V, and V, 
with s ¢ V, and FC V,. Consider the set V,;. It is closed in S, and s ¢ V,. There- 
fore, since S is regular, there exist disjoint open sets W, and W, such that s € W, 
and Vi C W,. Let U, = W, and U,= V, Then se U,, and FCU,. Moreover, 


0,1 U, = & because 


U,=W,CWl=Wicy, 


and 
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Us=Ve2c Viz Vi 
so that 
U,NU,CY,N bv =G. 2 


THEOREM 6. Let S bea normal topological space. Suppose F , and F, are closed 
subsets of S. Then there exist open sets U, and U, in S such that F, CU,, F,¢ U,, 
and 0, 1U,=¢. 

Proof. Similar to the proof of Theorem 5. 

THEOREM 7. Let (S, 9) be a metric space. Then S, with the associated metric 
topology, is normal, 

Proof. We have already seen that S is Hausdorff, hence 7,. For C any subset of 
S, we consider the function dc: S — R' defined by 


dc(s) = g.1,b. {ols, c)}, 


where g.1.b. denotes greatest lower bound. Now, for F, and F, disjoint closed sets 
in S, let d, = dp. and d, = dp,, and let 


U, = [s € S; d,(s) — d,(s) < 0}, 
U, = [s € S; d,(s) — d,s) > 0}. 


Then U,N U,=@. We shall show that F,C U,, F,C U,, and that U, and U, are 
open, thereby proving that S is normal. 

First, suppose s € F,. Then d,(s) = 0. So to prove that s € U,, we must show 
that d,(s) > 0, But if d,(s) = 0, then for every &€ > 0 there exists f, ¢‘F, such that 
f, € Bs(€). Hence s ¢€ F, = F,, contradicting the fact that F, N F, = @.' 

Thus F,C U,. Similarly, F,C U,. It now remains only to show that U, and U, 
are open. y 

To Show that U, is open, it suffices to show that each s, € U, is contained ina 
ball which is contained in U,. (The proof for U, is identical.) Leta = d,{s,) — d,(s,). 
Then @ > 0. We prove that Bs, (2/3) C U,. Im fact, let s € Bs, (2/3). Then 
p(s, S,) < @/3, and we must show that d,(s) — d,(s) < 0. But : 


d,(s) a d,(s) = [d,(s) a d,(s,)] + [d,(s,) aa d,(s,)] + [d,(s my) a,(s)] 
= [d,(s) ~ d,(s,)] a+ [d,(s,) .> d,(s)]. 


Now, for each f, € F,, 
pls, f,) < ols, 81) + als, fi) < $+ Psy, fy). 


Taking the g.l.b. over all f, € F,, 


or 
ds) — d,(s,) < 


Similarly, for each f, € F,, 


p(s,, fo) = p(s, S) + als, f,) < 3 tls, i) 


SEPARATION BY CONTINUOUS FUNCTIONS 27 


so 
d,(s,) < : + d,(s) 
or 
a,(s,) — d,(s) = 5. 
Thus 
a a 
d,(s) ~ d,(s) = 772+ 35°29 


so s € U,; that is, B, (a/3)C U,, and U, is open, as claimed. 0 


2.2 SEPARATION BY CONTINUOUS FUNCTIONS 


If S is a topological space in which the only open sets are ¢ and S, then one sees 
easily that the only continuous real-valued functions on S are the constant functions. 
On the other hand, if the space is such that, for every pair s,, s, of distinct points 
in S, there exists a continuous real-valued function on S with f(s,) # f(s,), then S 
is Hausdorff. (Take U, and U, disjoint open sets in R1 with f(s,) € U, and f(s,) € Uz 
then s; « f-*(U;) (j= 1, 2), and f-*(U,) N f-"(U,) = G.) Thus the existence of con- 
tinuous real-valued functions on a Space is related to the separation axiom Satisfied 
by the Space, Theorem 1 and the following remark characterize normality in these 
terms. 

THEOREM 1, (Urysohn’s Lemma) Let A, and A, be disjoint closed subsets of a 
normal space S, Then there exists a continuous function {: S — [o, 1] such that 
J(A,) = 0 (that is, f(s) = 0 for all s « A,) and /(A,) = 1. 

Remark. Conversely, ifa P, space S has the property that for each pair Ao, A, 
of disjoint closed sets there exists such a function, then S is normal. For let 
U,= f-1([0, 1/2)) and U, = f-4((1/2, 1)). Then A,C U,, A,CU,, and U,NU,=¢. 

Proof. Given A, and A,, we construct f by first constructing approximations 
U, to the sets f-1([0, v)) for all y = k/2” (R=1,...,2"; n= 1, 2,...). 

First, by normality, there exist disjoint open sets U,, and V,,. such that 
A,C U,,and A,CV,,. Then we have 


Ayo U ipo Vip C Ai, 

Second, consider the disjoint closed sets A, and U,,. By normality, there exist 
disjoint open sets U,,, and V,, such that A,C U,, and U\,,C Vy, The sets V{,, 
and A, are disjoint closed sets, so, by normality again, there exist disjoint open 
sets U,,, and V,,4 such that Vj). C U,,, and A, C V,,4. Now we have 

Aye Ui ac Vino Ue — Vig SC Usa VACA). 


Continuing by induction, we obtain open sets U, and V,, defined for each dyadic 
y = k/2", with this property: for each n, 


Aye Uj pn = VWiien = Ua jen = Vajen Coe. CU gn- ryan Voan- ryan S A‘. 
In particular, for each pair y, and v, of dyadics with 7, < 7,, 


‘ 
Up Ve CU pce Vex, 


28 MORE POINT SET TOPOLOGY 
Now we define f: S — [0, 1] by 


(gb. [7; s € U,] if se UU, 
er ifs £UU,. 
Yr 


Since A,¢ U, for ally, f(A, = 0. Similarly, since U, C Aj for ally, U, 1 Ay= % 
for all vy and f(A,) = 1. Thus to complete the proof we need only verify that / is 
continuous. To-do so, it suffices to show that for some basis ® of the open sets in 
[o, 1], f-(W) is open for each U € ®. Let us take as basis: 


® = [[0, a), (c, a), (b,1]; @,6,c,d are irrational]. 


Now, since (c, d) = [0, d) N (c, 1], and hence f7'(c, d) = f*([0, d)) N F-"((e, 1), 

it suffices to show that f~‘([0, d)) and f~*((c, 1]) are open for all irrationals c and d. 

But f~‘({0, d)) is open because f~*((0, d)) = U Uy. For, if s « U,, for some 
red 


vo < d, then f(s) = ro < d, so s € f~*([0, d)). Conversely, if se f-7((O, d)), then 
f(s) < d, so there exists a dyadic vo < dsuch that se U,,C U U,. 


red 
Similarly, f~((c, 1]) is open because f~'((c, 1))= U V,. For if s € V,, for some 


vy>c, thens ¢V;,, sos U,, and f(s) 27, >C. Conversely, if s € f((e, 1]), 
then s ¢ U,, for some 7,>c. Since the dyadics are dense in [0,1], there exists a 
dyadic 7, with c < 7, < ry, Now s ¢ U,, implies s é Vy, © Uy; that is, 
sEV,,C U V+. QO 


COROLLARY, Let A, and A, be disjoint closed subsets of a normal space S. 
Then there exists a continuous function g: S—[a, 6] with g(A,) = @ and g(A,) = 2. 

Proof. Let f: S > [o, 1] be the function given by Theorem 1. Define g= kh of 
where h: [0,1] — [a, 6] is defined by 


hx)=a+(b-a)x (xe[0,1]). OO 


Remark. Theorem 1 may be rephrased in terms of continuous extensions as fol- 
lows. 

Let S be a normal space and let A, and A, be closed subsets of S. Let 
S,= A, UA,, and let f: S, ~ [0,1] be defined by f(A,) = 0, f(A,) = 1. Then there 
exists a continuous extension g of f/ to all of S. 

Note that A, and A, are each both open and closed in S,: they are open because 
S is normal. Hence the function f: S, ~ [0,1] is continuous. 

Remark. Theorem 2 of Sec, 1.6 was also an extension theorem. Essentially it 
says that any family of continuous bounded real-valued or complex-valued functions 
ona topological space S canbe extended to a family of continuous functions ona 
compact space containing S. 

Example. One should not expect that, given any S,C S and f: S, — T, there ex- 
ists a continuous extension of f to S. For example, let S be the disc 


S 


[(x, y) € R35 x24 y? <1], 


and let S, be the circle 


Ad) 
th 


[(~, y) © R% x24 y?= 11. 
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Let T = S,, and let f: S, — T be the identity map. Then there exists no extension 
gof f to allof S. (This fact will later be proved rigorously when we have more 
machinery at our disposal.) 

Intuitively, we can see why no extension exists: If g were a continuous extension, 
consider the behaviour of g on the concentric circles S, of radius r (0<7 <= 1). 
Since g is continuous, nearby points are mapped into nearby points, Thus, any point 
s of S,, for y close to 1, must be mapped close to the point s/y on S,. Letting s 
move around S,, we see that g(s) must move around S,, and g must map S, onto 
S,. Now, as 7 gets smaller, the same argument still shows that g must map S, onto 
Ss, for ally > 0, But, for small enough 7, the center 0 is close to every point on S,. 
Hence g(0) must be close to every point in the image of S,; that is, g(0) must be 
close to every point of S,. Of course, this is impossible. 

Remark. The question When does a function defined ona subset of topological 
space admit an extension to the whole space ? is one of the fundamental questions of 
topology. It is this question which motivates much of the machinery developed in 
algebraic topology. However, for real-valued functions on normal spaces, we can 
already prove the following. 

THEOREM 2. (Tietze Extension Theorem) Let S, be a closed subset of a normal 
space S, and let f: S,--[-1, 1] be continuous. Then f has a continuous extension 
g to all of S, 

Proof. Let A, = f-*((1/3, 1]) and A_, = f-!([-1,-1/3]). Then A, and A_, are dis- 
joint closed subsets of S,. Since S, is closed, A, and A_, are closed in S. By 
Urysohn’s lemma, there exists a continuous funetion fi § — [- 1/3, 1/3] such that 
F(A 4.) = +1/3. (We are actually using here the corollary to Theorem 1 above.) 
Then, for all s € S,, 


f(s) - Als)| = 2. 

Next, consider the function f ~ f,: S, ~[-2/3, 2/3]. Let A, = (f—- £,)"!((2/9, 2/3) 
and A._, = (f- f,)"*({- 2/3, -2/9]). Then A, and A_, are disjoint closed subsets of S. 
By Urysohn’s lemma, there exists a continuous function f,: S — [—2/9, 2/9] such 
that f,(4,) = 2/9 and F(A») =—2/9, Now, for alls ¢€ = 

\F(s) — Als) — ZS) = : 


Continuing by induction, we construct functions f, for all positive integers 7, 


such that 
~oN-1 9gn-1 
Sni So F 3” - 


and furthermore, for all s € S,, 


ts) — DH = (2). 


We may regard the f, as functions f,: S—>[-1, 1] such that [f,(s)| = 2-1/3". 
By the Weierstrass M-test, the series u Jn converges uniformly to a continuous 


function g: S—-[-1, i]. (We leave to the student the verification that these conver- 
gence properties, familiar from analysis on R}, are also valid in the more general 
setting considered here.) Since 
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I/ts) ~ as)] = im) #06) - GAs) = im (F)"* = 0 


for all s € S,, we see that g(s) = f(s) on S,. oO 


2.3 MORE SEPARABILITY 


Definition. A topological space S is locally compact if, for each s € S, there ex- 
ists an open set U, with s « U, such that U, is compact. 
Remark. A finite product of locally compact spaces is locally compact. For, in 
fact, if 
s=(s,,...,sz)€ S,Xx...x Sz 


(k-fold product) 
then there exist open sets Uj; C Sj (j=1,..., 4) with $;¢ U; and U; compact. Thus 


séeU, x... X Up, and U1 x... X U, = U1 x ... X Up is compact. Note that this 


argument fails in the case of infinite products since sets of the form qi Uy Uy 
we 


open in S,,) are in general not open in Tl Sy. 


Definition. Let S be a T, space, Let ~ denote a point not in S. The 1-point com- 
pactification of S is the topological space S obtained as follows. As a point set, 
S= SU {eo}, Let Us denote the topology on S. Let 

S By 


v = [VC S§; V’ isa compact closed subset of S] 


[S— F; F is compact and closed in S$]. 
A basis for the topology on S$ is then 
Oy = Us UX, 


Exercise. We leave to the student the verification that ®§ is in fact a basis for a 
topology on 5 Note that the relative topology on S as a Subset of S is the same as 
the original topology on S, 

Example 1. Let S = R}, Then 5 = R! U{}, where an open set about © is a com- 
plement of a compact subset of R'. In particular, given an open set U containing ~, 
there exists a real number My > 0 such that |x| > My implies x « U. S is homeo- 
morphic to the circle S?. 

Exercise. Why is the last statement true? 

Example 2. Let S = R?, Then S= R? U{}, where the open sets about ~ are 
complements of compact sets in R?, In particular, each open set containing © must 
contain all points in the exterior of some sufficiently large ball. S is homeomorphic 
to the 2-sphere S*, In fact, a homeomorphism ¢: S? - § is given by stereographic 
projection (Fig. 2.2), We regard the sphere as sitting on the xy plane with its south 
pole at the origin. Given a point s « S*, y(s) is the intersection with the xy plane 
(R?) of the line through the north pole of S? and s, It is clear that g is a one-to-one 
correspondence mapping S*— {north pole} onto R® and mapping the north pole to ~. 
That ¢ is, in fact, a homeomorphism is easily checked. 

Example 3. Let S = R”. Then S is homeomorphic to the n-sphere S”, A homeo- 
morphism is given, as in Example 2, by stereographic projection. 

Remark. If S is compact, then {} is open in S. Thus the 1-point compactifica- 
tion is, in this case, uninteresting. 
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THEOREM 1, Let S bea 7, space. Then the 1-point compactification S of S is 
compact and 7,. Furthermore, § is Hausdorff if and only if S is Hausdorff and lo- 
cally compact, 

Proof. § is T,. For if s,and s,¢€ S, then appropriate separating open sets U, 
and U, exist in S (since S is T,), and U, and U, are also open in S. i s,€8$ and 
S,= %, let U, = S and U, = {s, v Then U, is open in § since it is open in S, and 
U, is open ing since it is the complement of ihe compact closed set {s,}. Qs. if is 
closed because Sis T,,) Clearly s,e U,, s,4 U,, s,€ U,, and s, ¢ U,, Thus S is 
P at 
§ is compact. For let {Uh wew be an open covering of S. Then ~€ Uy, for 
some w,¢ W. Claim: Uw, is compactin S, For U, = Ee V, where &, is some 


subset of the basis ®F for the topology on S, Since ~ € “Up ae least one element in 
@, is of the form F’, where F is a closed compact subset of S, Thus 
Uw, = ay ESS 

that is, Uw, is a closed subset of the compact set F, hence Uw, is compact in S, as 
claimed, 

Since {Ut wew covers Ss, {Uy Nn Uw olwew-{ wy |} must be a covering of Ui, PY 
open sets in Uj, Wo Since U!, Wo is compact, there exists a finite subcollection 
{Uw 1 Uy y-.es Uw ma Uw ot which covers Uj. Hence the finite collection Uy ,, 


Uwy--+; Uw, must cover S. Thus § is compact, 

Now assume S is Hausdorff. We must verify that S is Hausdorff and locally 
compact. S is certainly Hausdorff, because every subset of a Hausdorff space is 
Hausdorff in the relative topology. S is locally compact because, for each s € S, 
there exist disjoint open sets U, and U, in § such that s € U, and ~e€ U, (§ is 
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Hausdorff), Now UZ is compact (by the above argument that shows Uy, compact), 
and U,C U4 = U4, so U, is compact by Theorem 4, Sec. 1.3. a, 

Conversely, suppose S is Hausdorff and locally compact. Let S,, 8, € S. If both 
S,and s,¢€ S, then there exist disjoint open sets U, and U, in S such that s, « U, 
and s,¢ U,. But U, and U, are also open in S, so s, and s, can be separated in §, 
If s, € S and s, = ~, then, since S is locally compact, there exists an open set U in 
S such that s, € U and J is compact (and closed). Then V= U’ is openin S$; and 
s,€U, s,¢€V,andU NM V=gQ. Thus S is Hausdorff. 

Definition. A topological space S is completely regular if 

(1) itis 7,, and 

(2) given any s € S and any closed set C with s ¢ C, there exists a continuous 

function f: S [0,1] such that f(s) = 0 and f(C) = 1. 

Remark, Every normal space is completely regular (by Urysohn’s lemma) and 
every completely regular space is regular. The latter is true because if C is closed 
in a completely regular space S and s ¢ C, then 


v= s([0,3)) and 0, = (2,1) 


Separate s and C, where / is a function such that f(s) = 0 and f(C) = 1. 

THEOREM 2. Every subset of a completely regular space is completely regular 
(in the relative topology). 

Proof. Trivially, every subset of a T, space is T,. Suppose TCS. Let C be 
closed in 7, andte 7, ¢¢ C. Then C = T f F for some closed set F in S, Fur- 
thermore, ¢ ¢ F, for otherwise t« T  F =C., Since S is completely regular, there 
exists a continuous function f: S — (0, 1] such that f(z) = 0 and f(F) = 1. The re- 
striction of f to T is continuous and has the required properties. O 

THEOREM 3. Every locally compact Hausdorff space is completely regular. 

Proof. Let S be locally compact Hausdorff. Then the 1-point compactification 
5 of S is compact and Hausdorff by Theorem 1, hence normal, In particular, S$ is 
completely regular; hence so is S by Theorem 2. Oo 

Remark, We have seen that certain separatign properties of a topological space 
imply certain others. These implications are gathered together in the following dia- 
gram: 


compact Hausdorff => locally compact Hausdorff 
normal => completely regular => regular => Hausdorff => 7, => 7,. 
metric 


By Theorem 2, every subset of a completely regular space is completely regular. 
Since an arbitrary product of compact spaces is compact (Tychonoff theorem) and 
an arbitrary product of Hausdorff spaces is Hausdorff, we see that an arbitrary 
product of closed intervals is compact Hausdorff, hence completely regular. Thus 
every subset of an arbitrary product of closed intervals is completely regular. 
Theorem 4 below shows that all completely regular spaces may be regarded as such 
subsets, 

THEOREM 4, Every completely regular space is homeomorphic to a subset of a 
product of closed intervals. 

Proof. We proceed as in the proof of Theorem 2, Sec. 1.6, Let S be completely 
regular. Let W be the set of all continuous functions mapping S into the closed in- 
terval [0, 1]. For each w € W, let I) = [0, 1], so that {J,},,¢w is a collection of 
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closed intervals. Let P= Il I,, and let gy: S — P be defined by 


weW 
gy(s)\w) = wis) (we W). 


We shall show that y is a homeomorphism onto ¢(S). 

It has already been shown in the proof of Theorem 2, Sec. 1.6, that @ is contin- 
uous and injective, (Note that since S is completely regular, W separates points and 
closed sets. In particular, since points are closed, W separates points.) Thus we 
need only verify that ¢~? is continuous; that is, that ¢ maps open sets of S onto open 
sets of o(S). 

Let U be open in S. It suffices to show that for each s € U, there exists an open 
set Vin @(S) with g(s)e VC gy(U). For then ~(U) is the union of these open sets. 
So suppose s « U, By complete regularity of S, there exists a w « W such that 
w(s) = 0 and w(U') = 1, Then 7,,~?([0, 1)) is open in P, where m,,: P — w i8 projec- 
tion, Let V = a, *([0, 1)) NM g(S). Then V is open in g(S). (s) € V because 
Twlels)) = ol(s)(w) = w(s) = 0. Moreover, VC y(U) because if f « V, then f = y(d) 
for some te S, and 7,,(f) € [0, 1); that is, 1 > (Ff) = 7, (o(d) = v(d(w) = w(d); that 
is, Ze w"([0, 1) CU, and s=g()e go). oO 

Remark. Recall that when we first defined a topological space, we were motiva- 
ted by properties of more familiar spaces, namely metric Spaces, Theorem 4 shows 
that under the assumption of complete regularity, we are back on familiar ground. 
We understand closed intervals quite thoroughly, and we have a pretty good feeling 
for the operation of taking products of spaces. Now we find that all topological 
spaces satisfying the axiom of complete regularity are subsetsof products of closed 
intervals. However, we are not yet back into the realm of metric spaces, as 
Theorem 5 will show. 

Definition. A topological space S is first countable if, for each points € S, there 
exists a countable collection {U5(1)} n e{ positive integers} of open sets containing s 
such that if U is any open set containing s, then there exists an m such that 
U,(m) CU, 

Remark. Let (S, p) be a metric space. Then S is first countable because the 
balis {B,(1/n)} have the required property. 

THEOREM 5, For each real number 7, let J, = [0, 1]. Let P= aS I,. Then P 


is not first countable. In particular, P is not metrizable; that is, there exists no 
metric @ on P such that the metric topology is the product topology on P. 

Proof. Let p € P be such that p(v) = 0 for all ry « R4, Suppose there exists a 
countable collection {V,} of open sets containing p such that for each open set U 
containing p, V, C U7 for somem. We shall show that this assumption leads toa 
contradiction, thereby proving that P is not first countable. 2. a; 

Now each V, is open in P and hence contains a basis element V, with p € Vy. In 
particular, for each open set U containing p, there exists an ” such that V, CU. 
But, for each n, there exists a finite subset F, of R! such that 


Vo _ ly (v ¢ F;,) 
V, = Il Ty where Th yy = ee (y € Fy) 
and U,,, is, for each ry € F,, an open set in J, Let C = U F,. Then C is acount- 


able union of finite sets, and hence is countable. In particular, C 4 R', so there 
exists an y,€ R'— C, and T, +, = I,, for each n; that is, the 7,-coordinate is 
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unrestricted in each V,,. Thus, if Ug I, then U = Il, S,, where 
reR! 


tp eee) 
ces 8, (r = 74) 


is open in P, and U contains no V,. QO 


2.4 COMPLETE METRIC SPACES 


Definitions. Let (S, p) be a metric space, Recall that a sequence {sy} of points 
in S converges if there exists an s € S such that lim p(s, s) = 0. {s,} is a Cauchy 


sequence if lim p(sy, Sm) = 0. S is called a complete metric space if every Cauchy 
MA Nowe 


sequence converges. 

Let (S,, p,) and (S,, p,) be two metric spaces. An isometric embedding of S, into 
S, isa map f: S, ~ S, such that p,(f(s), f(é)) = o,(s, 4) for all s,fe S,. In par- 
ticular, if f: S, — S, is an isometric embedding, then f maps S, homeomorphically 
onto f(S,), where S, and S, are provided with the metric topology. For any metric 
space (S, p), there exists an isometric embedding f of (S, p) into a complete metric 
space, which is called a completion of (S, p) if f(S) is dense. 

Remark. Unlike most other concepts we have thus far considered, the notion of 
completeness is not a topological concept; that is, it is not invariant under homeo- 
morphisms. For example, if S, = (-a/2, 1/2) and S, = R}, then S, and S, are both 
metric spaces in the usual way. S, is complete, but S, is not. However, there isa 
homeomorphism /: S, -> S, given by f(s) = tans, 

We have discussed compactness for topological spaces in general. When we re- 
strict our attention to metric spaces, there are several equivalent ways of saying 
that a space is compact. 

THEOREM 1, Let S bea metric space, The following four conditions on S are 
equivalent. 

(1) S is compact. (Heine-Borel property) 

(2) S is countably compact; that is, every infinite subset of S has a limit point. 
(Bolzano-Weierstrass property) 

(3) S is sequentially compact; that is, every sequence in S has a convergent 
subsequence. 

(4) S is complete and totally bounded; that is, S is complete, and for every 
real number € > 0, there exists a finite number of balls of radius £, say 


B, (e),..., Bg,,(€), which cover S; that is, S = u Bg, (e). 

Proof. 

(1) => (2) by Theorem 5, Sec, 1.3, 

(2) => (3). Let {s,} be a sequence in S. If an infinite number of the s, are 
equal, then they form a convergent subsequence. On the other hand, suppose there 
exist infinitely many distinct elements in {s,}. By (2), this infinite set has a limit 
point s, € S. Consider the ball B, (1), Since s, is a limit point of {sy}, Sn, € Bs,(1) 
for some m,. Next consider B, (1/2). Then since sy is a limit point of {s, }, 
Sn € Bg (1/2) for some v, >”,. Continuing by induction, we obtain a subsequence 
Spy Sng» +++ Such that Sn; € B, 1/29"), (j=1,2,...). This subsequence converges 
to sy because 
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lim plsyj8o) = lim 995 
(3) => (4). S is complete because if {s, } is a Cauchy Sequence, then by (3), 


there exists a subsequence 18a pi converging to Some point s,. In fact, s, conver- 
ges to Ss, because 


Sy — Sol = ISm~ Sypl + |Snp— Sol 7 O as mand np — ~ 


Moreover, S is totally bounded. For otherwise there exists & > 0 such that no finite 
coHection of balls of radius ce cover S. Lets, ¢€ S. Then B, AC) # S so there exists 
8S. ¢ By (ce); that is, p(s,,s,) 26. Now B, (ce) U Bo(e) # S so there exists 
Sa€ Bg (e) ) U By (ce), Thus p(s, Sn) = € for m # n, {m,n} C{1, 2,3}. Continuing 
by induction, we ‘obtain a sequence {s, } such that p(Sj, S,) =€ for all m,n (mn). 
By (3), there exists a convergent subsequence 1Sy }. Let So= i Sy np Then there 


exists a j, such that, for j > jp, Sn, € By (e/2). For jy, je > jo and i, # Jo, this im- 
plies that 


BE € 
ASn 5,» Sn;,) = PCr; So) + P(Sg, Snj.) < gt5 = &. 
But ;, # ;, implies p(s, ngy Snj d= &, This contradiction establishes (4), 
(4) ae ta). We shall prove this remaining implication in two steps: 


(a) (4) = (3),. 
(bo) (4) + (3) => (1). 


(a) Let {s,} be a sequence. By (4), there exists a finite number of balls 
Byiyeees B,, ky of radius 1 that cover S. Thus for some j,, there exists an infinite 
set J, of positive integers such that m « J, implies s, ¢ B, jy Let 7, be the first 
intwees such that s,, L€ B, iv 

Now by (4) again, “there exists a finite number of balls B,,,,..., By,z, of radius 
1/2 which cover S. Hence for some j,, there exists an infinite subset J, of J, such 
that n « J, implies s, ¢ B,,,; . Let , be the first such integer with n, > 1). 

Contimine by induction, we obtain a sequence {Sy a: such that for all £ =k, 
Sng € Br, jp (a ball of radius 1/k). Thus, for 2, m= b. 


AUS gs Stg,) < 2/k, 


and tiie is a Cauchy sequence. Since S is complete, {Sn ph converges. 
(b) Let U be an open covering of S, To prove compactness, it suffices to show 
that for some positive integer 7, each ball of radius 1/n lies in some V € V. If so, 


then by total boundedness, there exists a finite number of balls, say B,,..., Bp, of 

radius 1/n winch cover S. But for each j there exists a Vi; € 0 with B;C Vj, so 
k 

S= X B; G U V;, and V,,..., Ve is a finite subcovering of S. 


stippose, for each n, there exists a ball Bs (1/n) of radius 1/n which is not con- 


tained in any V « 0. We shall show that this assumption leads to a contradiction, 
thereby establishing the theorem. The Sequence {s, of centers of these balls has 
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a convergent subsequence 1Siept by (3). Let s, = lim Snp. Then sy € V, for some 


wy — 


V,€ VU. Since V, is open, there exists y > 0 such that Bs, (ry) CV. Since Snp 7 So 
there exists a e such that s,, € B, (r/2) for all k =k, Let £ = k, be such that 
I/ng < 7/2, Then Bs, (1/ng) © B, (v7) CV, But this is a contradiction. 


Remark. Condition (4) of Theurem 1 shows that in a complete metric space, 
compactness is equivalent to the existence, given any © > 0, of a finite set of points 
in S such that each point of S is within © of one of these. 

THEOREM 2. Let (S, p) be a complete metric space. Suppose {U,,} is a count- 
able collection of open sets each of which is dense in S, that is, 


U,=S for n=1,2,... 


Then fl. U, #¢. 

Proof. We shall construct a sequence which will converge to a point in A Uy. 
Choose s, € U,, Since U, is open, there exists a ball B, Aca) © U, forsome 7,. Since 
s,¢€ S = U,, B, (r,) NU, # G. Choose s, € B, (7,) N U,. Let r, be such that 


By,(r2) © Bs (71) N Ue and v2 < min{7:/2, 7, — p(si, S2)} - By (72) C B, (v1) because 
s € Bg,(r2) implies 


p(s, S,) = p(s, $2) + pz, $,) = 72 + p(sy, $2) < 7; 


We continue by induction to obtain a sequence {s,} of points in S, and about each 
Sy, aball B, (r,) such that 


Y see ee 
Tm < rl and Bs, ne ws Bs (rn) Cc Uy. 


{st is a Cauchy sequence, For, given € > 0, we can choose 7, such that Tn, e/2. 
Since s, € Bg, (rn) C Be nono for all n = N,, 


plsm,Sn) = pSm,Sn,) + plSng Sn) < Ing + Tag < © 


for all m,n =n,. Since S is complete, {sn} converges to some point s,. 
We must verify that s, « U, for all n, But, for any ”,s,,,¢€ B (ry. 1) for all 


i : Sn+1 
k=l. Since s,= Lim Snsks 


So€ Bs, Wn ) Cc B, nln) Cc Un, 


as was to be shown. Oo 

Theorem 2, stated somewhat differently, has many applications in analysis. We 
now proceed to recast this theorem into its more standard form. 

Definition. Let S be a topological space. A subset T of S is nowhere dense if'T 
contains no non-empty open set. 

Remark. TCS is nowhere dense if and only if (T)’ is dense in S, 

Definition. A subset T of a topological space S is of the first category if itis a 
countable union of nowhere dense sets. Otherwise, T is said to be of the second 
category. 
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COROLLARY TO THEOREM 2, (Baire Category Theorem) A complete metric 
space is of the second category; that is, it is not the union of a countable number of 
nowhere dense sets. 


Proof. Let (S, p) be a complete metric space. Suppose S'= u T,, where each 


T, is nowhere dense. Then S= U Ty, 


So, taking complements, G = fl (T,)'. But 
each (7,,)' is open and dense by the above remark, Thiscontradicts Theorem2. 0 
Exercise. Theorem 2 and its corollary are also true if the term ‘‘camplete 


metric’’ is replaced by ‘‘compact Hausdorff.’’ Can you prove it? 


2.5 APPLICATIONS 


Definition. A normed linear space isa linear space (vector space) L, over the 
reals or complexes, together with a real-valued function (denoted by i I) on L 
satisfying the following conditions for all vectors @ and 6 and all scalars AX: 

(1) lai =>Oandiiall=-0 <sa=0 

(2) lAa@ii = [A] an 

(3) la + bi silat +e 

Remark, Let (LZ, || |!) be a normed linear space. Define a metric on L by 


p(a, b) = lla- ol. 


Then (LZ, p) is a metric space because 
(1) p(@, b) = Oe lla~ bl =Oqea-b=0ea=b; 
(2) p(a, 6) = la~- bi = |-1| la—- bi = 116 -all = p(, a); and 
(3) pla, ¢) = la -cll=lla—6B+6-c¢l sia—6l+io-el = pla, b) + pf, c). 
Definition. A normed linear space L is a Banach space if (L, p) is a complete 
metric space. 
Remark, A sequence @, in L is Cauchy if 


lim p(@y,@,) = 0, that is, if lim lla, —a,,l| = 0. 


Ry nmeeo n, in 


Example. Let L = C([0,1]) be the space of all continuous real-valued functions 
on [0,1]. For f € L, define fii = max, |f(x)|. Then L is a Banach space. That 
xel0,1 


| tis a norm is easily verified. That (LZ, p) is a complete metric space follows 
from the theorem thata uniformly convergent sequence of continuous functions con- 
verges to a continuous function. 

Remark. More generally, if S is any compact Hausdorff space, the set of all con- 
tinuous real-valued functions on S is a Banach space, where lif il = max f(s). 


THEOREM 1. There exists a continuous real-valued function f « c((o, 1]) such 
that f has a derivative at no point of [0, 1]. 
Proof. For n any positive integer, let 


C, = E € C([0, 1]); Lesh f = n for some ¢ and all A with t+ h € [0, il). 


We shall show that C,, is nowhere dense for eachn. Since C([0, 1]) is a complete 
metric space and hence is of the second category, it will then follow that 


uc, # c(lo, 1); 
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that is, there exists a function f € C([0, 1]) such that f ¢ C,, for any n. This f is the 
required function because f é C,, means that 


f(t+ Hm fe) ie 


for all t € [0,1] and some &# (depending on ¢ and n). Note that for each fixed th-0o 


as n © because given € > 0 the difference quotient |(f(t + h) — f(t)}/h| is bounded 
as a function of # for |h| =&. Thus 


2 


' lim sup fits Bl - (2) = 0 


h-0 


and the derivative of f at ¢t fails to exist for each t¢ [o, 1]. 

To prove that C, is nowhere dense, we must show that Cc, contains no non-empty 
open set. First we show that C, is closed; that is, that C, =C,,. Note that since 
C([0, 1]) is a metric space, C([0, 1]) is first countable, and hence any limit point ofa 
set 7 C C([0,1]) is in fact a limit of a countable subset of 7. Thus to show C, is 
closed, it suffices to show that if {fp} ¢ C, is a sequence which converges in 
C([0, 1]), then the limit f ¢ C,. But fp € C, implies that there exists tp € [0,1] such 
that 


alta = Sulte)| <p 


for all h. Since [0, 1] is compact, the sequence {¢,} has a convergent subsequence, 
which we also denote by {tp}. Let f, = lim ty. Then 
p00 


J (tp +h) - F (to) 
h 


mo Le flty +h)— foltp +h) . fpltp +h) — Solty) 
7 h ' h é h 


. Lelte) = Ste), fen) = f(t) 
h A 


- | Go ae Be] + |e +h) — fete +h)) , | Sele +h) — felte) 
h h h 
® ® ® 


+ Pa Aa, | fa = fn 


® ® 


Now fix h, For any € > 0, if k is large enough, @ and @ are smaller than € be- 
cause fis continuous and tp — i; while ® and @ are smaller than € because fp 
converges uniformly to f. Because of the previous paragraph, @) < n. Hence 
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{ite +h) — f (to) 
h 


=xn+4e  (anye > 0); 


aaa ae =n and FECy. 


any g € C, = C, and any € > 0, there exists f « Cl0,1] such that lf - gil < € and 
f ¢ C,. Now a typical example of a function in C[0,1] which is not in C, is the 
“‘sawtooth’’ function (Fig. 2.3). Fo any we can find such a function, whose norm 


Thus each C, is closed. Now we show that C, is nowhere dense; that is, given 


Fig. 2.3 


is less than or equal to any prescribed ¢ > 0, and where the slope of each line seg- 
ment is greater than 7 in absolute value. To find a function f ¢ C, within € of g, we 
need only construct a sawtooth function close to g, as in Fig. 2.4. 


Fig. 2.4 


We leave this construction to the reader, but include the following hint. Using the 
uniform continuity of the function g, we can find a continuous function g,, so that 
lg — gyll < €/2 and g, is piecewise linear; that is, g, looks like the line segments in 
Fig. 2.5. It suffices to find the appropriate sawtooth function for each linear piece 
of g: and then to patch. O 
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Fig. 2.5 


Remark. Theorem 1 above is of considerable interest, but more important than 
the statement is the method of proof. This method is used frequently inanalysis and 
topology to prove the existence of functions with specified properties. 

We exhibit a regular topological space which is not normal as another application 
of the Baire category theorem. 

Example. Let S be the upper half-plane in R? together with the x axis R}, Let 
®, be the usual open sets in the upper half-plane. Let 


@, = [Biy,e)(e) Vir}; ve Rt, e>ol, 


so that an element of ®, is an open disc tangent to R+ together with y the point of 
tangency, as in Fig. 2.6. Take ®, U®, as basis for the topology on S, 


Fig. 2.6 


Note that in the relative topology, R! is discrete. In fact, for each p «€ R}, 
Ri - {p} is closed in S because its complement is clearly a union of open sets. 
Since F = : n - (R! — { p}) for any subset FC R}, it follows that every subset of 

€ 


Ri- 
R' is closed in S. 

Sis regular. Suppose F is closedin S and p¢ Ff, If p ¢ R}, there exists a ball 
B,(€) contained in the open set F’; and the open sets By (é/2) and (By (e/2)' separate 
p and F, if p ¢€ R!, there exists a basic open set V containing p and contained in the 
open set F’; thatis, VN F=@Q. Let V, be a basic open set containing p such that 
V,<V (Fig. 2.7). Clearly each point in F (in fact, each point in V’) is contained in 
a basic open set disjoint from V,. Let U be the union of these. Then V, and U sepa- 
rate p and F, 
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Sis not normal. Let F, C R' be the rationals and F, C R} be the irrationals. 
Then F, and F, are closed sets in S. Moreover, it is not possible to find disjoint 
open sets U, and U, in S suchthat F,C U, and F,¢ U,, For suppose such sets U, 
and U, did exist. Then for each p € F; (j = 1,2), there exists a basic open set 
Dy © U; with p € Dy (Dp is the union of 1p} with a disc tangent at p). U, Pp eu, 
and oe Dy © U, are also disjoint open sets containing F, and F, respectively. Let 


f: Rt R' be defined by f(p) = radius of Dy. (f is not necessarily continuous.) For 
each positive integer n, let 


Ty = E e F,; f(p) =). 


Then y T, = F, because p «€ F, implies f(») = 1/n for some n. Moreover, 
n= 


se (4 ms) : (y ta), 


so we have expressed the set R! as a countable union of sets 7, and {g}. Now con- 
sider the usual topology on R'. Then R'is a complete metric space, and hence is of 
the second category. Since we have expressed R‘ as a union of countably many sets, 
net all of these sets can be nowhere dense in R! (in the usual topology). Each {q} 
is nowhere dense, so T,, must contain an open set in R' for some ”, In particular, 
T,, must contain Some interval 7, Let g«€ I be rational. Since ¢g € Thy there exists 


a sequence {pp} © 7, which converges to g. But (i Dox) NDgcU,NU,=¢. 


This is impossite since each Dp, has radius > 1/n; that is, f (pz) does not tend to 
zero as k--~ and pp —- gq. This contradiction completes the proof. im] 

THEGREM 2, (Uniform Boundedneass Principle) Let S be a complete metric 
Space. Let F be a family of continuous real-valued functions on S with the property 
that for each s « S, there exists a constant M, such that |f(s)| = M, for all f « §, 
Then. there exists a non-empty open set UC S and a constant M such that |f(s)|s M 
for all f ¢ Sandall se VU. 

Proof. For each f € § and each positive integer 7, let 


T, ¢ =|s € S; If (s)| = nl. 
T,,¢ i8 closed because 7, ¢ = f-*([—n,n]). Let 
Ty ih Th, f = [s e S; [f(s)| = m for all f € §]. 


€F 
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T, is closed because it is the intersection of closed sets. U T, = S because if 


se S, then s € Ty for all n > Msg. By the Baire category theorem, not all Tn are 
nowhere dense; that is, some 7, = 7, must contain a non-empty open set U. Then, 
for all s ¢ U and fe §, If (s)| <n. Take M= n, oO 


CHAPTER THREE 


FUNDAMENTAL GROUP AND 
COVERING SPACES 


3.1 HOMOTOPY 


Notation. The letter I will henceforth denote the closed interval [0, 1]. 

Definition. Let X and Y be topological spaces, and let f, and f, be continuous 
maps X --Y. f, is homotopic to f, (written f, > f,) if there exists a continuous map 
F: Xx I-Y such that F(x, 0) = f,(x) and F(x, 1) = f,(x) for all x € X, The map 
F is called a homotopy from f, to f;. 

Remark. For (x, t) € X X I, we may regard ¢ as measuring time. Then 
F(*) = F(x,2) is a 1-parameter family of maps X ~ Y. At time 0 we have the map 
Ff. At time 1 we have the map f,. As time increases from 0 to 1, the map /, is de- 
formed continuously into the map /,. 

Example. Let i: R" - R” be the identity map. Let c: R” — R” be defined by 
c(v) = 0 for allv € R”. Thenc ~ 7. For let F: R” x I —R"” be defined by F(v, é)=tv. 
Then F is continuous, and F(v, 0) = 0 =c(v) and F(v, 1) =v = i(v) for allv € R”, 
Geometrically, the map F shrinks the image R” of i to the point {0} as ¢ varies 
from 1 to 0. ; 

THEOREM 1. Homotopy is an equivalence relation; that is, for f, g, h continu- 
ous maps X -Y, 

() f= f, 
(2) f= gimplies g ~ /, and 
(3) f~ gand g= hk implies f =~ h. 

Proof. 

(1) Let F: X x I -Y be defined by F(x, #) = f(x). F is continuous because it is 
the composition of the continuous maps f and projection onto the first factor. 

(2) Given a homotopy F: X X I —Y such that F(x, 0) = f(x) and F(x, 1) = g(%), let 
G: X x I — Y be defined by G(x, t) = F(x,1—- #). Gis continuous because f~1-2# 
is continuous. Gis a homotopy from g to f. 

(3) Given homotopies F, G: X x I--Y, with F(x, 0) = f(x), F(x, 1) = a(x) = G(x, 0), 
and G(x, 1) = h(x), let H: X x I--Y be defined by 


F(x, 2t) (0<t< 1/2) 
rd fee 2t-1) (1/2=#= 1). 


Then H(x, 0) = f(x), and H(x, 1) = A(x). H is continuous by the following lemma. | 

GLUEING (OR PASTING) LEMMA. Let X and Y be topological spaces. Assume 
X = AUB, where A and B are closed (open) sets in X. Suppose f,: A — Y and 
fy: B — Y are continuous functions such that /,(x) = f,(x) for all x « ANB. Let 
g: X — Y be defined by 


f(x)  (% € A) 
a(x) = me (x € B). 


Then g is continuous. 
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Remark. The function g of the lemma is thus obtained by “glueing’’ f, and f, 
together along their common domain. 
Proof of the Gluein 


the Gluein g Lemma, Assume 


n 


d 
ad 
t 


a Ba 
inverse images of closed sets are closed. Let F be a closed subset of Y, Then 


g-\(F) 


It 


&(F)N (A UB) 
(g-“(F) NM A) U(g"(F) 1 B) 
FUP) UF MF). 


" 


Since f, is continuous, f,"(F) is closed in A, and hence in X because A is closed 
in X. Similarly, f,.(F) is closed in X. Moreover, the union of two closed sets is 
Closed. 

If both A and B are open, the same argument shows that inverse images of open 
sets are open. O 

THEOREM 2. Let X, Y, Z be topological spaces. Suppose that fo and f, are 
homotopic maps X -- Y and that g, and g, are homotopic maps Y -Z. Then Bo ° So 
and g, °f, are homotopic maps X —Z. 

Proof. We break the proof into two steps: 

(a) &o of,™ Bo ce hy 

(b) Bo Ai = Bi of 
Then 2) °fp = &, °f, by (3) of Theorem 1. 

(a) Let F: X x I ~ Y be a homotopy from f, to f,, Let G=g,°oF:X x IZ, 
Then G is a homotopy from g, °f, to £5 °f 1. re 

(b) Let H: Y x IZ bea homotopy from g, to g,. Let f; X X I+Y x I be 
defined by f,(x, ¢) = (x), 4. f, is easily seen to be continuous, Let 


K=Hefi: Xx IZ. 


Then K is a homotopy from g, °f, to g, °f,. Oo 

Definition. Two spaces X and Y are of the same homotopy type if there exist 
continuous maps f: X --Y and g: Y--X such that g of = iy and f °g™~ iy, where 
ix and iy are the identity maps on X and Y respectively. 

Remark. It is easy to verify that ‘‘same homotopy type’’ isan equivalence rela- 
tion. Thus, the collection of all topological spaces is partitioned into equivalence 
Classes. Two spaces are in the same class if and only if they are of the same 
homotopy type. Clearly homeomorphic spaces are of the same homotopy type. Much 
of algebraic topology is concerned with the study of those properties of topological 
spaces which are invariants of homotopy type, that is, those properties which, when 
possessed by one topological space X, are possessed by every topological space of 
the same homotopy type as X. 

Definition. A topological space X is contractible if the identity map ix: X +X 
is homotopic to a constant map; that is, if ix ~ c, where c: X {xo} for some 
x EX, 

THEOREM 3. A space X is contractible if and only if X is of the same homotopy 
type as a Single point. 

Proof. Suppose X is contractible, Then ix ~ ¢ for some c: X ~{x,} (x,€ X). 
Let f=c: X~-{x,} and let g: {x,} +X be defined by g(x,) = x, Then clearly 
geof=c-~ ix, andf °g= i{x} ¥ t{x}, 80 X and {x,} have the same homotopy 
type. 

Conversely, suppose Y = {y} consists of a single point, and X has the same 
homotopy type as Y. Then there exist continuous maps f: X — Y and g: Y ~ X such 


FUNDAMENTAL GROUP 45 


that g of = iy and fog iy. Let x, = g(y), and letc: X--{x,}. Then 
c = g°f* ix, so X is contractible. 
See Both Theorem 3 and the example at the beginning of thi 


avOMaynr, 2G Heo Prem J ANG tile pss = 18 pani this 


of se 
that R” has the same homotopy type as a single point. Thus trom the viewpoint of 
homotopy theory, R” is a trivial space. 


ection show 
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Definition. Let X be a topological space. A path in X from x, to x, (with origin 
%) and end x,) is a continuous map a: f —X such that a(0) = x, and a(1) = x,. 

Remark. Note that a path isa function and no/ a set of points. A path is a ‘‘para- 
meterized curve,’’ 

Definition. A space X is arcwise connected if, given any two points x, and %, in 
X, there exists a path with origin x, and end *,. 

THEOREM 1, ff a topological space is arcwise connected, then it is connected. 

Proof. Let X be arcwise connected. Suppose U, and U, are non-empty disjoint 
open sets with 7, UU,= X. Let x,¢ U,and x, € U,. Since X is arcwise connect- 
ed, there exists a path @ from x, to x,. Clearly a“\(U,) and a7“\(U,) are disjoint 
open sets in I with a '(U,) Ua4(U,) = I. Moreover, 0 € a '(U,) and 1€ a (U,), so 
these sets are non-empty. But J is connected, so this is impossible. Oo 

Remark, The converse of Theorem 1 is false, as is shown by the following ex- 
ample. 

Example. Let X = A U BC R? with the relative topology, where 


A 
B 


i 


[(0, y) € R% |y| <1], 
[(x, sin 1/x) « R?; O< x = 1]. 


X is connected. For let U, and U, be disjoint open sets in X with U, UU,= X. 
The point (0,1) is in one of these two sets, say (0,1) «€ U,. We shall show that 
U, =, and hence X is connected. 

First, (0,1) ¢ U, NA, so U, NA # G. Since A is connected, and 


A = (U, NA) UW, A), 


it follows that U, NA = G. Next, consider U, NM B. Since any ball in R? about (0, 1) 
must contain points of the form (x, sin 1/x), U, N B#@. But B is connected—it is 
the continuous image of the connected set (0, 1]-and B = (U, N B) U(U, N B). Thus 
U,f B=Q. Hence U,=(U,NA)U(U,N B)=¢g. 

X is not arcwise connected. For let a be a path in X with origin (0, 1). We shall 
show that a(7) C A, and hence no point in B can be joined to (0, 1) by a path in X. 
Consider aA), Since A is closed in X, a7(A) is closed in J. aA) # @ because 
0 « a (A). Hence it suffices to show that a"(A) is open in J, for then a(A) = I be- 
cause I is connected, Suppose ¢, € @ (A), Then a(t,)¢ A. Let U= XN Bo(t,)(1/2). 


Then U is open in X, Since @ is continuous, there exists an € > 0 such that a(é) « U 
whenever |t-— | <&€. Claim: a((t,~¢€, 4,+€)) CA. For suppose |4,—4,| <«& and 
a(é,) ¢ B. Now U f B is a union of disjoint arcs (homeomorphic images of open in- 
tervals}, and the arc containing a(t,) is both open and closed in U. This contradicts 
the connectedness of a((f,—£, é+£€)). Thus (¢,—€, t,+£€) Ca 4A) and aA) is 
open inJ. (See Fig. 3.1.) 


46 FUNDAMENTAL GROUP AND COVERING SPACES 


Definition. Let @ be a path from x, to x, and let 8 be a path from x, to X,. The 
product of a and £ is the path @B from x, to x, defined by 


_ fa(22) (O= t= 1/2) 
abU)s hee 1) (1/2<t<1), 


The inverse of a is the path a! from x, to %, defined by a(t) = af(1— 2). 

Remark. That the product of two paths is continuous is 2 consequence of the 
“Glueing Lemma”’ (Sec. 3.1). 

Definition. Two paths a and 6 from x, to x, are homotopic (written a = B) if 
there exists a continuous map F: I x I —X guch that 


F(0,t) =x, and F(1,4,)=%x, forallé,¢ J; 
F(é,,0) = a(t) and F(é,,1)= A(t.) for allt, I. 


Remark. Thus a homotopy of paths is a homotopy in the usual sense together 
with the additional requirement that the end points remain fixed throughout the 
homotopy. Note that without this additional requirement every path is homotopic to 
a constant path. 

Remark, The relation = is an equivalence relation. The proof is similar to the 
corresponding proof for ~. (See Theorem 1.) 

THEOREM 2. Suppose a, + a, and 8, & 8, are paths such that @, By is defined, 
Then a, 8, is defined and 0,8, = a,£,. 

Proof. @,8, is defined because 


end of a, = end of a, = origin of 8, = origin of 8,. 


Let F and Gbe homotopies from a, to a, and from 8, to B, respectively. Then a 
homotopy H from a,8, to a,8, is given by 
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v1 


a 
Fig. 3.2 
F(2t,,¢,) (0s ¢, = 1/2) 
AE... t. x I "2 1 
ent ee 1,4) (1/2s¢,< 1). 
H is continuous by the ‘‘glueing lemma.’’ Oo 


THEOREM 3. Suppose a, and a, are homotopic paths. Then a,? ~ a,?, 
Proof. Let F be a homotopy from a, to a, A homotopy Hfrom a,*to a,’ is 
given by 
A(t, 4)=FO-t, 4). 0 


Notation. Let (a) denote the ~ equivalence class of a; that is, (a) is the set 
of all paths homotopic to a. Since homotopic paths have the same end points, the 
origin and end of (a) are defined. 

Definition. The product and inverse of < equivalence classes are defined by 


(a)(B) = (a8) (if af is defined), 
(ay? = (a7), 


These are well defined by Theorems 2 and 3 above. 
THEOREM 4. For each xe X, lete,: I ~X be the path defined by e,() = x for 
all te I. Then: 
(1) If (a) has origin x,, then (e,.)(@) = (a). 
(2) If (a) has end x,, then (a) (e, ,) = (a), 
(3) If <a) has origin x, and end x,, then 


(a)(a!) = (ey,) and (a-') (a) = (@y,). 
(4) (Ca) <B)) (vy) = (@)(XB)<y)) (if (@B)y is defined). 


COROLLARY. Let X bea topological space and let x, € X. The set of + equiva- 
lence classes of paths with origin = end = x, forms a group under the operations of 
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multiplication and inverse as defined above. This group is denoted by 7,(%, x,) and 
is called the fundamental group, or first homotopy group, of the pair (X, x,). 
Proof of Theorem 4. 
(1) We must show that e, @ © a, Thus we want to construct a continuous map- 
ping F: J x I —X such that 


Firx{o} = CxO, 


Firx{i} = @, 


Flfolx r= Xo 


Fif{aha = ¥1= (1). 


Fig. 3.3 


We do this by defining # on the triangle in the above figure to be the constant map 
into x,, and by requiring that F, restricted to each horizontal line segment in the 
trapezoid of the figure, be equal to a (after suitably parameterizing the line seg- 
ment). Explicitly, 


%, (2f,= 1-4), 


(2) We must show that aeé,, © a, The proof is similar to the proof of (1) (see 
Fig. 3.4). 

(3) It suffices to prove that (a)(a-5 = (ey) , for then we may interchange the 
roles of a and a@“', Thus we must show that aa™! = exe We do this by ‘‘pulling 
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Cx, Cx, Fig. 3.4 


0 


Fig. 3.5 


the end point x, in to x, along the path a.’’? See Fig. 3.5 above. 
Exercise. Find the analytic expression for this homotopy. 
Proof of Theorem 4 cont. 


(4) We must show that (a8)y & a(By). Now 


a(4t) (0 = ¢t <= 1/4), 
(Ca B)(y))() = re 1) (1/4 < t = 1/2), 
y(2t- 1) (1/2 = t = 1); 


(0 = f= 1/2), 
(a( By))(t) - {oe 2) (1/2 = t = 3/4), 
(4t — 3) (3/4 < ft < 1). 
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Fig. 3.6 


The homotopy is 


4 
a(A) (4t,-1< 4), 
2 


F(t, t,) =~ A(4t,-t,-1) (4t,-2 = #, = 4t,- 1), 


(aoe 2) (f,= 4t,-2). O 


Remark. Given two base points x, and x, in X, we cannot in general expect any 
relationship between 7,(X, x.) anda,(X, x,). For example, if x, and x, do not lie in 
a common Connected subset of X, there can be no relationship. Consider the disjoint 
union X of a circle and a point x, (Fig. 3.7). 


Xo 


Fig. 3.7 


For x, in the circle, 7,(X, x.) has non-trivial elements, whereas 7,(X, x,) is clearly 
trivial, 

Similarly, if X is not arcwise connected, we can expect no relationship between 
these groups. Consider the space X = X, UX, UX,C R?, where X, is the graph of 
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sin 1/x (0< x <1), X, = {0} x J, and X, isacircle tangent to the y axis at (0,1) 
with center to the left of the y axis (Fig. 3.8). For x, € X,, 7,(X, x,) is trivial. But 
for x, = (0,1), 7,(X, x,) has non-trivial elements, 

For arc wise connected spaces, the Situation is better. 


ay 


Fig. 3.8 


THEOREM 5. Let X be an arcwise connected topological space. Let x, x, € X. 
Then there exists a group isomorphism of 7,(X, x,) onto 7,(X, x,). 
Proof. Let y be a path from xq to x, Let yy: 7,(X, x.) ~7,(X, x,) be defined by 


ve ((a)) = (yy (a) (vy) = (yey) — for (a) € a,(X, x9). 


yy i8 a homomorphism because 


Ve (OD) 74 BD) = Cx Ka) KY) (1) B) CY) 

= (y)"Ka) ey.) (8) (y) 

= (vy) Xa) (B) (y) 

= yu((a){p)). 
y# is an isomorphism because it has an inverse, namely, yy" =(y")y. O 

Remark. Recall that for a group G and ae G, the inner automorphism of G due 

to a is the isomorphism ig of G onto itself given by i,(b) = aba"' for b € G. Now, 
given two paths in X from x, to x,, we obtain two isomorphisms 7,(X,x,) +7,(X,x,). 
The above proof actually shows that these isomorphisms differ by an inner auto- 


morphism of 7,(X, ). 
COROLLARY. Let y, and y, be two paths in X from x, to x,. Then 


(y2)4 = (y)# 2 tas 


where ig is the inner automorphism of 7,(X,x,) due to @ = (yy.") € 7,(X, x,). 
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Proof. For (a) € 1,(X, x,), 


(de? © ada) = Craver Mad yey)? 
= (viva Maye ty 


ig(@) ; 


that is, (ye? ° (y2)4 = ta, OF (Ya)4 = (y)4 o tg. O 

Remark. Theorem 5 shows that all fundamental groups of an arcwise connected 
Space X are isomorphic; that is, associated with the space X is a certain abstract 
group, the fundamental group of X, However, the above corollary shows that unless 
this group is commutative, no natural way exists of identifying the groups arising 
from different base points. (The isomorphism depends on the homotopy class of the 
path joining the base points.) Hence we shall regard the fundamem.al group as being 
a concrete group, computed with respect to a given base point. The importance of 
the base point will become clearer as we study the behavior of the fundamental 
group relative to continuous maps. 

Definition. Let X and Y be arcwise connected spaces. Let f: X — Y be contin- 
uous, For x, € X, let f,: 7,(X, x.) > 7,(Y, f(x,)) be defined by 


f,((a)) = (f © a) 


for (a) € a,(X, x,). Note that this definition makes sense because if @ and B are 
two paths in X—both beginning and ending at x, with a © B—then f >a =f o B. 
(A homotopy from f ° @ to f > 8 is given by f ° F where F isa homotopy from @ to 
B.) 

Remark. f,: ™(X, x) > 1,(Y, f(x,)) is a homomorphism, because for (a) and 
(B) € m,(X, x4), 


Fy((@)(B)) = F4((xB)) = (Ff © (aB)) 
(Ff © af ° B)) = (fe af ° 8) 


F(a) F,.((8)). 


J, is called the homomorphism induced by f. 
THEOREM 6. Let X, Y, Z be arcwise connected, and let x, « X. Then: 
(1) If f: ¥X +Y and g: Y ~Z are continuous, then (go Sh = & o Sty. 
(2) If f, and f,: X — Y are homotopic maps and F: X x I ~Y is a homotopy 
from /, tof, then (/,), = oy ° (fo)4, where o is the pathin Y from f,(x,) to f,(x5) 
given by 


o(t) = F(x,, Zt). 

Remark. Part(2) of Theorem 6 says that homotopic maps induce the same homo- 
morphism on fundamental groups, up to an inner automorphism that compensates 
for the fact that the two maps may send the base point in X into different points in Y. 

Proof of Theorem 6. 

(1) Let (aw) € a,(X,«,). Then 
(g of), (a>) = (g of oa) = a ((f °° @)) = gy °F, (a)). 


(2) Let (a) « 7,(X,x*,). We want to show that 
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Fda (@) = oy((Fo)4(@)); that is, (f° @) = og((fy ° @)) = Co “YF, © @)a) 
Thus we must show that 
f,° ae of, -ajc, 
For this, consider the map G: I x I — Y defined by 
G(t,, #2) = F(a(t,), £4) (t,, t2 € I). 


G is continuous because F and a are, Moreover, 


G(t,, 0) = F(alé,), 0) = f(alt,)) = fo ° a(t), 
G(t,, 1) = F(alt,, 1) = f,(a(t,)) = f,° a(t), 
G(0, t,) = F(a(0), t.) = F(x,, t2) = o(t,), 
G(1, t,) = F(a(1), t,) = F(x,, 4) = o(f,). 


Thus the boundary of J x I is mapped by G as indicated in Fig. 3.9. 


fice fica 
C G g a} G c 
free Fig. 3.9 foe a 


The required homotopy H from f, ° a to a““(f, ° a)o is then obtained by deform- 
ing G as indicated in Fig. 3.10. 
Analytically, H is given by 


x), 


o-*(2t,) (t,<3 < 


At, + 2t ,= +3) 
= 4t, + 2b — 2 f24+3 
(t, fa) = c( 3,41 * ; on 4 /? 


o4t,-3) (=! a O 
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fica 


Fig. 3.10 


| 
t 
Hy 
{ 


o! foca ¢ 


COROLLARY 1. If X and Y are arcwise connected spaces of the same homotopy 
type, then their fundamental groups are isomorphic. 

Proof. Since X and Y are of the same homotopy type, there exist maps f/: X ~Y 
and g: Y ~X such that gof~iy and f* g =~ iy. Choose a base point x, € X in 
the image of g, say x, = g(y,). We shall show that 


Fx: W(X, Xo) eri 7(Y, SF (x,)) 
is an isomorphism. Now, 
£y: TAY, f(x )) — aX, g of (x,)) 


and, by Parts (1) and (2) of Theorem 6, 


8x of, = (g of}. = Oy = (ix), = On 


where oy: 7,(X, x.) — 7,(X, g of(x,)) is an isomorphism. Thus /, is injective. 
On the other hand, we may consider the homomorphism, also denoted by Ex 
mapping 7,(Y, y,.) ~7,(X, x,). Then 


Te ° gy = if © 4) = (c,)¢ os (iy), = (o,)# 


where (¢,)y: 7,(Y, y.) + 2,(¥, f ° g(y,)) is an isomorphism. Thus J, is surjective 
also, hence an isomorphism. O 

COROLLARY 2. If X is contractible, then 7,(X, x«,) = (e); that is, the fundamen- 
tal group of X consists of the identity element only. 

Proof. By definition, X contractible means that X is of the same homotopy type 
as a one-point space. Thus Corollary 1 implies the result. oO 

COROLLARY 3, 7,(R”, 0) = (e). 


3.3 COVERING SPACES 


All spaces throughout this section are Hausdorff topological spaces. 
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Definition. A space X is locally connected if for each point x € X and each open 
set V containing x, there exists a connected open set U such thatxe UCV. A 
space X is locally arcwise connected if for each point x € X and each open set V 
containing x, there exists an open set U, with x € U C V, such that whenever 
%, x, € U, there exists a path a from x, to x, with a(J) CV. 

Remark, Not every arcwise connected space is locally arcwise connected, For 
let X be the union of the graph of sin 1/x, x € (0,1], with an arc connecting (1, 0) 
and (0, 1) (Fig. 3.11). 


Then X is arcwise connected, but if B is any ball in R* about (0,1) of radius <1, 
then V = B f1 X is open in X, yet V contains no open set U with the property re- 
quired for local arcwise connectedness. 
Definition. Let X and X be arcwise connected, locally arcwise connected spaces, 
and let p: X — X be continuous. The pair (X, p) is called a covering space of X if 
(1) p is surjective, and 
(2) for each x € X, there exists an open set U in X containing x such that p-\(U) 
is a disjoint union of open sets, each of which is mapped homeomorphically onto 
U by p. Such an open set U will be called admissible. 
Example 1. Let 


X = S!=[z; z a complex number with |z | = 1]. 


Let X = R}, and let p: X —X be given by p(r) = e277, Then (X, p) is a covering 
space of X. For x « X, let U be a small open arc containing x. Then p-\(U) isa 
disjoint union of open intervals, each a translate of every other by some integer 
(Fig. 3.12), ¥ may be looked at as an infinite spiral over S', with p being ordinary 
projection (Fig. 3.13). 

Example 2. Let 


X = P? = the set of all lines through the origin in R°. 
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ae }—__1_t—}_1_______-... 
STE EEE Re ; C) 


Fig. 3.12 


Fig. 3.13 


The topology on P? is generated by ‘‘open cones’’ of lines through the aes (Fig. 


3.14), P? is called the real projective plane. Let X = S?¢ R3, and let p: KX -X be 
defined by 


p(x) = the line through the origin which passes through x (xe X). 


Then (X, b) is covering space of X, in fact, a ‘‘double covering’? of X; that is, 
p(x) consists of two points for each x « X, a 
Example 3. Let X = ¥ = S'=[z; |z| = 1]. Let p: ¥ ~X be given by p(z) = 22. 
Then (X, p) is a double covering of X, = . 
Example 4, Let X = S' x S'= the torus. Let X = R? and p: X — X bedefined by 


bir, 7.) = (e ener. e@ 27872), 
Then (X, b) is a covering space of X. Fora ‘patch’? U on X, p7(U) is a union of 


‘‘patches”’ in R?, each a translate of every other by a vector with integer coordi- 
nates, 
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Fig. 3.14 


Fig. 3.15 


(Note that unit square gets mapped onto S1 x S! by p, and, infact, S' x S? may be 
regarded as a closed unit square with one pair of opposite edges identified to form 
acylinder and the other pair of opposite edges (now circles) identified to form a 
tire.) 

Example 5. (A ‘‘non-example’’.) Let X = Ss‘, and let X bea finite open spiral 
over S' with projection p: X — X (Fig. 3.16). (X,p) is not a covering space of X 
because if x lies under an ‘‘end’’ of X, then there exists no open set U about x 
satisfying (2) of the definition. 

Example 6. (Another ‘‘non-example’’.) Let X = S? and X& = an infinite cylinder 
circumscribed about S?; and let p be radial projection (Fig. 3.17). Then (X, p) is 
not a covering space because p is not surjective. 
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Co) Fig. 3.16 


Fig. 3.17 


THEOREM 1, Let (X, p) be a covering space of X, Then p: X -X is an open 
mapping; that is, p(f) is open in X for each open set U CX, 

Proof. Let & be open in X&. For x € pW), let V be an admissible open set con- 
taining x, so that p-(V) is a disjoint union of open sets, each mapped homeomo rph- 
ically onto V by p. Let ¥¢ @ be such that p(%) = x. Then % lies in one of these 
open sets mapped homeomorphically onto V. Call itW. Then WN JU is open in W, 
so p(w ni U) is open in V since piy is a homeomorphism. But V is Open in X, so 
p(W 1 U) is an open set in X with x « p(WN ) c pif). Since x € (0) was arbi- 
trary, p(J) is a union of open sets, and hence is open. | 

Remark. Given two spaces Y and X, a continuous map f: Y ~ X, and a covering 
space (X, p) of X, we find it often of interest to know whether we can ‘‘lift’?? the 
map f toa map f/f: Y—-X; that is, whether we can construct a map f: Y—X such 
that pof = f. The map 3 is also said to cover f. The next theorem (Theorem 2) 
shows that under certain mild conditions, any two such maps (if they exist) either 
agree everywhere or agree nowhere. The following theorem (Theorem 3) and its 
corollaries tell us that certain maps can, in fact, be “‘lifted.”’ 

THEOREM 2. Let (X,p) bea covering space ofa Space X, and let Y bea connect- 
ed and locally connected space, Suppose a, 8: Y - X are continuous maps such that 
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(1) p° a= poe 8, and 

(2) a(y,) = B(y,) for some y, € Y. 
Then a = £. 

Proof. Let 


Z=([y e€Y; aly) = ply)). 


We must show that Z = Y. Since Y is connected, and Z # ¢ (y, € Z), it suffices 
to show that Z is both open and closed. 
Z is closed: For consider the map a x 6: Y +X x X defined by 


(a x B)(y) = (aly), BCy)). 
Then @ X @ is continuous. Let D be the diagonal in X x X; that is, 
D = [(x, %); x « X]. 


D is closed because X¥ is Hausdorff, Hence Z = (a x £)-{D) is closed in Y. (Note 
that this argument shows that for any two continuous maps from amy topological 
space S into any Hausdorff space 7, the set of points where the two maps agree will 
be closed in S.) 

Z is open: Suppose z € Z, Let x = p o a(z) = p © B(z). Let U be an admissible 
open set about x. Then p-\(U) is a union of disjoint open sets one of which, call it 
W, contains a(z) = f(z). Now W is both open and closed in p-\(U). Hence any con- 
nected subset of p(U) which has points in W must lie entirely in W. Now 
z€ (pe a) (UV), an open set in Y, Since Y is locally connected, there exists a con- 
nected open set V, in Y with z € V, C (p ° a)"XU). Since a is continuous, a(V,) is 
connected in p-\(U) with a(z) ¢ W; so a(V,) CW. Similarly, there exists a connected 
open set V, in Y containing z, such that B(V,).C W. Since p|w is injective, and since 
pea= po B, it follows that a= 8onV,fN V,. Thus V, fl V, is contained in Z and 
is an open set containing z, Thus Z is open. oO 

THEOREM 3. (Covering Homotopy Theorem) Let (X, p) be a covering space of a 
pas X, and let Y be a compact, connected, and locally connected space. Let 

Se and let F: Yx I-~X bea homotopy with F(y, 0) = p o f(y) for ye Y. 
eee there exists a homotopy G: Y x I —X such that 

(1) Gly, 0) = f(y), and 

(2) p°G=F., 

Moreover, G may be chosen to be stationary; that is, whenever y ¢ Y is such that 
F(y, é) is "constant for ¢ in some interval, then G(y, fy is also constant for ¢ in that 
interval, 

Remark, Before proving Theorem 3, we derive several consequences. 

COROLLARY 1. Let’ (X, p) be a covering space of X, and let x «€ X, Then 
Pe m(X, x) — aX, p(%)) is s injective. 

Poa. Suppose (@) € 7 AX. %) is in the kernel of p,. Then 


(p ° &) = py((@)) = e = (ey); = thatis, pe a@ + e,, 


where x = p(%). We want to show that (@) is the identity element in 7,(X, x), that 
is, that @ = ep, 

Let F: I x I ~X be a homotopy from p © @ to é,. By the covering homotopy 
theorem, with Y = J, there exists a homotopy G: J x I +X with p ° G= F such 
that Gl, 0) = a(é,) for all ¢,¢ J. Furthermore, since F(0, ¢,) = x and F(1, é,) = x 
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are constant for ¢, « J, G may be chosen So that 
G(0, t,) = &(0) = ¥ and G(1, é,) = G(1) = ¥ 


for all ft, € I, Since p ° G= F and since F(t,, 1) = e,(,), the paths ¢,  G(¢,, 1) and 
i, > eg(t,) are both mapped by p into e,. Moreover, G(0,1) = ¥ = ey(0), so these 
paths agree ata point. Thus, by Theorem 2, G(t,, 1) = eg(t,) for allt, € J, and G is 
a homotopy from @ to eg. 

COROLLARY 2. Let (X, p) be a covering space of X. Let a be a path in X. Let 


x, = (0), and choose %, ¢ X with p(%,) = x, Then there exists a unique path @ in 


X, with origin %,, covering a, that is, with po @ = a. : 

Proof. The uniqueness is a consequence of Theorem 2 above. To prove exist- 
ence, we apply the covering homotopy theorem to the case where Y = {yo} isa 
1- -point Space and f: Y ~X is defined by f(y,) = %,. Since projection on J is a 
homeomorphism of Y x J onto I, we may identify these two spaces through this 
homeomorphism and regard a@ as mapping Y x I->X, Then a(y,, 0) = x, = p ef (y,), 
so by the covering homotopy theorem, there exists a homotopy G: Y x I +X such 
that p o G= o and 


Gly, 0) = f (¥,) pt %. 


Let &: I — X be defined by a(t) = G(y,,¢). Then & has the required properties, O 

COROLLARY 3. Let (X, p) be a covering space of X. Let x « X, and ¥ « X with 
b(%) =x. Then there exists a ‘‘natural’’ one-to-one correspondence between 
px}) and the coset space 7,(X, x)/p,7,(X, %). 


Proof. We define c: 1,(X, x) — p({x}) as follows. Let g € 7,(X, x). Suppose a 
and 6 are two representations of gy; oo is, g = a) = = (8). By Corollary 2, a and 
B have unique lifts a and B to X, with origin oa Now a = 8, so by the covering 
homotopy theorem, a & B. In particular, @ and B have the same end point; that is, 
a@(1) = B(1), Thus we can define 


where a@ is any representative of g. 

Since X is arcwise connected, ¥ can be joined to each element of 1 ({x}) by a 
path in x, which is in turn the ‘lift of a closed path (its projection) in X. Thus 
c: 7, (X, x) p-({x}) is surjective. 

We now pie that c is constant on cosets of p,7 m(X, %) in 7,(X, x). Suppose (a) 
and () lie in the same coset. Then (8) = (y)(a) = (y a) for some (y) € pya(X,%). 
Thus 


e((B)) = c((ya@)) = yall). 
But ya = 7 @ by Corollary 2, so that 
e((B)) = ¥a(1) = G1) = c{e@)), 


and the restriction of c to each coset is constant, as claimed. 
Thus c defines a map 7: 7,(X, x)/pya(X, %) — p({x }) by 


e(H(a >) iz e({a)), (a) a (X, x), 
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where H(q@) is the coset of H = p,m, (X¥, ®%) containing (a). ¢ is surjective because 
c is. € is injective because if ¢(H(a)) = ¢(H(8)), then e((a)) = e({B)); that is, 
@(1) = B(1), so that (@B-) € 7 AX, %). Letting h = p,((aB-)), we have 


h{B) = (p » (aB-)) (8) = (ab) (8) = (a), 


so that (a) and (8) are in the same coset of H; that is, H(a) = HB). a 
Example 1. Consider the line R' as a covering Space for the circle S!, with 
pir) = e277, Take as base point in S! the point z = 1. Then p-({1}) is the set of 
integers, Since 7,(f',0) is trivial, p,7,(R',0) = (); so 7,(S', 1) is in one-to-one 
correspondence with the integers. (We shall see later that this correspondence is, 
in fact, a group isomorphism.) 

Example 2. Consider the plane A? as a covering space for the torus S! x S!, with 
blr, 72) = (e 27771, e 2772), Then 7,(R?, 0) is trivial so 7,(S! x S4, (1, 1)) is in one-to- 
one correspondence with pp” 1{( 1, i}, the Cartesian product of the set of integers 
with itself. (This Goprespandence also turns out to be a group isomorphism, of 
7 (S+ x $1, (1, 1)) with the direct product of the integers with itself.) 

Example 3. The sphere S? is a covering space of the projective plane P? (see 
Example 2 at the beginning of this section). Let ~ « P® be the 2 axis (# is a line 
through the origin in R? and hence is a point in P?). Then 


p-({n}) = {north pole, south polc} ¢ S?, 


Later we shall prove that 7,(S?, north pole) = {e}. Assuming this fact for the mo- 
ment, we get from Corollary 3 that 7,(P?, 1) has two elements; that is, 7,(P?,) = Z 
the cyclic group of order 2. In particular, there is a path a in P? which is not homo- 
topic to a constant, but its square a? is homotopic to a constant, The curve in P? 
defined by a thus has the property that the path obtained by traveling around once 
cannot be shrunk to a point, and yet the path obtained by traveling around twice can 
be shrunk toa point. Geometrically, given a great circle on S? through the north and 
south poles, let x(t) « S? move along this great circle from the north to the south 
pole as ¢ varies from 0 to 1, Let a(é) be the line through the origin which passes 
through x(t), Then @ is a path in P® with the above property. Note that the lift 
t + x(t) of a to S? is not a closed path in S?, whereas the lift of a? to S? is closed. 
This amounts to traveling all the way around the great circle. 

Proof of Theovem 3, Since Y and I are compact, Y x I is compact, hence so is 
F(Y x I). Thus F(Y x 7) can be covered by finitely many admissible open sets 
U,,..., Uy (cover F(Y x I) by admissible open sets and take a finite subcovering). 
Since ‘tR- ‘Ugh T_ covers Y x I, and since a basis of open sets in Y x J is given 
by (open sects of yy x (open intervals in J), we can find a finite covering {Vad of Y 
of connected, open sets anda decomposition of the unit interval O=t,<t,<...< tp =1 
such that each F(Vq X [t;, #341 1) Csome Ug. a 

We construct G by constructing G,;: Y x [¢;_,, 4] +X (é = 1,..., %) with the 
properties that (1) p © G,; = = Fly sce, LD (2) G; is continuous; and (3) G; = Gj, on 
the closed set aes 


Y x [44,4] NY x ([t;, t4,] = (9, 43 9 € ¥). 


By the glueing lemma for closed sets, G will be continuous, and, of course, p °G=F, 
By induction, assume the G; have been defined for 7 = j so that they satisfy (1), 
(2) (fori =1,..., 7), and (83) (for i= 1, ..., 7-1). We construct Gj... In order for 
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(3) to be satisfied, G; pals 4) must equal G;(y, ¢). Let Ge u x [4, taal — X be 
defined as follows; F(Vq x ‘ty, trl) S Uy, an admissible open et in X, Since Vy 
is connected, the set G(Vq x ty i) is connected. But 


po G(Vq x {h}) = F(Vq x {tj}) C Uy. 


Hence, GV x {t,}) lies inone of the open sets W Cp"\(U,) on which p: W—U, is 


a homeomorphism. Define Gj, = (Ply) ° Fly. x ttj,tj+11- Note that G3 = G on 


Va X {é }. To construct the continuous map Gia, on the topological space 
¥ x [t, Gal, 


we paste the maps Gf, defined on the open sets Vg x [t;, tj.) of the aver 

Y x [é;, tay]. By the glueing lemma for open sets, we need Sly verify that G fe and 
j+1 agree on Va N Vg x [t,, tail, which we can assume is not empty; 

Suppose G,(V,, x {t;}) es in the open set W, (y = a, B), with p: Wy + Wy and 


pb: Wg ~Um ie eonioaBaInes: Since Gy. = = Gon Vy x {é;} (y = a, B), then 
Gin = Gj,,0n Va Nl V_ x {t;}. Since any point of v, NV, x x Lg, ta can be connected 


to Va fi Vg x {t;} by an arc in Vy fl UV, x [t,t], we must have 


Gh (Voy N Ve x [tj Hil) Wy NW (y= 4, 8). 
But p Gis 7 Fly, . ley, byes i for y = a, 8, and ply, = blwg on Wy Wz. Hence 
Gia = = G,,0n Vy Nl V, x [y, fails 


Note that this ee Sen also works to start the induction, that is, for 
the construction of G,, because we are given G, on Y x {t,} } equal to f. 

We leave to the reader the verification that “the above construction automatically 
makes G stationary, QO 

Definitions. Let X be an arcwise cohnected, locally arcwise connected space. 
X is simply connected if its fundameiital group is trivial, or equivalently, if every 
closed path in X is homotopic to a constant. 

A covering space (X, p) ofa space X is called a universal covering space if X is 
simply connected, 

Remark, The line, the plane, and the sphere are universal covering spaces, 
respeetively, of the circle, the tdrus, and the projective plane. That the sphere S? 
is simply connected, however, réthains to be shown: 

Definition. A space X is locally Simply connécted if for each x € X, there exists 
an open set V containing x such that any path a in V, with a(0) = a(1) = x, is homo- 
topic in X to the constant path ¢,. 

THEOREM 4, Let X be arcwise connected, locally arcwise connected, and locally 
simply connected, Let H be a subgroup of 7 MX, x). Then there exists a covering 
space (X, p) such that p,7, (X, Xx) = H, where % « X with p(%) = x. In particular, if 
H = (e), then X is simply connected, soeach such X hasa universal covering space. 

Proof. From the covering homotopy theorem and its corollaries, we know that 
each @ in & is the unique lift starting at @(0) of the path p o & in X; moreover, @ 
is a closed path if and only if (p » &) € p,a,(X, x) (Corollary 3), Hence the point 

a@(1) inX is determined by (p © @). So it makes sense to try and construct the 
points of X from paths in X, 

Let © denote the set of all paths in X beginning at x. We define an equivalence 
relation 2 on by a H @ if and only if a(1) = 8(1) and (ag) € H. This is an equiv- 
alence relation: 
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(1) a # a because (aa) = (€,) € A. 


(2) fa  g, then (Ba) = (af) € H, so B Ha, 


(3) tf a # Bana gH y, then a(1) = B(1) = y(1), and 
(ay) = (ab By") = (ap )(By € H, 


H 
SsO@=ey. 
Let X be the set of all H equivalence classes, For a ¢€ Q, let [a] denote the 7 


equivalence class of a. Define p: ¥ ~ X by p([a]) = a(1). p is surjective because 


X is arcwise connected. _ a 
We define a topology on X as follows. For [a] « X, let U be an open Set in X 


containing a(1). Let © 


([a], UV) = [[oB]; 6 a path in U beginning at a(1)]. 


The collection of all such ([a], UV), together with Z, forms a basis for the topology 
on X, It is a basis because : 

(1) X = (fe,], X) and 

(2) for (La,], U,) and ([a,], U,) two such sets, if [y] « ([a,], U,) N ([a@,], U,), then 

(iy), 0, 10,) aj), Uy) 9 fag), U,): - 

The topology on X is Hausdorff. For suppose [@,] and[a,] ¢ X with[@,] 4 [a]. 
If a,(1) # @,(1), then there exist disjoint open sets U, and U, in X with a,(1) € U, 
and a,(1) « U, (X is Hausdorff), and clearly ([a,|, U,) N ([a,], U.) = G. So suppose 
a,(1) = a,(1). Since X is locally simply connected, there exists an open set U con- 
taining a,(1) = @,(1) such that any closed path in U is homotopic in X to the constant 
path, Then ([a,], UV) f ([a,], &) = G, for otherwise there would exist paths @ and 


y in U starting at a,(1) = @,(1) with [a,8] = [a,y]; that is, with a,8 2 ay. Thus 
(a, By 'a,") € H, But By is a elosed path in U, so By! = Cay and 


(a@,a,7") = (2a, a2") = (a,By"'a,"") € H; 


that is, a, 2 a, and [@,] = [a,], which is a contradiction. 
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p: ¥ ~X_is continuous. For if U is open in X, then for each [a] « pV), ([a], UV) 
is open in X and is contained in p™+(U). 
4 te arowien connected) For int Irl nd { gl 


«i 18 arewise ConnecrieG, SOY ict |@) ana 1 


~ 
vy TT. wta 0 A a 


£ 
€a, au constr uct a path in x 410411 


[a] to Lal, we shrink a in X by pulling its end in to its origin, and then snake out 
along 8 toward its end, and then take | equivalence classes, Explicitly, an 
fi 1 >, with f (0) =[ al. and f (1) = [6], is defined as follows: 


[a;,] (O=#, < 1/2) 
f (ts) = {to (1/2 = t= 2), 


where 


ay(t,) = a((1—2¢,)¢,)  (¢, = 1/2) 
and 
By,(¢,) = B((2t.—1)t) (ty = 1/2). 
f is continuous, because if ([y], U) is a basic open set in X, then 
Fb, vu) - lee 3 f@) € (bl, MW) - Aus 


where 


= [t, « [0, 1/2]; [a] € (bd, UDI 
and 
B = [#, € (1/2, 1]; [4] € (v1, 0). 
We show first that A is open. Suppose #,¢ A. Then | OF,(1) ¢ U, Since ¢, — a;,(1) is 


continuous, there exists an open interval J about ¢, such that a,,(1) « U for all 
t, € J. Moreover, for t,€ J, (a4,) = (7,1), where 7 is the path along a from az,(1) 


Fig. 3.19 
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to a;,(1). Furthermore, since Z, € A, lo; ] = lyé] for some path é in U from y (1) to 
a, (1); that is, (aR, & ty) ¢€ H. But 


(ap, (v8n)") = Caen Ey) = (agg ty) € A. 


Thus 
a, H >(En), 
where £7 is a path in U from y(1) to aj,(1); that is, 
Lay] = b(én)] € (yl, v) 


for all ¢, € J. Hence J is an open set about ¢,, contained in A; and A is open. Sim- 
ilarly B is open, and hence so is f~\[y], U). This proves that f is continuous, thus 
completing the proof that X is arcwise connected. 

(X, p) is a covering space. For given x, €X, let U be an arcwise connected open 
set containing x,, with the property that each path in U is homotopic in X to a con- 
stant. As in the proof above that X is Hausdorff, we see that if [a,] 4 [a@,] is such 
that p([a@,]) = p(la,]), that is, a,(1) = (1), then (La,}, U) A ([a,l, U)= G. Also, 
since U is arcwise connected, p|((q}, v): (lal, U) -U is surjective for any [a] with 


p(la]) = x,. Moreover, P\dal, v) iS injective. For suppose p([ag]) = p([ay]) for 


some paths § and y in U starting at x,, Then (1) = y(1), so Sy! is a closed path 
in U and hence is homotopic to the constant path €y,5 that is, 


((ap)(ay)) = (a(By art) = (wey ar) = (ey) € H 


and [ag] = [ay]. 
Now p?(U) = U (la], UV) where the union is over all a with p([q@]) = x,. For if y 


is a path, with p([y]) = y(1) ‘ U, let 8 be a path in U from y(1) to x,. Then 
p(ly Bl) = x,, and [y] € (Ly a], U 

To complete the proof that te bp) is a covering space, it remains only to show 
that pi is an open map, that is, that it maps open sets onto open sets. For this, sup- 
pose ¥ is an open set in X. Since V isa union of basic open sets 0 = ([a], v), it 
suffices to show that p(/) is open for such J. So let x, € p(); say x, = p((B l= = B(1) 
for [ B] € . Let U, be the set of all points in U which can be joined to x, by paths 
in U, Since X is locally arcwise connected, it is easy to verify t that U, is an open 
set. Clearly x, ¢« U,. We claim that U,C p(@), implying that p() is open. In fact, 
U,= p((el, U,). Moreover, [8] = [ey], cae re y is a path contained in U. Thus any 
ae Cnl e ([g], U,) is Of the form 


[n] = [88] = [avd] € (al, v) = &, 


where 6 is a path in U, from A(1) to (1), and (gl, vu.) c 0. 

Finally, to complete the proof of the theorem, we must show that by (t, (X, *%)) = 
where % = =[e, ]. For this, let a be any path in x starting at x. bet @ be the ae in 
X starting at y defined by a(t,) = Lap, |, where ae (t,) = a(t, ¢,). & is continuous: see 
the argument used above for f in the proof that X¥ is arcwise connected, @ covers 


a because p(a@(z,)) = p(Loy,,]) = = @,(1) = @(t,). Now suppose @ is closed; that is, sup- 
pose (@) € 7,(X,x). Then 
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(aye by (a (X, %)) <> @ is a closed path in x 
> (1) = [e,,] 


<> la] = [e,] 


iiss) 


=> a ex 


<> (a) A, 


Thus pb, (a, (X, %)) = H,as required, 
flemark. Recall that, for a group G, two subgroups H, and H, are said to be 
conjugate if 


H, = gH,g' = [gh,g7; h,€ H,] for some ge G. 


THEOREM 5. Let (X, pb) be a covering s ace of a space X, let x « X, and let 
Ky, Xp € pr ‘dx }). Then p,7,(X, %,) and byt (X, %,) are conjugate in 7,(X, spy, 
Proof. Let ¥ be a path X from %, to %,. Then, by Theorem 5, Sec. 3.2, 


m(X, ¥,) = (7) (ayy); (a) € a (X, %)]. 
Projecting, 
byt, (X, %) = [Cp o Dap oF); he py (X, %,)], 


and (po) e a(X,x) oO “3 
THEOREM 6. Let X be locally simply connected and let (X, p) be a covering 


space of X. Suppose (xX, p) is a covering space of X. Then (xX, p: p) isa covering 
space of X. 
Proof. We leave the proof as an exercise. 
THEOREM 7. Let X be locally simply connected and let (x. p,) and (X,, p,) be 
covering spaces of X. Suppose %; « X; (j= 1,2), with p,(¥,) = PAX. %,), and 
(D1) mAXy, % 1) C (Po) 7(X, Fo). 


Then there exists a unique map D: X, — X, with D(x,) = %, such that (X,, P) isa 
covering space of Ky. Furthermore, ae D = py. 

Proof. For ye Rs, we define $(y) as follows. Let y, bea path in Xi from %, to 
y. Then pic y. is a path in X with origin pix) = pol). Let ye be the lift of 
pi~ 71 toa path in X, starting at, %2. Set BY) = y2(1). Then - is well-defined be- 
cause if 8, is another path in X, from Z, to y, then (yi 81") € 71(X1, £1) so that 


(ba Ky :BrD) € (Dye TX Fy) C (Pa)y 11( Ra, Zo), 


and hence p, °7,8," lifts to a closed path in X.3 that is, y,(1) = 8,(1). 

The proofs that > is continuous and unique and (X,, 3) is in fact a covering space 
of Xx; involve no new techniques and are left as exercises for the student. QO 

Definition. Two covering spaces (X,, p,) and (X,, p,) ofa space X areisomorphic 
if there exists a homeomorphism h: X, — ¥, such that p, oh = py. 

Remark. According to Theorem 4, ‘given a subgroup H of the fundamental group 
of a space, there exists a covering space whose fundamental group is mapped iso- 
morphically onto H by the projection map. The following result asserts that this 
covering Space is unique up to isomorphism. 
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THEOREM 8, Let X be locally simply connected and let (Xs p,) and (X,, Pz) be 
covering spaces of X. Suppose Ry € Xx; (j = 1,2), with p,(%,) = bo(%,) and 


(Pye ™ (X 1, ¥4) = (Doda TX, Xa). 


Then (X,, B,) and (X » P>) are isomorphic, 

~Proof. By Theorem 7, there_exist maps D: xX, +X, and q: Xe — X, such that 
(X,, i) is a Covering space of van (X,, 7) isa covering space of X,, pee b2° DB, 
Pe= p,° 4, P(x,) = X>, and 9(x,) = x, Thus 


Pi = bo? B= p,° (Ge B) 


and (Xi, G° bp) isa covering space of xX, by Theorem 6. From the uniqueness part 
of Theorem 7, it follows that 7 > p = iz, Similarly, Bo q= 1X, Therefore q=p° 
and > is a homeomorphism with ee p= pi; that is, (Xi, p1) and (Xo, pz) are iso- 
morphic. im 

Definition. Let (X, p) bea covering space of a space X, A covering transforma - 
tion, or deck transformation, of (x, Pp) is a homeomorphism h&: X -- X such that 
pch= p. 

Remark. The set of covering transformations is a group under composition, It 
is called the group of deck transformations and is denoted by § (X, P). Note that a 
deck transfarmation h permutes the ‘‘decks’’ of x; that is, if U is an admissible 
open set in X, then hk permutes the copies of U in p™ *\7), 

Definition. A covering space (X, Pp) is called a regular covering space of X if 
Pyt AX, ¥) is a normal subgroup of 7,(X, p(%)) for some *% «€ X, Note that since a 
normal subgroup equals all its conjugate subgroups, the condition of regularity of a 
covering space is independent of the base point x. 

THEOREM 9. Let (X, p) bea regular covering space ofa locally simply connect- 
ed space X, Then the group 9(X, p) of deck transformations is isomorphic to the 
quotient group 7,(X, P(X) D4 (x, x). 

COROLLARY 1. If (x, p) is a universal covering space, then 7,(X, x) & Q(X, b)s 
that is, 7,(X, x) is isomorphic to Q(X, pb). 

COROLLARY 2. 7,(S!, 1) = 4, where ¢ is the group of integers. 

Proof of Corollary 2. The universal covering space of S! is (R}, p) where 

p(r) = e777, A deck transformation of (R14, p) is a homeomorphism h: R'— R} such 
that p ° h = p, that is, such that e277h(7) — Caner, Thus (vr) —7 isan integer for all 
ré R’, Buty —Ah(r) -7¢ is a continuous map R! — g. Since R! is connected, so is its 
image under this map, Hence h(r) - r = k for some fixed k; that is, h(r) = 7 +k for 
some k, and h is translation by the integer k. oO 

COROLLARY 3. 7,(S? x S}, (1,1) = IQS. 

Proof of Theorem 9. Let He Pyl, (X, x). By Theorem 8, we may replace (X, b) 
by any covering space whose fundamental group projects onto H. In particular, we 
may assume that (X, bp) is the covering space constructed in the proof of Theorem 4 
and that ¥ = le, ], x €.X. We shall construct a homomorphism 9: 1 UX, x) Q(X, p) 
which is surjective and has kernel H. The theorem then follows from group theory. 

For (a) € 7(X, x), let y((a)) be the deck transformation defined by 


g((o))([8]) = [a8] for [fle X. 
H 


This map gy is well-defined because if a “a, and B 
(8B: *) € H so that 


(a B(a,8,)) = (a) BB, )(a,)"* = (a) BBY aye A 


Bi then (a) = (a,) and 
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since H is normal; thus ag H a, 8, and [af] = [a,8,]. 
Note that y((a)) is injective and surjective because its inverse is v((a~})). 
y((a)) is continuous because clearly o((a))(([ pl, U)) = po (Bl, Uv) = (ag), v) 


for any ([8], UV). Similarly y((a)) 1. is continuous so o((a)) isa homeomorphism, 
Since 


P((p{a)) (8) = aB(d) = B(1) = p([B)), 


y((a)) is a deck transformation for each (a). 
gy is a homomorphism because 


geaiXas))([8]) = para2))([6)) 
[a,0,8] 
e({(a,))(La, 6) 
g((a,)) 2 g((a,))([ B]) 


for all [8] « X; that is, P(ay){ap)) = pay) ° e({a,)) for all (a,), (ay) € 1,(X, x). 
The kernel of y is H because 


gia)([s]) = [8] <e[oe = [8] 
<> af H pg 
<> (a) = (a BB") € A. 
y issurjective. For suppose h: X -X isa deck transformation. Let [a] = A((e,]). 


Then a(1) = p([a]) = x, so a isa closed path in X; that is, (@) € m7 CX, x). Now 
y{{a)) = hk, For, in fact, p((a)) and kh are both maps g — X, with 


po lpla)) = poh= p 


and with g((a))([e,]) = [we,] = [a] = v(le,]), so, by Theorem 2, p((a))= hk. O 

(Note that X is locally connected because it is locally arcwise connected: for 
ye Xand V open in X containing y, the set of all points in V which can be joined to 
x by a path is a connected open set in V.) 


CHAPTER FOUR 
SIMPLICIAL COMPLEXES 


The goal of this chapter is to develop some machinery which will enable us to 
compute the fundamental group of a large class of spaces. TheSe Spaces are the 
ones which can be obtained by piecing together ina nice way basic topological build- 
ing blocks called simplices. A 0-dimensional simplex is a point, a 1-dimensional 
simplex a line segment, a 2-dimensional simplex a triangle, a 3-dimensional sim- 
plex a tetrahedron, and so on. All the spaces which will occupy our attention in the 
coming chapters will be homeomorphic to spaces built up from simplices. 

Given a decomposition (triangulation) of two spaces into small enough simplices, 
we shall show that any continuous map from one space to the other can be approxi- 
mated bya map which is linear on each simplex. Moreover, this approximating map 
will be in the same homotopy class as the original one. Thus we will have reduced 
difficult topological problems of mappings to more accessible algebraic problems 
of ‘‘piecewise linear’? maps and spaces. 

Fig. 4.1 illustrates these ideas. It shows two triangulations of the unit interval 
I and a piecewise linear approximation to the function f: I — I defined by 


f(x) = 4x - 4x7, 


Fig. 4.1 


4.1 GEOMETRY OF SIMPLICIAL COMPLEXES, 

Definition. Let V be a vector space over R! and let C bea subset of V.C is convex if 
€,,¢,€C = ice, +(1-de,e C 

forall te J, 
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Definition. A set {vo Vis: Ses , Upt of vectors ina vector space V is convex-inde- 
pendent, or c-independent, if the set {v, —- Voy Vg ~ Vg oe) UR A vo} is linearly inde- 
pendent. Note that this definition does not depend on "which elec is called vy. 


Example. In R?, {u,v v,, U2} is c-independent if and only if v,, v,, and v, are not 
collinear, 


THEOREM 1. Suppose {v,, v,,..., vz} is a c-independent set, Let C be the 

convex set generated by {v,, v,,..., vp}; that is, C is the smallest convex set con- 
Rk 

taining {v,, v,,..., vg}. Then C consists of all vectors of the form > a;U;, where 


hb i=0 
a;2 0 forall i and Pay a;=1, Furthermore, each v « C is uniquely expressible in 


this form, 


Proof. First note that the intersection of convex sets is a convex set, so C ex- 
ists; C is the intersection of all convex sets containing {v9 Uy, w005 Up 


Now let 


Rk Rk 
Cy = [os v =D apes, a = 0, Da =1). 
#20 


i=0 


b; Uj, then 


Bee 


k 
C, is convex because if v = Y a,;v; and w = 
=0 


a i 


ty + (1 — é)w >> lta; + (1-2), ] 0, 


720 


and 
k k 
D lta; + (1 —t)b;) = iD a,+(1-2) )2, 6; =¢+(1-é)=1. 
#20 7=0 
Thus C, is a convex set containing {v,, v,,..., vg}; hence C,>C, 
R 


Conversely, C, CC. For certainly 2 a,uv,; € C whenever all but one a; are zero. 


We proceed by induction. Assume = a,v; € C whenever, at most, n of the a, are 
non-zero (n < k+1). Let z a;v; haven +1 non-zeroa,, which we may assume (by 


relabelling if necessary) are ao, ai, ..., @, “1 for otherwise all other a; = 0. Thus 


Rk ual 


as 
D a¥,=(1- ay) 20 [270 +AyUy. 
2=0 n 


7=0 


Since 
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n-1 a; 


v; € C by the induction assumption. Hence 
20 1~ ay 
nol a; 
th ; 4,7 +(1— dv, €C 


R 
for f¢€ I since C is convex. Let ¢ = 1 — ay, It follows that 5 a;v; € C; that is, 
=0 


C,CC, and C,= C, 
We proceed to show uniqueness. Suppose 


k k 
where Z a; = E 6;=1. Then 
i=0 ] 


#20 


= E (as~ ))05 - ( a,-% bio 
=D (a; - 6) (05-0). 


Since {v, ~ Vo, U2 7 Uo, ..-, Uk ~Uot is linearly independent, a,;— 6; = 0 for all 7 > 0. 
Then clearlya,=6,also. O 

Definition, Let V be a vector space over R', A convex set generated by c-inde- 
a vectors {vo v,,..., Up} is called a (closed) k-simplex and is denoted by 


V5. Dy iaey vp]. k is called the dimension of the simplex. If v « [v,, Vy, .-., Vel, 


k k 
then the coefficients a;, with a; = 0 and > a; = 1 such thatv = © a;v;, are called 
i=0 7=0 


the barycentric coordinates of v. 

Examples. For {v,, v,} vectors in R!, the simplex [v,, v,] is the closed interval 
(vo, v,). For {v,, v4, va} CR, [v,, v;, v,] is the triangle with vertices v,, v,, and v,. 
The centroid of this triangle is the point with barycentric coordinates (1/3, 1/3, 1/3). 


For V = R”, the simplex [v,, v,, ...,v%] is a compact metric space (it is closed and 
bounded) in the relative topology. In fact, using barycentric coordinates, it 1s not 
difficult to see that [vo v,,...,U%] is homeomorphic to a product of & unit intervals. 
However, this homeomorphism is not an isometry. 
Definitions. Let {v,, v,, ..., vp} be a c-independent set. The set 
[ve lv v,,...,0e]3 av) >0,7=0,1,..., 2] 


is called an open simplex andis denoted by (v,, v,,..., vg). We shall also denote an 
open simplex by (s) and the corresponding closed simplex by [s]. 

Let [s] = [v,, vy, ..., vg] be a closed simplex. The vertices of [s] are the points 
Vp, Uy, «+2, UR. The closed faces of [s] are the closed simplices Lt Uppncen Yi, 
where {Jj j,,..., jn} is a non-empty subset of {0, 1,..., &}. The open faces of 
the simplex [s] are the open simplices (5,5 Djyy ees UGy)- 
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Remarks. 
1. A vertex is a 0-dimensional closed face. It is also an open face. 
is] An open simplex (s) is an open set in the closed simplex [s]. Its closure is 
s]. 
3. The closed simplex [s] is the union of its open faces. 
4, Distinct open faces of a simplex are disjoint. 
5. The open simplex (s) is the interior of the closed simplex [s]; that is, it is 
the closed simplex minus its proper open faces (faces # (s)). 
Definition.. A simplicial complex K (Euclidean) is a finite set of open simplices 
in some R” such that 
(1) if (s) « K, then all open faces of [s] € K; 
(2) if (s,), (s,) € K and (s,) f (s,) 4 G, then (s,) = (s,). 
The dimension of K is the maximum dimension of the simplices of K, 
Remarks. If K is a simplicial complex, let [K] denote the point set union of the 
open simplices of K. Then [K] is compact, and [K] = ol (s) = ey [s]. 
SEK Sew 


if [s] is a closed simplex, the collection of its open faces is a simplicial com- 
plex which we denote by s, 
Examples. The following (Fig. 4.2) are examples of simplicial complexes. 


Fig. 4.2 


The following (Fig. 4.3) are not simplicial complexes. 


Fig. 4.3 
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By adding simplices, however, the point sets in Fig. 4.3 can be made into complexes 
(Fig. 4.4). 


Fig. 4.4 


Note that a complex is more than just a point set. It is a set with additional struc- 
ture. It is possible to have two different complexes with the same point set, as in 
Fig. 4.5. 


Fig. 4.5 


Definition. A subcomplex of a simplicial complex K is a simplicial complex L 
such that (s) « L implies (s) « K. 

Remark. For each (s) € K, the simplicial complex s is a subcomplex of K. 

Definition. Let K be a complex. Let 7 be an integer less than or equal to dim K. 
The 7-skeleton KY of K is the collection K” =[(s) « K; dims <7], 

Remark. The r-skeleton K” is a subcomplex of K. 


4,2 BARYCENTRIC SUBDIVISIONS 


Definition. Let v € R® and let AC R”. The pair (v, A) is in general position if 
vy €A and, for each a,, a, € A with a, #4, [v, a,] Nv, a.) = {ot 

Examples. The following points and sets in the plane (Fig. 4.6) are in general 
position, 
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Fig. 4.6 


The following points and sets (Fig. 4.7) are not in general position. 


; Fig. 4.7 


Note that if A is a triangle with its interior, then there is no v € R? such that (v, A) 
is in general position. 

Definition, Let (v, A) be in general position. The cone with vertex v and base A 
(or the join of v with A), denoted by v + A, (Fig. 4.8) is the set 


v*A= Ub, a]. 


THEOREM 1. Let [s] = [v,, »,,..., vz] be a k-simplex. Let v ¢ (s). Then 
(v, [s*-*]) is in general position, and v * [st = [s]. 

Proof. Let a,, a, € |s*"*]. Suppose there exists w ¢ [v, a,] 0 [v, a,] with w ¥ v. 
We must then show that @, = a2. Consider the expressions for ai, a2, and v in terms 
of barycentric coordinates in [s]: 


k 


k k 
a5 »D O17Uj;, ag = >, O77, UFR z Bio. 
ts 1-0 f= 


Since a, ¢ (s) and az ¢ (s), 0,4, =9and a,;, = 0 for some i; and ig =k. Moreover, 
since v € (s), 6; #0 for all i. Since we [v, ail. w=ty +(1—t,)a, for some tie I. 
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Aim 
“il 


il 


k 
Thus w= & [¢,8; + (1—t)a,,]0;. 
i=0 


k 
Similarly, since w ¢€ [v, a,], we have w = Zz [t,8; + (1—¢,)o,;)v; for some @, € I. 
By the uniqueness of barycentric coordinates, 


tBp+(L—-t)o,;=t,8;+(1-t)o,; (= 0,1,...,2). 


Hence f,~—f2 = (1/6,)[(1 — ta)a,; — (1 - tio, ;). 
Taking z = 7, yields 


i-t (1 — t,)az;, > 0. 


-- 
Bi, 
Taking 7 = i, yields 


t +(1-t,)a,;, = 0. 


Big 


17 fg= 7 
Hence ¢, — tf, = 0, t, = ¢,, and 
(1 - tay; =(1- t,)@2; 
for all 7. Now ¢t, #1 since w #v, so this implies that a,; = a,; for all 7; hence 
@, = a, completing the proof that (v, [s*-*]) is in general position. 
Now v * [s*-!] c [s] because [s] is convex. Conversely,.[s] C » + [s*-]. For if 


w €[s*-4], then certainly w € v + [s*-4], So suppose w € (s). We may assume w 4 v. 
In barycentric coordinates, 


Since 
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and since a;— 8; # 0 for somei, a;— 8; < 0 for some j. For each such j, let 
Fj(t) = By + i(a; ~ Bj). Since f;(1) > 0 and f;(¢) < 0 for large é, there exists a y>l 
such that B; + ia; = B;) = 0. Chonse i, from among the numbers j so that ti, < , 
for all such j, Then 8;, + ti (a, = Bi.) = 0, and 8; + ¢;,(a; — 8;) =0 for alli. Hence 


v +t; (w-v) =x €[s*]. (See Fig. 4.9.) Also, 


1 fy 
t- 


to t 


ve=ttx+(1—-2)v 


with /} = 1/t; <1. Hence wev*[s®4], 


Fig. 4.9 


Exercise. Let [s] = [v,, v,, ..., vg]. Prove that (v, [s]) is in general position if 
and only if {up Vy, wey URy vt is c-independent, in which case 


v * [s] = [v, Uy sees UR, v]. 


Definitions. Let s be a k-simplex. The harycenter of s, denoted b(s), is the point 
in (s) with barycentric coordinates (1/(k + 1), ..., 1/(z + 1)); that is, if 


(s) = (u,, vy, ..., ve), 
then 
_1¢ 
OS) epg a ot ME 


Let K be a simplicial complex. A subdivision of K is a simplicial complex Kt 
such that 

(1) [AT] = [x] 

(2) ifs ¢€ KT, then (s) C some open simplex of K. 

Examples. Each of the complexes in Fig. 4.10, second column, is a subdivision 
of the corresponding complex in the first column. Note that although the second and 
third complexes in the second column have the same point set, neither is a subdivi- 
sion of the other. 

THEOREM 2. Lets be a k-simplex. Let K! be a subdivision of s*"", Let v « (s). 


Then (v, [K']) is in general position. Furthermore, v «[K'] is the point set of a 
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Fig. 4.10 
complex K defined by K = KT U ( vu. (st, v)) U(). (See Fig. 4.11.) Here, for 


(st) = (Wo, Uy ee ey Ur) E Kt, 


(st, v) = (vy, 04, ..., Vy, V). The complex K is a subdivision of s. 


Fig. 4.11 


Proof. By Theorem 1, (v, [s*]) is in general position and v + [s*-] =[s]. But 
[xt] = [s*-4], so @, [xT]) is in general position, and v * [xT] = [s]. 
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We must show that K isa Simplicial complex. It is a set of ae simplices. 
Moreover, each simplex # (v) in K is either in Kt or is of the form (st, v). If itis 
in Kt then all its open faces are i Kt hence in K. If it is ov the form (st, v), then 
its open faces are st, (v), and (st, v); al an open face of s']. Thus, in each case, 
all open faces are in K, and Condition (1) fora complex is satisfied. To verify Con= 
dition (2) for a complex, we must show that distinct open simplices have void inter- 
section, Since Kt isa complex, this is certainly cee by pairs of simplices each 
of which is in Kt, Moreover, if st « KT then (st) n (st, v) = G for all st « Kt be- 
cause, in fact, (st, v) Cs). Clearly, (v) meets no other open pues - K. So now 
suppose s!, s! eK have (sf, v) N (sf, v) 4 Q. Let we (st, v) N (sf, v). Since 
these are open simplices, w 4 v. Now there exists a unique x « [s ke 1] = [xT] such 
that w « [v, x]. oe tere 1.) Since (st, vy=v *[s 1], it follows that x € (sf). 
ang xe wl ), so (st) n (sf) # QG. Therefore gles = a since Kt isa complex, 
and (sf, v) = (sf, v). Thus K is a complex. 

The point set of K is 


[kK] = u[S])= u ov [st] = » *[K‘] = [s]. 


sek stext 


Since each open simplex of K is contained in an open Simplex of s—those in kt are, 
because K1 is a subdivision of SP 1. the rest are contained in (s)—K is a subdivision 
of s. O 

Definition. Let K be a simplicial complex. A partial ordering is defined on K by 
S, = S, if and only if s, is a face of s,. The notation s,<s, shall means, <s, and 
S$, #58. 

THEOREM 3, Let K be a simplicial complex. Let 

KY fe [(o(s,), a(s,), eeey b(sz)); So < S$, Sa < SR} Soy S$), Pa. Sk € K] * 

Then K™ is a subdivision of K. Furthermore, for each So, Sy, ..., 8, EK with 
$0 < 81S v0. < Spy (B(So)y «--5 (Sy) © (Sy). 

Remark. The subdivision K' is called the first barycentric subdivision of K. 
Iterating, K(") = (((K™)™) ...)™ is the nth barycentric subdivision of K. 

ee ee, 
n times 

Proof of Theorem 3. (By induction on dim K.) For dim K = 0, K™ = K so there 
is nothing to prove. Assume the theorem is true for all simplicial complexes of 
dimension =n—1, Letdim K = n. Then the (# — 1)-skeleton K”"* is a complex of 
dimension = 2 — 1; hence the theorem is true for K”~). In particular, if 


So, Sy, .-., Sp € K, 
So <S,<...< Sy, and dim sy = — 1, then {4(s,), d(s,), ..., 6(s,)} is c-independent 
and gives an open simplex (6(s,), 6(s,), ..., 6(s,)) in (A”“)™, Furthermore, 
(o(s,), O(s,), ..., d(s,)) C(s,). 
Now suppose So, Si, ..., S vé K (So<...< Sy), and dim s,=n. Since s,_ -1 * Sy 
dim s,_,< n—1, so that (b(s0), b(s,), ..., 6(s,_,)) is a simplex C (s,_,), which is a 


face of s,. Since b(s,) « (s,), Theorem 1 implies that ((s,), (b(So), ..., B(Sy-,))) is 
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in general position. Hence ((s,), o(s,), ..., 0(S,)) is an open simplex, the interior 
of the closed simplex 


[a(s,), o(s,), ..., d(s,)] = o(s,) « [O(s,), ..., 6(s,_)] cls,]. 
Thus ((s,), ..., O(s,)) © (sy). 
Thus far we know that K*”’ is a collection of open simplices. It is in fact a sim- 


plicial complex. Condition(1) is clearly satisfied: any face of (b(s,),a(s,),...,4(s,)) 
is of the form (d(s;,), b(s;,), «+s, b(s;,)) and is hence in K™, We now verify Condi- 


tion (2), Suppose sy <...< Sy, 5g <...< Sg, and 
(o(s,), ..-, O08 7)) 1 (6), ..., 6 g)) # F. 


Let w belong to the intersection. Then w ¢ {s,) f (§,). Since K is a complex, s,=5y 
and &(s,) = b(S,). Moreover, 


(o(s,), ..., O(Sy-1)) C (Sy). and (6,), ..., 60% 9-1)) © Gq-1) 
where (s,_,) and (S,_,) are both faces of (s,); hence (b(s,), ..., (sy-1)) and 


(4(5,), sey b(Sq-,)) é ee 
Since 


WeE ((s,), ‘See: b(s,_,), b(s,)) n (oG,), 2 ag b(Sg-.), b(s,)) 
€b(s,) * ((s,), ..., b(Sy-.)) 1 b(s,) * (0G,), ..., 6@g-y), 
we conclude by Theorem 2 and the induction assumption that 
(a(s,), easy b(s,_,)) = (oS,), eeey b(S4_,)). 

This shows that K‘ isa simplicial complex. To complete the proof of the induc- 
tion step and of the theorem, we must show that [K™] = [K]. Clearly, [K‘]< [Xk]. 
Also, [A™] > [(K®-)] = [K"-"], using the induction assumption. Hence we must 
show that 

[K] > [kK] -[x"-4]. 


So suppose w ¢ [K] —[K”~*]. Then w must lie in some open simplex (s) of dimension 
n. Thus 


we (s) c[s] = o(s) * [5-3]. 
Now [s”-?] c[K”-*] = [(K”-1)"™ ] so w € 6(s) * (s,) for some 
(s,) = (0(s,), ..., (se) « KP). 
If w = 6(s), then w is a vertex in K™. If w # O(s), then 
w € (b(s,), ..., b(sz), (s)) C[K] oo 


Definitions. Let (S,o) be a metric space, and let T be a compact subset of S, 
The diameter of T is 
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diam T= sup p(t,, é,). 


fhe T 


diam T= max plt,, é,). 


fnfge T 


Let K bea simplicial complex in R”, where R” is provided with the usual metric. 
The mesh of K is the maximum diameter of simplices of K: 
mesh K = max diam [s] é 


sek 


LEMMA. If s is a simplex in R”, then diam [s] = p(v,, v2) for some pair v,, v, of 
vertices of s. If K is a simplicial complex, then mesh K = p(v,, v,), where v, and v, 
are vertices of Some simplex of K. 

Proof. Let s be a simplex and let 7, v2 € [s] be such that diam [s] = p(w, v2). 
Suppose, say, that v2 is not a vertex. Then v2 is in some open simplex of dimension 
>= 1, In particular, there exist w1, w. € [s] with wi # ws, such that 


Ve = Ww, + (1-dw, 
for some ¢ with 0 < é< 1. But the convex function f defined on J by 
F(t) = p(v,, tw, + (1 - dw,), 
has no maximum for 0 < ¢ < 1, contradicting the maximality of p at (v,, v,). 
The second statement of the lemma follows immediately from the definition of 
mesh K, Oo 


THEOREM 4, Let K bea simplicial complex of dimension m. Then mesh K‘” 
xs (m/(m+1)) mesh K. In particular, lim mesh K(”) = 0, 


Proof. By the lemma, there exists a simplex (b(s,), b(s,), ..., 6(s,)) € K™ such 
that mesh K® = p(6(s,), (sp) with sp < s,. By renumbering vertices if necessary, 
Sp = (Vo ..., Up), Sh = Vo, -- +5 Ups Ups +++, Ug), and 


mesh K” = |[o(sz) ~ 4(s,)]| 


1< 
- paz a at 


= q+1 1 |g Yi ~ Day 
~ g+l il 2 (be i») | 
1 1yir 
Seagal 2 Dy (03 - »,)| 
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But ||v; — v;|| = diam [s;,] < mesh K. Moreover, whenever 7 = j, the (i, j)-th term in 
this summation is zero. There are p+1 such terms. The number of non-zero 
terms is therefore 


(6 + 1)¢4+1-(p +1) = (p+ De. 


Since each term in the summation is = mesh K, and since q¢ = m, 


mesh K” < —2. meshK = —“. meshK. 0 
qt+l mt+1 


4.3 SIMPLICIAL APPROXIMATION THEOREM 


Definition. Let K and L be simplicial complexes. A map ¢: [K] —[L] is a stm- 
plicial map-if 

(1) for each vertex v of K, y(v) is a vertex of L, 

(2) for each simplex (v,, v,, ..., ve) € K, the vertices g(v,), 9(v,), ..., GR) 

all lie in some closed simplex of Z, and 


k 
(3) for each (s) = (vo, Uy +++, ve) € K and p = 2) ajv,€ (s), the image of p is 
given by re 


k 
elp) = 27 azelv,). 


7-0 


Remark. Condition(1) says that @ must map the 0-skeleton of K into the 0-skele- 
ton of L, Condition (2) says that for each simplex (v, v,,..., vz) € K, the set 
g(v,), vlv,), ..., v(vg), with redundancies removed, is the set of vertices of some 
simplex in L. Condition (3) says that the mapping ¢ is linear on each simplex. 

Since a simplicial map depends on K and L, not just [K] and [L], we will denote 
itby g: KL, 

Examples. In Fig. 4.12, projection is a simplicial map. 


Fig. 4.12 
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However, in Fig. 4.13, projection is not a simplicial map, even though conditions 
(1) and (3) are satisfied. 


Fig. 4.13 


Remarks. With the glueing lemma, it is easy to check that a simplicial map is 
continuous, 

A simplicial map is, by Condition (3), determined by its effect on vertices. Con- 
versely, a vevtex map K°® — L° from the vertices of K into the vertices of L can be 
extended to a simplicial map K — L if and only if Condition (2) above is satisfied. 

Definition. Let K be a simplicial complex and let v be a vertex of K. The star of 
v is the point set 


St(v) = U (s) 
ve[s} 
(s}e K 
THEOREM 1, Let K bea simplicial complex. For v a vertex of K, St(v) is an 
open set in [K] containing v, and v is the only vertex of K which lies in St(v). The 
collection { St(w)},,-x° is an open covering of [K]. 
Proof. We shall show that the complement of St(v) in [K] is closed. 


St(v)’ = U (s). 
v£[s} 


Since v ¢[s] implies uv ¢ face of s, we have (s) & St(v)’ implies [s] © St(v)’. Since 
[s] is compact, [s] is closed. Hence St(v)’= U_ [s] is closed. 
: (s}csilv)’ 
Next, v is the only vertex in St(v) because the only open simplex containing a 
vertex is the 0-simplex consisting of that vertex alone. 


Finally, U St(v) = [K] because if p ¢ [K], then pe (s) for some (s) € K, and hence 
yi K® 


p € St(v) for any vertex v of (s). o 

Definition. Let K and L be simplicial complexes. Let f: [K] —[L] be continuous. 
A simplicial map 9: K — L is a simplicial approximation to f if f (St(v)) C St(p(v)) 
for each vertex v of K. 

THEOREM 2, Suppose yg: K — L is a Simplicial approximation to f: [K] —[Z]}. 
Then, for any p « [K], f(p) and ¢(p) lie in a common closed simplex of [ZL]. 

Proof. Let p « [K]. Then p « (s) for some simplex (s) = (v,,v,,..., vy) € K, and 


J (p) € f(s) CF (St;)) < St(Y(v,)) 
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for all j « {0,1,...., 7}. Now f(p) © (#) for some simplex (t) € L, so for (¢), 
(n St(y(v;)) # G for all j, But, since L is a complex and St(y(v;)) is a union of 


open simplices, (t) c St(y (v;)) for all j; that is, 9 (v;) is a vertex of (¢) for all j. In 


terms of barycentric coordinates ins, p= 2 Gj V;, and 
jr0 


o(p) = & ayo(v) ¢ [dl. 


This completes the proof. O 
COROLLARY. Suppose vy: KL is a simplicial approximation to f: [K] ~[L]. 
Then 


df, 9) s meshL, 


where d(f, ~) = sup elf (p), 9(P)). 


“LK, 

THEOREM 3. Let g be a simplicial approximation to f: [K] ~[Z]. Let K, bea 
subcomplex of K, and suppose that the restriction of / to [K | is a simplicial map. 
Then there exists a homotopy between f and ¢ which is Stationary on [x,]. 

Proof. Define F: [K] x I ~[L] by 


F(p, t) = tp(p) + (l1—Of (P). 


F does map into [L] because, by Theorem 2, /(p) and y(p) lie in a common sim- 
plex that, being convex, also contains the line joining them. It is easily verified that 
F is continuous, and clearly F(p,0) = f(p) and F(p,1) = @(f) for all p ¢ [K]. 

F is stationary on [K,] because PI[K,) is a simplicial approximation to f |[x,] 
(since Ff (Stx,()) c f (Stx(v)) C St(y(v)) for each vertex v € K,), and hence f = y on 
[K,] by the followinglemma. 

LEMMA. Suppose f: K —~L is a simplicial map and that ¢ is a simplicial ap- 
proximation to f. Then g = /. 

Proof. For each vertex v € K, 


F (v) € f (St(v)) Cc St(y(v)). 


But, since f is a simplicial map, f(v) is a vertex and, by Theorem 1, f(v) = ¢g(v). 
Thus f and ¢ agree on vertices; hence they agree everywhere Since both are sim- 
plicial maps. Oo 

THEOREM 4. Let /: [K] ~[{Z] be continuous and gy: K°—L° bea vertex map. 
¢g can be extended to a simplicial approximation to f if and only if f(St(v)) < St(g(v)) 
for allv ¢ K°, 

Proof. The implication in one direction is obvious. For the other direction we 
need only verify that g can be extended to a simplicial map K —L; that is, we need 
only show that if (s) = (vg, vy, ..., vy) is a simplex in K, then g(v,), g(v,),..., (vy) 
are vertices of a common simplex of L, But, in fact, f((s)) c 7 (St(v,)) C St(¢(v;)) 


for all j € {0,1,...,7} so n St(y(v;)) # Q. This implies there exists an open sim- 
je 
plex (t) C Stig (v;)) for all j. p(v;) must then be a vertex of (¢) for all j, o 


THEOREM 5. Let f: [K] — [L] be continuous. Let {K,} be a sequence of sub- 
divisions of K such that lim mesh K, = 0. Then, for ” sufficiently large, there exists 


nro 


a simplicial map g: K, —~ L such that ¢ is a Simplicial approximation to /. 
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Proof. By Theorem 1, {St(w)}, ¢79 is an open covering of [L]. Since f is con- 
tinuous, { ¢~(St(w))},, ¢p.0 iS an open covering of [K]. Since [K] is a compact metric 
space, there exists a 6 > 0 such that any ball of radius 6 lies in some open set of 
this covering. Choose ” large enough so that mesh K, < 6/2. Then diam [s] < 6/2 
for each s € K,. Hence, for each vertex v in K,, St(v) C B,(6). But B,(6) < f-"(St(w)) 
for some w € L°, so for each v € (K,)°, St(v) C f-(St(w)) for some w € L°, For each 
v € (K,)°, define y(v) to be any such vertex w € L°. (There are only finitely many 
such w; pick any one.) Then g: (K,)° +L° has the property that St(v) c f-'(St(o(v))); 
that is, f (St(v)) C St(g(v)) for each v € (K,)°. By Theorem 4, ¢ can be extended to a 
Simplicial approximation to f. o 

COROLLARY. Let f: [K] — [ZL] be continuous. Then, for any > 0, there exist 
subdivisions K, of K and L,, of L, anda simplicial approximation g: K, -L,, to 
f such that dif, g) <e. 

Proof. By Theorem 4 of Sec. 4.2, there exist subdivisions with arbitrarily small 
mesh, Given &€ > 0, let L,, be a subdivision of L such that mesh L,, <e. Then 
f: [K] ~[L,,]. By Theorem 5, there exists a subdivision K, of K and a simplicial 
approximation yg: K, ~L,, to f. By the corollary to Theorem 2, 


af, ~) = meshL, <e. Oo 


4.4 FUNDAMENTAL GROUP OF A SIMPLICIAL COMPLEX 


Definition. Let K and L be simplicial complexes. Let y, and y,: KL be sim- 
plicial maps, y, and ~, are contiguous if, for each simplex (uv, v,, ..., vp) € K, 
there exists a simplex t « L such that 


P1(v), P1Y,), «-+5 PilV~) and (v9), Palv,), ..-, Pave) 
are vertices of ¢. 
Example. Let K be the complex of a 3-dimensional sim plex, with vertices 
{Vo 0}, V2, V3}. Let L be a one dimensional complex with three vertices {w, W,, wt 


and two 1-simplices (w,, w,) and (w,, w,), as in Fig. 4.14. 


U3 
vo Wo Wi We 
ve ——__—___.—___——“+ 
Fig. 4.14 L 
v1 
K 


Define simplicial maps 9,, g,, @,: K > L by prescribing them on vertices as fol- 
lows: 


(v9) = g ,(v,) = Wo, 9 (v2) = gp ,(v,) =W, 
Pv.) Polv,) = 9,(v_) = Palvs) = Wy 
P (Uo) We, ps) = g (v2) = ¢ (v5) =W),. 
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It is easily checked that ¢, and ¢, are contiguous and that y, and ¢, are Contiguous. 
Note, however, that gy, and yg, are not contiguous. Hence the property of being con- 
tiguous is not an equivalence relation. 

Definition. ‘Two simplicial maps ¢, y: K —L are contiguous equivaient, denoted 
we if there exists a finite sequence 9,, Y,,..-, Pe Of Simplicial maps K — L such 
that 9, = 9, Oe = ¥, and g; is contiguous with »,;, for eachi¢ {1,2,...,A}. 

Remark. It is easily checked that £ is an equivalence relation. 

THEOREM 1. Let K and L be simplicial complexes and let f: [K] ~[L]. Suppose 
Y,, Vg: K —L are both simplicial approximations to f. Then y, and y, are con- 
tiguous, 

Proof. Let (s) = (vg, ..., vg) be a Simplex of K. Then 

f(s) < f Stlv;)) < St(y;(v;)) 


for all je {0,...,k} and ie {1,2}. Thus 


HGNC f Stole) 1 N sts). 


=0 


Let (4) be an open simplex in L such that f ((s)) N (4) #@. Then 


(t) c A St(g ,(v;)) n A St(y 2(v;)), 


and hence ¢,(v,), ..., @3(vg) and g,(v,), ..., Polvg) are vertices of (4). Oo 
THEOREM 2. Suppose gy, andy,: K — L are contiguous simplicial maps. Then 
@, and ~, are homotopic. 
Proof. Note first that for each p « [K], ¢,(p) and ¢,(p) lie in a common simplex 


k 
of L. For p « (s) with (s) = (&,..., vz) € K. In barycentric coordinates, p = z gv; 
Since ¢1 and gz are contiguous, (wo), -.-, sep) and @2(v'o), ---, 2p) are ver- 


tices of some simplex (t) « L. Then ne = z a; 9;(v;) € (4) for je {1,2}. 
Now define F: [K] x 1 — [ZL] by 


F(p, 2) = (1-49,(p) +tpAp), (p € IK]; é € J). 


F makes sense: since ¢,(p) and y,(p) lie in a common simplex for each p € K, so 
does the line segment joining them. F is a homotopy from ¢, to @>. Oo 
COROLLARY. Contiguous equivalent simplicial maps are homotopic. 
THEOREM 3. Let K be a Simplicial complex. Let a, and a,: J — [K] be paths in 
[K). Suppose a, ~ a,. Then there exists a subdivision I’ of J and simplicial maps 
y, and y,: I’ --K such that 
(1) 9; is a Simplicial approximation to a; (j € {0,1}) and 
(2) @, £ gy. 
Moreover, given any simplicial subdivision of I, a finer subdivision 7’ can be 
chosen. 
Remark. More generally, if K and L are two simplicial complexes and 


fo f:: [AJ [Z] 


are homotopic maps, then there exists a subdivision K’ of K and simplicial maps 
Py Oy: K’ -L satisfying Conditions (1) and (2) above. The proof of this is a gener- 
alization of the following proof. 
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Proof of Theorem 3. Let F: I x I -[K] be a homotopy from a, to @,. Since 
{St(w)} wexo is an open covering of [K], {F-\(St(w))} »¢x2 iS an open covering of 
Ix TI, Since IJ x I is a compact metric space, there exists a 5 > 0 such that each 
bail of radius 6 is contained in F-+(St(w)) for some we K°, 

Choose a subdivision J’ of I, with vertices vy = 0, v,,..., vs = 1, and another 
subdivision J" of I with vertices £/2", (¢ = 0, ..., 2”). Then I’ x I” can be made 
into a simplicial complex M with vertices vf = (v,, £/2*) and 2-simplices of the 
form (vf, vb, oft) or (vf, of", oft1), (See Fig. 4.15.) 


t+ 

yitt wh 
1 

vt Yrt1 


Fig. 4.15 


The subdivisions can be chosen fine enough so that St(v,) x [(2-1)/2*, (£+1)/2*] is 
contained ina ball of radius 6 and therefore contained in F-\(St(w)) for some w € K°, 
Since St(v!) CStv,) x [(@-1)/2*, (4 +1)/2"] CF-(St(w)), there exists, by Theorem 4 
of Sec, 4.3, a simplicial map 6: M — K, which is a simplicial approximation to F 
and for which 


St(v,) x [(@-1)/2*, (¢ +1)/2®] c F-Uste(vt)). 


Let 9; = ®l7x{;}, (é = 0,1), so that y; is a simplicial approximation to Flix s} = ay. 
We now show that g, £ y,, Let Ye = Slyx4 ok So that J. = Go and Yop = 0. It suf- 
fices to show that 4, and #y., are contiguous for £ = Oy sie, 2k—4, that is, for each 


Simplex (v,, v,,,) € I’, the vertices 


dey) = HF), og Ora) = Bh..), Vgalvy) = Hh"), and vy qvy,,) = O42) 


lie on a Simplex of K, But 


A, Suaobt) > (Suey) x FE, Bl) weep) * [4, 2)) 


i, j-0 


£ £41 
- F(v,, Vyia) x Ee Ast), 


which is not empty and hence contains a simplex (¢) of K. Hence the four vertices in 
question are vertices of (t). o 

Definitions. Let K be a simplicial complex. An edge in K is an ordered pair 
e = |v,v,| of vertices of K, such that v, and v, lie in some simplex of K. v, is the 
origin of e, and v, is the end of e. If e = |v,u,|, the edge jv.v,| is denoted by e7}, 
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A route in K is a finite sequence w = e,¢,...@p of edges in K such that, for each 
ie{i,...,k-1}, the end of e; equals the origin of ¢;,,. The origin of w is the 
origin of ¢,, and the end of w is the end of eg. Given two routes w=e,...e, and 
T =e)... m With end of w equal to origin of 7, their product wT is defined by 


WT = 1... Cpe... Om. 
The inverse of a route w= e,... ez is the route 
Bees. 
An equivalence relation on the set of all routes in K is defined as follows. If 
é = |v,v,| and f = |v,v,| are such that v,, v,, v, are vertices of a simplex, then the 
product ef is edge equivalent to the edge |v,v,|. Two routes w and 7 are edge 
equivalent, denoted w E T, if T can be obtained from w by a sequence of such ele- 


mentary edge equivalences. 
Example. Suppose K is the complex in Fig, 4.16. 


Fig. 4.16 


Then |v 9v4||v,22! E [YoUallvsvo| because 
E E 
lvgugllvs%el = |vovel ~ |VoUgl|vgvel- 


Remark, Edge equivalence is an equivalence relation, Moreover, if w is a route 
with origin v, then ww"! E lvy|. Also, if v,, va, ..., uz are vertices of a simplex, 
then |v, ¥,||¥2¥3l -++ [¥g-i¥zl = |YiUgl- 

THEOREM 4. Let K bea simplicial complex, and let v, be a vertex of K. Let 
E(K, v,) be the set of edge equivalence classes of routes in K with origin U, and end 
Vy. Then &(K, v,) is a group, with identity |v,v,|, under the operations of multipli- 
cation and inverse defined above for routes, £(K, v,) is called the edge path group 
of (K, v9). 

Proof. Routine. 

Definition. The edge path group of a complex K is a purely ‘‘combinatorial’’ ob- 
ject; that is, it depends on only the vertices of K and those subsets which are ver- 
rae ofa simplex. Its definition does not use the topological properties of the space 
K}. 

First, we define an ‘‘abstract’’ simplicial complex more precisely. Let V bea 
finite set, elements of which we shall call vertices. Let A be a collection of subsets 
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of V, called (abstract) simplices, such that 
(1) ifv € V, then {uv} € A; 
(2) if S ¢ A, then each non-empty subset of S is also in A. Such a collection A is 
called an abstract simplicial complex. 

(Note that every simplicial complex determines an abstract Simplicial complex. 
Conversely, it can be shown that every abstract simplicial complex A has a ‘‘reali- 
zation’’ as a simplicial complex; that is, there exists a simplicial complex whose 
abstract complex is A. Note, however, that each abstract complex corresponds to 
many (non-isometric) simplicial complexes.) 

The edge path group can now be defined for abstract complex A. It is the same 
as the edge path group of any realization of A. It is in this sense that we mean 
E(k, v,) is a purely combinatorial object. In contrast, the mesh of a complex is not 
a combinatorial concept. 

THEOREM 5. Let K bea simplicial complex, and let v, be a vertex of K. Then 
E(K, v,) is isomorphic with 7,([K], v,). 

Proof. We construct an isomorphism h: E(K, v,) ~ 7,([K], v,) as follows. Let 
w be a route in K beginning and ending at vg. Then w = [vgu,|lv val «++ lep_wel| for 
some set {v,, Vz, ..., Up} of vertices in K, with vp = vg. Now regard the interval 
I as the space of a simplicial complex with vertices {0, 1/k, 2/k, ..., (k—-1)/k, 1}. 
Consider the vertex map vy: I° ~K° defined by yq(j/k) = v,, (j € {0,1,...,R}). 


Since |v,v,| +--+ |¥z_,vR| is a route, Y, extends to a simplicial map Pyi tl — K, Set 
h(w) = (Pw). 

Note that if w ~ 7, then w ~ 7, so h(w) = h(t). Thus & is well defined, his a 
homomorphism because if w = €,... @€, and T = €|... e), are routes with origin 


and end v,, then a homotopy between Yor and yy, is obtained from Fig, 4.17. 


1/2k 1/2 1/2m 1/2m 
W/k+m /k+m 


Fig. 4.17 


his surjective. For suppose (a@) € 7, (KJ, v,). Then, by the simplicial approxi- 
mation theorem, there exists a subdivision 7’ of J and a simplicial approximation 
gy: I'—~ K toa, Moreover g ~ a, so (~) = (a), Let ty < t, <...< ty be the vertices 
of I‘, Let w be the route lott.) et led.) e(é,.)| .-- \e(tz_,) ¢ (tz) | in K. Then 


h(w) = (p) = (a). 
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his injective. For this we must show that if w is a route such that yy ~ e,,, 
E 


then w = |v,v,|. But, by Theorem 3, there exists a subdivision J’ of J and simpli- 
cial maps Yo, ¢,: I’ ~ K such that y, and y, are simplicial approximations to gy 


and e, respectively, and such that y, & y,. (This subdivision I’ can be chosen 
finer than the subdivision of J used to define Py) Now, since é,, is a simplicial 
map and ¢, is a simplicial approximation to it, 9, = @y,. Then to show that 


E 
Wa |Ugral, 


it suffices to prove the following. E 
(1) If y and y are contiguous equivalent simplicial maps I’ —K, then wy ~ Wy, 
where wp and w, are the routes associated to y and ». 
(2) If py: I ~ K is a simplicial map and g: I’ ~K is a simplicial approximation 
to ~ ona finer subdivision of 1, then wy & wy. 
For, by (2), w = wyy = Wy, and, by ()), 
EQ, E Wp, = Wey = |¥ gU ol. 
Proof of (1), Since E is an equivalence relation, it suffices to prove that contig- 


uous simplicial maps have this property. So suppose y, yp: J’ ~K are contiguous. 
Now 


y(t.) o(é,) || (¢,) o(é.)| --- |p lén_d (ez)! , 
P(g) H(z) [CZ WE.)| - + - [b(te_) vee) | . 


Yo 
wy 


and 


Hence 
Wywy* = lve ylt)| --- |Plte-2) P(e) | PER) VUe_v| «+ [PED Yl). 


But since y and y are contiguous, ¢(¢z_,), ote), d(ée_,), and v(fp) are vertices of a 
common simplex. Moreover (tz) = w(tp) = vy. Hence 


lo (tea) 9 (ep) || Weg) v(ée-a)| E loleg a) tea) 
and 
Wpwy" ie p(t.) ele)| --- |e Ce-z) P(te_y) lo kte_)olte_y) | P(tp_)plte_.)| 
++ |W.) pt). 


Similarly, since g and y are contiguous, 


lp (tra) Glte_s)I|9 (te_d) Olte_y)| EB lolte-o) dle) 
and 
|e (te-2) O(te-») IP (te-») Pte)! E le (te-2 (teal, 
so that 
wowy? E lplt) v(t) 
ve [p(te_g) 9 (te_2) 1G Cee) P(eg-2) || Pleo) HlEe_a)| 
ves (p(t) P,)|- 
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Continuing in this way we find, by induction, that 
Wpwy* E jolt) vlte)| = lvgvol - 


Proof of (2). Since the restriction of # to the subcomplex of I’ consisting of the 
vertices {¢,, ¢,,..., ép+ is a simplicial map, y(t) = p(t;) for te {0, 1, ..., &}. 
Moreover, since »: I ~ K is a simplicial map, (y(é,, ¢;,,)) is a simplex (s) in K of 
dimension 0 or 1, 

Claim: For each vertex u of I’ with t; < u < ¢;,,, g(w) is a vertex of (s). For, in 
fact, since g is a simplicial approximation to 4, 


plu) € p(Stz-(u)) C Stx(y(u)). 


Since p(u) € (s), (s) N St yp(u) # GZ, so (s) CSt yu), and y(u) must be a vertex of 
(s); that is, @(z) is equal either to v(z;) or to ¥(¢;,,) as claimed. 

Thus, if u, = ¢; <u, <...<uy = d,, are the vertices of I’ between é; and ¢;,,, then 
{y(u,), viu,), ..., e(u,)} are vertices of a common simplex of K, Note that g(u,) 
is a vertex of (s) because y(u,) = g(t;) = p(t;); similarly y(u,) is a vertex of (s). 

Now consider the parts of wy and wy arising from the restrictions of y and ¢ to 
[t;, tu.4]. This part of wy is just Ip (¢;) p(t;,.)|. The corresponding part of wy is 


lp (%,) o(u)||o(u,) o(u,)| +++ |pluy_,) ep (uy). 


Since {olu,), sree gluy)} are vertices of a common simplex of K, this is edge 
equivalent to |p(u,) g(u,y)| = |o(t;)o(é.1)| = |b) v(é;,,)|. Thus these parts of wy and 
Wy are edge equivalent. Since this is true for each i, wy, 2 w,. Qo 


y 
COROLLARY. Let K be a simplicial complex, let v, € K°, and let i: K?-~K be 
the injection of the 2-skeleton of K into K. Then? induces an isomorphism 


ix: E(K?, v,) ~ E(K, v)). 


Consequently, the induced map 


iy: 7,([K?], 0.) ~ 7,(K], o,) 


is an isomorphism. 

Proof. The definition of edge equivalence depends only on K?. a 

THEOREM 6. The n-sphere S” is simply connected for » > 1; that is, 7,(S”, p) 
= (2) for each p € S$”, 

Proof. First note that S$” is homeomorphic to the n-skeleton of an (n+1)-sim- 
plex, Infact, if s is an (m+1)-simplex in R**!, the following map g: [s”] — R”*? 
maps [s”] homeomorphically onto $” < R™**, Let 6 = (by, ..., By,:) € R%* be the 
barycenter of s. For x =(%,,..., Xn.) € [s”], define g(x) € R”*! by 


1 
g(x) = [se ba] (84> Oy hy bg eg Baa Bn.) 
44793 


i=0 


Geometrically, [s] may be regarded as inscribed in S”, and » is projection outward 
from the barycenter of [s]. 

It suffices then to show that 7 ([s*], v,) = (e). By Theorem 5, every element of 
a ([s*] , Vg) has a representative a which isa route, and, in particular, its image lies 
in [s*]. If 2 > 1, then there exists a point p « [s”] with p ¢ [s+]. But [s”]- {p} is 
homeomorphic with R”, which is contractible. Hence a ~ eyo | 
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Definitions. A graph is a simplicial complex of dimension less than 2. A tree T 
is an arcwise connected graph such that, for each 1-simplex s « 7, [7] —(s) is not 
connected. (See Fig. 4.18.) 


This graph is a free. 


This graph is not a tree. 


Fig. 4.18 


An end of a graph is a vertex which is the vertex of at most one 1-simplex. 

Remark. Every tree has an end. For otherwise we could build up a route by 
starting at one vertex, moving to another vertex along a 1-simplex, moving to a 
third vertex along a different 1-simplex, etc. The route never touches a vertex 
twice because otherwise the 1-simplex which brings the route back to that vertex 
could be removed without disconnecting the tree. If the route never reaches an end, 
we will touch infinitely many vertices in this way (induction), But a complex has 
only finitely many vertices. 


THEOREM 7. Every tree is contractible. 

Proof. By induction on the number of vertices, If T has 1 vertex, the theorem 
is trivial. Assume the theorem for trees with » vertices. Let T have n +1 ver- 
tices, and let v, be anendof T. Then there exists a unique 1-simplex s € T with 
vertex Vo, 

let L = T-{(s), vo}. Then L is a simplicial complex, and [LZ] = [7] — (s) U{z,}. 
L is atree because if ¢ is a 1-simplex in Z such that ir] — (dé) is connected, then 
{7]—(¢) would also be connected. Now L has only n vertices, so L is contractible. 
Moreover, [L] and [T] are of the same homotopy type. (Let f: [T] ~[Z] map 
(s) U{u,} into the other vertex of s and map L onto itself. Let g: [L] — [7] be 
inclusion. Then f ° g = i{7) and g ef ~ é,7].) Hence [T] is contractible. © 
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COROLLARY, Let T be a tree and let v, be a vertex of T, Then 
mT], Vo) =. E(T, v5) = (e). 


Definition. Let K be a graph. Let a, be the number of vertices of K, and let a, 
be the number of 1-simplices. Let y(K) = a,- a,. The integer y(K) is called the 
Euler characteristic of K, 

Remark. Note that the integer x(K) is invariant under subdivisions, because in- 
serting an extra vertex into K splits some 1-simplex into two 1-simplices, so that 
a, and a, both increase by one. 

THEOREM 8. Let T be a tree. Then y(T) = 1. 

Proof. By induction on the number x of vertices of T. For n = 1, the theorem is 
clear. Assume the theorem for trees with vertices, and let T have + 1 verti- 
ces. Let L be the tree obtained in the proof of Theorem 7. Then L has n vertices 
so x(Z) = 1, But a,(T) = a,(L) + 1, and a,(T) = a,(L) + 1, so x(T) = x(L) = 1. im 

THEOREM 9. Let K be an arcwise connected graph, Let » be the maximum 
number of open 1-simplices which canbe removed from K without disconnecting the 
space, (” is the number of ‘‘basic’’ circuits in K.) Then n = 1— x (K). 

‘Proof. If Kis atree, then m = 0, and Theorem 8 applies. If K is nota tree, let 
(s,) be an open 1-simplex such that [K] —(s ) is connected. If K ~ (s,) isa tree, stop. 
Otherwise, let (s,) be an open 1-simplex such that [K] — (s » U(s,) is connected. 
Continue, Since there are only finitely many 1-simplices in K, the process must 
stop; that is, for some n, K —{(s,), (s,), ..., (s,)} isa tree T. Then 


x(A) = x{(T)-n=1-97; 
that is, 


n=t— x(k). 


(Note that the above formula implies that although the particular 1-simplices 
which we delete are byno means unique, the number which must be deleted to obtain 
a tree is independent of the particular method of deletion employed.) 

Remark, Recall the definition of the free group Fy, on n generators. Consider 
an alphabet consisting of ” letters @,, a, ...,@,. Consider the symbols 


-1 ~1 -1 
a", @,",..., A," and e, 


Let S be the set of all ‘“‘words’’ obtained by arranging these symbols in any order 
in a row of finite length—repetitions are allowed. The ‘‘product’’? a8 of two words 
@ and £ is defined by juxtaposition: 6 is attached to the end of a. The ‘‘inverse’”’ of 
a word is obtained by reversing the order of the arrangement and at the same time 
replacing a; by a;"*, a;* by a;, and e by e. An equivalence relation ~ is defined on 
S as follows. We decree that ee ~ e and that for each j, 


Qa,zi~ a;a;~e: 
44; é, pay ~ 2; 
-e~a; “le ng pk 
aje ~ aj, aj te ~ as; 
-~ a; lw gq zl 
eajy ~ a;, ea; a; 


Furthermore, any two words are ~ equivalent if one maybe obtained from the other 
through a sequence of such ‘‘elementary’’ equivalences. The set of equivalence 
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classes forms a group with multiplication and inverse as above, and with identity 
the equivalence class of e¢. This group is F,. 
Example. The free group on one generator is isomorphic with the integers. 
Remark. For n> 1, Fy, is not commutative. For, in fact, a,a,a,1a,' 4 e. 
Remark. If F, is a free group with generators a,, aj, ..., Gn, and G is any 
group, then any map h: {a yy Fa, oss fig} —G canbe extended to a homomorphism 
h: Fy, ~ G. The homomorphism / is defined by 
Wilaag Pay + 042) = lay Ray.) » + Way, 
Moreover, this property characterizes the group F,; that is, if H is a group gen- 
erated by 2 elements such that any map from these generators into an arbitrary 
group extends to a group homomorphism, then H is isomorphic with F,, 
THEOREM 10. Let K be an arcwise connected graph, and let v, be a vertex of K, 
Then 7,([K], v,) is isomorphic with the free group on ” = 1 — y(K) generators. 
Example. Let p, and p, be distinct points in R*, Then for p € R? —{p,, po}, 
1,(R? — {p,, Do}, p) is the free group on two generators. For consider a graph K as 
in Fig. 4.19. (Note that p, and p, are not part of the graph.) 


03 
U% 


Ve 
Vo 


Fig. 4.19 


Then R? —{p,, p2} and [K] are of the same homotopy type. In fact, the map 
R? - {p,, P.t —~ [K] defined by projection, as in Fig. 4.20, together with the in- 
clusion map [K] - R? — {p,, p,} give a homotopy equivalence. Hence 


7 (R? = {P,, Po}, p) = 7 (LK], v,). 


But x (K) = 5-6 = —1, so m = 1—(~-1) = 2 and, by Theorem 10, 7,((K], v,.) = F,. 
Proof of Theorem 10. We shall construct homomorphisms 


h: E(K, 0.) > Fy, 
hy: Fy —~ E(K, v5) 


such that h,° h and ho h, are identity maps. This will show that E(K, v,) is iso- 
morphic with F,. The theorem is then a consequence of Theorem 5, 

Construction of h. Let (s,), (so), ..., (S2) (2 = 1- x(K)) be open 1-simplices of 
K such that T = K — {(s,), (s,), ..., (S,)} is a tree (cf. Theorem 9). Let F,, be the 
free group with generators (s,), (s,), ..., (s,). For each j € {1, 2,...,}, let sj 
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AAT, 


Fig. 4.20 


be the edge jojo, | in K, where v; and dv; are the vertices of S85. (We are here im- 
plicitly choosing some ordering for the vertices of each S;.) Let s;+be the edge 
lv; v;|. Then each route w in K is of the form 


W = P1875 P285,° +++ P pS, "Pp, 
where each p; is a route (possibly the trivial route vy, 03,1) in the tree 7. Now set 
= (s; )¥4(s, JFL... (55. )22 
A(w) = (s;,)°*(s;,) (sj). 
We must check that A is well defined; that is, that h(w) depends only on the edge 
equivalence class of w. For this, it suffices to show that if w, and w, are routes in 


K which differ by an elementary edge equivalence, then k(w,) = h(w,). So suppose 


Wy 


Flv, Vel VeaUalT, 


W, = olv,v,|T, 


where o and 7 are routes in K, and v,, v2, v, are vertices of a common simplex in 
K. Since K is a graph, and hence has no 2-simplices, either v, = vg = U3, 0, = Vs, 
Uz = U3, OY V, = vz. In each of the first three cases, at least one of the simplices 
(v,, v2) and (v,, v,) is a 0-simplex, hence is not an (s,), and the other is equal to 
(v,, vs). Thus in each of the first three cases, A(w,) = h(w,). In the fourth case, 


W, = O[V¥,v,||¥,U,|T 


W. = olv,v,|T. 


If (v,, v,) is not an (s;), then clearly h(w,) = h(w,). IE‘(v,, v2) = (s;) for some j, then 
W, = Si*84FT, 
h(w,) = h(a)(s;)""(sj)*" A(t) = h(a) en(t) = h(o)h(7) = h(w,). 
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Thus in all cases, h(w,) = h(w,) as required, and # is well defined. Clearly, / is a. 
homomorphism. 

Construction of h,. Since F, is a free group, it suffices to define 4, on the gen- 
erators (s;) = (u,, v3). For this, let oj be a route in the tree T from v, to v;, and 
T, be a route in T from v, to vj. befine h,{(s;)) to be the edge equivalence dines of 
the route oF $7*T5*. This definition is independent of oj because any other route in T 
from v, to vj is edge ae to 9;. (T is simply connected by Theorem 7.) (Pro- 
ceed similarly for 7;.) Now hk, extends uniquely to a homomorphism F, — E(K, v,). 

h © h, is identity Co for each generator (s;) of Fy, 


he h((s;)) = A(9; 8;°T;) = (s;). 
h, ° his identity because if 


w= Py8jF + pos ea Ses PRS3n "Phar 


is a route in K, then 


h,° h(w) = hl(s; e(sj)* ... (sy a) 


+75)H 


(05,55,°7})" oe je “733 Bt... (04, 84, 
= 1, oy), 85°15, ++ 4, Sip? Gye 


where 
9%, (if Sj, appears as s;,") 
ig = 
; (if s;, appears as s,.) 
4¢ Si a 
and 
-1 : ' 
aie ie (if Sj, 2ppears as $;;°) 
a s ; y 
VF (if Sj, appears as sj, ). 


But p, and ny, are both routes in T from v, to the origin of Sj * hence they are edge 
equivalent. (T is Simply connected.) Similarly, p, and 14, iy, are both routes from 
the end of Si, * to the origin of s,; Pa hence they are edge equivalent, Continuing by 
induction, we conclude that h, ° h(w) E w; that is, hk, ° h is identity. im 


COROLLARY, Let K be a Simplicial complex. Then the fundamental group 
7, ([K], v,) (v, a vertex of K) is ina ‘‘natural’’ way a quotient group of a free group. 

Proof. We may assume that K (and hence K" also) is arcwise connected, Let 
i: KK be injection. Then 


i,: E(K", v.) - E(K, v,) 
is surjective from the definition of the edge path group. Hence, by Theorem 5, 
i,: ™([K*], v.) ~ 7,(4], v,) 


is surjective. Let 2 = 1— y(K}). Then 7,([K}], v,) = Fy, the free group on ” gener- 
ators, So 


i,: F, ~ 7,(K], v,) 
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is surjective. Let H be the kernal of i,. Then 
7,({[K],v,) ~ F,/H 


Remark. Regarding E(K?, v,) as F,,, the subgroup H is the subgroup generated 
by routes of the form p,|v, val|v2 ¥4||v, ¥,|p2', where p, and p, are routes in the 
tree T from uv, to v,, and (v,, va, vz) is a 2-simplex in K, 

COROLLARY. Let D? = {(x, y) € Rs: x? 4 y? <1} be the unit disc in R?, There 
exists no continuous map f: D? +S such that f |s! is the identity. 

Proof, Suppose such an f exists. Let g: S'-~ D? be inclusion. Then f ° g = io, 
so that (f ° g),: 7,(S", 1) + 7,(S1, 1) is the identity map. But (f °g), =f, °8,, and 
1,(D?, 1) = (e) since D? is homotopic to a point. Then 


Im(f ° g), = Im(f, ° g,) C Imf, = (e). 


Since (f ° g), is surjective, we conclude 7,(S?, e) = (e), which contradicts Theorem 
10, QO 

COROLLARY. (Special case of Brouwer fixed point theorem) Let D? be the unit 
disc in R*. Suppose f: D? — D? is continuous, Then f has a fixed point; that is, 
there exists an x € D? such that f(x) = x. 

Proof. Suppose there exists no fixed point. Then, for each x € D?, f(x) # x, so 
that x ~ f(x) # 0 (vector addition in R?), Let g: D? — S' be defined as follows. For 
each x € D®, g(x) is the projection of f(x) onto S! along the vector x — f(x). (See 
Fig. 4.21.) Then g is continuous, and glgtis the identity. This contradicts the pre- 
vious corollary. O 


g(x) 


Fig. 4.21 


Remark. These two corollaries admit the following generalizations to higher di- 
mensions, (1) There exists no continuous map from the n-disc D” (closed ball in 
R”) onto its boundary (an (n-1)-sphere S”-!) whose restriction to 5%! is the identity. 
(2) Every continuous map from the closed n-disc D” into itself has a fixed point. 
However, S”-! is simply connected for m > 2, so the above proof breaks down. The 
fundamental group in the proof must be replaced by another topological invariant, 
the (z-1)-th homology group. In the case n = 1, the analogues of these corollaries 
are consequences of the connectedness of D? = I, 


CHAPTER FIVE 
MANIFOLDS 


5.1 DIFFERENTIABLE MANIFOLDS 


Definition. A locally Euclidean space X of dimension m is a Hausdorff topologi- 
cal space such that, for each x € X, there exists a homeomorphism ~, mapping 
some open Set containing x onto an open set in R”, 

Remark. We may, if we wish, choose each ¢, so that g,(x) = 0 and so that the 
image of ¢, is aball B,(c). Given any g, homeomorphically mapping an open set 
U about x onto an open set in R”, let € > 0 be such that By yy(e) C y,(U). Let 


~: Bo(xyle) > Ble) 


be translation by —y(x). Then 


Gy = yo Px! py (Bex) (€)) 


maps Px" (Bg (x)(€)) homeomorphically onto B,(e). 

Example 1. R” is locally Euclidean. For each x € R”, take vy, to be the identity 
map. 

Example 2, S" is locally Euclidean. Given x ¢€ S”, let y € 8S”, y # x, Then 
Yy, = stereographic projection from y maps S* — {y} homeomorphically onto R”, 

Example 3. Projective space P”, that is, the space of all lines through 0 in R”*?, 
is locally Euclidean, For since P” is covered by S”, each x € P” is contained in an 
open set homeomorphic to an open set in S” that itself contains, about each of its 
points, an open set homeomorphic to an open set in R”, 

Example 4, Each open subset U of a locally Euclidean space X is locally 
Euclidean, For if x « U, let 4, be a homeomorphism mapping an open set about 
x in X onto an open set in R", Take @y = %ly N domain dy « 

Example 5. The set of all non-singular k x k matrices formsa locally Euclidean 
space of dimension k?. Each k x k matrix may be identified with a k?-tuple by 
Stringing out the rows in a line. The non-singular matrices then form an open set 


of RP namely A-?(R!—{0}) where a: Re Rt is the determinant function. 
Definition. A Ck-differentiable manifold of dimension n is a pair (X , ®) where 
X is a Hausdorff topological space, and @is a collection of maps such that the fol- 
lowing conditions hold. (See Fig. 5.1.) 
(1) {domain ¢} ge iS an open covering of X, 
(2) each y € maps its domain homeomorphically pnto an open Set in R”, 
(3) for each ¢, » € @ with (domain ¢) N (domain ») 4 G, the mapy ° yg tisa 
C*-map from ¢(domain @ NM domain }) C R” into R*, 
(4) @ is maximal relative to (2) and (3); that is, if y is any homeomorphism 
mapping an open set in X onto an open set in R” such that, for each g@ € ® with 
domain yg f domain» # Z, po Pp 'and yg © pare C*-maps from 


g(domain g f' domain #) and ¥(domain g NM domain y) 
into R”®—then y «€ ©, 
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domain ¢ 


Here k may be 0,1, 2,..., , w. C° means continuous. C¥ for k finite means all 
partial derivatives of order less than or equal to k exist and are continuous. C” 
means all partial derivatives of all orders exist andare continuous. C“ means real 
analytic; that is, the function may be expressed as a convergent Taylor series in a 
neighborhood of each point. 

Note that a C*-manifold is a locally Euclidean space and a locally Euclidean 
space gives rise to a C°-manifold. 

If n = 2 and, in Condition (3), ««C*” b replaced by ‘‘complex analytic’? (where 
R’ is identified with the complex numbers C%), (X,4) is called a complex analytic 
manifold of complex dimension 1 or a Riemann surface. ® is then called a complex 
structure or conformal structure onX, 

The maps ¢ € ® are called coordinate systems. More precisely, the map ¢ « ® 
is called a coordinate system on the open set (domain yg) CX, For x € X, a coor- 
dinate system about x is a coordinate system y € ® such that x € domain 9. 

Remark. Each of the above Examples 1, 2, 3, and 5 of locally Euclidean spaces 
form the underlying space of a C*-manifold. You need only check that the maps 
Y~,y satisfy Condition (3) fora manifold, and then take $ to be a maximal set contain- 
ing {~,}, ex. Example 4 above also carries over to manifolds. Namely, if (X, ®) is 
a Ck-manifold and U is an open set in X, then (U, $y) isa C®- manifold, where 
Gy = {elu} gee 

Definitions. Let (X, ®) be a C¥-manifold. A real-valued function f:X > Risa 
CS-function (s = k), denoted f « CS(X, R}), if, for each g € & f ° yg" is a CS-func- 
tion mapping the image of gy C R” into R}, 

Let (X, ®) bea C -manifold, and let x € X, A real-valued function f/ is said to 
be of class CS (s = k) in a neighborhood of x, denoted f « CS8(X, x, R), if 


U = (domain /) 


is an open set in X containing x, and f « CS(U, R4), where U has the C*-manifold 
structure as an open set in X, 

Remarks. Note that we are able to define C5-functions on X because (1) X looks 
locally (via the coordinate systems y € ) like R”, and we know what it means for a 
function on R” to be CS; and (2) if U = domain g and V = domain 9 for g, » € ®, with 
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U 1 V ¢ G, the concept of a CS-function in a neighborhood of x in U fl V is the 
same relative to the coordinate system ¢ as to the coordinate system y, because 


yo gut ig a C®-homeomor phism and b=s 


LOMNCOMOrPpAIsSm™ AM 2. 


Note also that if f and g are C%-functions in a neighborhood of x, then f + g and 
fg (product) are CS-functions in a neighborhood of x, where 


domain (f + g) = domain (fg) = (domain f) N (domain g). 


a ieee Let (X, 6) be a C*-manifold, and let y € be a coordinate system on 

= domain yg. Let rj: R” — R' be the j-th coordinate function on R”; that is, 

x, Gs Gy, . 245A) = a; for (@,, .++, 4) € R”, The j-th coordinate function of the co- 
drdivite system ¢y is the function os U — R} defined by Xparz og. 

Remark. x;: U —~ R* is a CP-function. The n- tuple oe fui tiene (%1, ...,%m) is 
sometimes algo referred to as a coordinate ayetemt 

Definition. Let (X,, ®,) and (X,, ,) be C¥-manifolds (not necessarily of thc same 
dimension). A mapping Ww: X,—~X, is of class CS (s =< k), denoted © € C5(X,, X,), 
if, whenever f € C5(X,, R3), then f oW « C5(X,, RY, 

Exercise 1. Show that, if ¥: X,—~ X, is of class C5 (s = 0), then W is continuous, 

Remarks. We shall confine our attention to C®-manifolds, This will include, in 
particular, C’-manifolds and complex analytic manifolds of dimension 1. We shall 
use the word ‘‘smooth’’ to denote C™. 

We now proceed to define the concept of tangent vector on a manifold. Recall 
that, in Euclidean space, a vector at a point defines a map which sends each smooth 
function into a real number, namely, the directional derivative with respect to the 
given vector. Moreover, the vector is determined by its values on all smooth func- 
tions. We shall use this property to define tangent vectors on a manifold. 

Definition. Let (X, &) be a smooth manifold and let x € X. A tangent vector at 
x isamap vu: C°(X, x, R') — R' such that, if g is a (fixed) coordinate system with 
x €U = domain g, then there exists an m-tuple (@,, a,, ..., @,) of real numbers with 
the following property. For each f € C°(X, x, R}), 


v(f) = y aia, os (f © ° OVo( (x)+ 


(Note that if W = domain /, then g and f areboth defined onthe open set U f W con- 
ete x, so that f ° g! isa smooth function with domain g(U N W) C R® containing 
p(x).) 

Remark. If v: C°(X, x, R*) - R' has the property required above of a tangent 
vector with respect to one coordinate system y about x, then it also has this prop- 
erty with respect to any other coordinate system about x. For, if y is another such 
coordinate system, then, using the chain rule, 


Wf) = Dai ge FP Mola) 
= 2 a; 7 (f ° yo 6 ype PO Veolx ) 
= Da D ay, FeO My (a) Yad © Mey 


where Jjj(~ ° ¢') is the Jacobian matrix of the function y ° g"*. Hence 
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o(f) 


i 


a (2 gl i Aleta) ar, UV Myley 


Setting 


o 
I 


= x a, Tih ° PY g(x), 


we obtain 


n 
= 2 “3 
ai )s= x bj 87; Foe Vy(x)- 
Thus, to check if v is a tangent vector at x, it suffices to check the required prop- 
erty in any one coordinate system at x, 

Notation. Given a coordinate system gy about x, let x; = ¥; ° g denote the j-th 


coordinate function of g. By 2/8 xj (j =1, ...,m) is meant the tangent vector at x 
defined by 


$n ae Pe ew 


ax, ar; 


for f € C°(X, x, R'). Thus 8/8x; corresponds, relative to the coordinate system ¢, 
to the n-tuple (0,0,...,1,...,0), where the 1 is in the j-th spot. 


Remark 1. If x,,...,%, are the coordinate functions of a coordinate system 
about x, and y,,..., ¥, are those of a coordinate system y about x, then the above 
computation shows that 

a 
a ~ 8 a 
ge 2 arered Or) Drea 
ax; i=l ax4 i ay; 


Remark 2, A tangent vector v at x « X has the following properties. For any 
tf, g€ C°(X, x, R) and for A € R}, 

(1) off +g) = of) + v(x) 

(2) vdf) = rAv(f) 

(3) v(fg) = vf )g(x) + f (x)o(g). 
These three properties say that the map uv: C”(X, x, R') +R! isa derivation. More- 
over, these properties characterize tangent vectors; that is, we could have defined 
a tangent vector to be a map wv: C”(X, x, R!) — R! satisfying (1)-(3) above, and then 


proved that, relative to any coordinate system ¢ about x,U= = a;(8/8x;) for some 


n-tuple (a,, ..., @,) of real numbers, where x; is the i-th coordinate function of 9. 
Remark 3. The set X, of tangent vectors at x form a vector space under the fol- 
lowing rules of addition and scalar multiplication: 


v, a v,)(f) = vf) + v(f ) (v,, v2 € Xx), 
Qv Ff) =aw,f)) (vy, € X,,rA € RY. 


To see that v, + v, and Av, are tangent vectors at x, let y be a coordinate system 
about x, with coordinate functions (x,, ...,*x,). Then 


v= a;(a/ax;) and v, = > b; (8/8x,;) 
i=l 


t=1 
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for some (@,, ..., @,) and (b,,..., b,). It is then easy to check that 


= 3 
VU, + Ug = x (a; + 0;) Ox,? 


- a 
AV, = (Aa,) =—. 
1 2 va ax; 
The map (a,,..., @,) z a,(a/ax;) gives a vector space isomorphism R” — X,, 
so X, has dimension n. Moreover, it is clear that {a/ax, }; e{l, n} is a basis 
ar 


for X,. The space X,, is called the tangent space to X at x. It is also denoted by 
T(X), or by T(X, x). 


For y and » two coordinate systems at x, with coordinate functions (%,, ..., X») 
and (,, ..., ¥,) respectively, the formula 
8 a8 8 
mm ae We 
ax, u ax; t ay; 
merely expresses the vector 8/ 8x, in terms of the basis {8/2ay,}; e{l,...,2}+ Thus 


the change of basis matrix from the basis {@/ay;} of X, to the basis {a/ax;}is 
precisely the Jacobian matrix ((8/2x;)(¥j)). 

Remark 4, The tangent space 7(R”, a) to R” at a point a € R” is naturally iso- 
morphic with R” itself. The isomorphism R” — T(R"”, a) is given by 


: E) 
Oey An) + DM ge 

Notation. We shall henceforth omit the @ from our notation for a differentiable 
manifold (X, 6). Tobe sure, a locally Euclidean space X may have two or more 
distinct differentiable structures on it (or it may have none), but we shall denote a 
manifold (X, ®) merely by X and shall assume that a definite differentiable struc- 
ture is given on it. 

Definition. Let X and Y be smooth manifolds. Let ¥: X — Y be a smooth map. 
The differential of ¥ at x « X is the map d¥: X, > Yu (x) defined as follows. For 
ve X, and ge C°(Y, W(x), R), (ab(v))(g) = v(g ° 8). 

Remark. It is easily checked that d¥(v) is indeed a tangent vector at ¥(x). For, 
if y is a coordinate system about x with coordinate functions (x, ...,%,), and 7 is 
a coordinate system about W(x) with coordinate functions (y,, ..., Ym), then 


ves a;(8/ax;) for some real numbers a;; and if g « C°(Y, ¥(x), R'), then 
i=l 


[avo Mg) = vlg ©) = Daze (ge ¥) 
t=1 4 


n 3 5 . 
Bassi ge rter 8 9g 


n m 3 3 : 
Ee mae ee og eee ee) 


[(s,, «+, Sm) Coordinates on R™| 


\ 
ma 
Fy 
¢ 
“— 
te 
tn 
fe) 
= 
Cc 
“— 
a 
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Since this holds for all g « C°(Y, ¥(x), R), 


mt 


d¥(v) = X v(¥; oW) a 


j=l 


and, in particular, d&(v) is a tangent vector. Furthermore, it is clear that d¥ is a 
linear transformation X, — Yg ,). Since 


ke 3 3 
adv [2 | = D eee Wd = Y oy5° 
this linear transformation dW has matrix 
3 
(a¥);; = Bx; (y; ° ¥) 


relative to the bases {8/axi};¢4 y and {8/89j} 54m} 


Remark, Let X, Y, and Z be smooth manifolds, Let W: xy and @: Y—~Zhbe 
smooth maps. Then d(& W) = dbo dv, 
Proof. Suppose v € X, and he C%(Z,@e W(x), R#). Then 


[a(@ > ¥)(v)] (2) 


" 


v(he (@° ¥)) = v((h o @) ° W) 
d¥(v)(h ° ®) 

[axa¥(v))] (n) 

[dbo d¥)(v)](4). 0 


Remark. Let X be a smooth manifold, and let U be openin X. Then U is itself 
a smooth manifold. Moreover, the inclusion map #: U ~- X is a smooth map. Indeed, 
f « C*(X, R') implies f |p € ce (U, R*). Furthermore, the differential 
di: TU,u,) > T(X,u,) (ue U) 
is an isomorphism; we shall identify these two linear spaces. 


Exercise 2, If u,« U an open set in X, construct a function hk « C*(X, R') such 
that 


0 (x #U). 
(Hint: Make use of the smooth function g: R!-— R! defined by 
en l/t? (t > 0) 
ato = {6 (¢=0).) 


If f,€ C°U, uo, R'), use Exercise 1 to show that there exists a smaller open set 
W and f € C°(X, R) such that fly = f,lw. 


Gaye 10 (x € W an open set containing z,), 
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Remark. Let X be a smooth manifold, and let f « C°(X, R+). Let us compute 
df. For v € T(X, x), af(v) € T(R', f(x)). Since T(R', f(x)) is 1-dimensional, 
df(v) = \(d/dr) for some A € R', To determine A, it suffices to evaluate df(v) on the 
coordinate function 7; Rt — R' as follows. 


Nee alo = [afle)](r) = or of) = vf). 


Thus df(v) = v(f)(d/dr). Now T(R}', f(x)) is naturally isomorphic with R? via the 
isomorphism A(d/dr) + ». Let us identify these two spaces through this isomorph- 
ism. Then df: T(X, x) ~ R! is a linear functional on T(X, x); that is, df isa 
member of the dual space 7'*(X, x) and is, as such, given by 


dfv) =v(f) Wwe T(X, x)). 


T*(X, x) is called the cotangent space at x. 

Definition. Let X be a smooth manifold. A smooth curve in X isa smooth map 
a@ from some (openor closed) interval C R! into X. If the domain of @ is a closed 
interval [a, 6], smoothness of a means that a admits a smooth extension 


@: @-e, b+e)—-X, 


(Note that open intervals are open sets in R' and hence are smooth manifolds.) 

A broken C°-curve in X is a continuous map a: [a, 6] - X together with a sub- 
division of la, b] on whose closed subintervals @ is a C™ curve. 

Example. 


(t,¢sin1/ (te (0,1) 
ao “1 0) (¢=0) 


is not a Smooth curve in R? because it admits no smooth extension past 0. 
Definition. Let a: 1 + X (I an interval CR’) bea smooth curve in X. The tangent 
vector to a at time ¢(t € 1), denoted by a(Z), is defined by 


aw « &a((2)). 


Note that &(#) is well defined, even at the endpoints of J. 

Remark. Given a tangent vector v € Xx, let a: I ~ X be a smooth curve whose 
tangent vector at time ¢ = 0 is v. (Such a curve may be obtained by taking a coor- 
dinate system g about x, finding a curve (for example, the straight line) in R” 
whose tangent vector at time 0 is dy(v), and pulling this curve back to X by g7*.) 
Then, for f « CX, x, R'), 


on = ao = aa(Z) kn = FU ° De 


Thus v(f) is the derivative of the ‘‘restriction’’ of f to the curve @. Moreover, two 
curves @, and @, have thesame tangent vector v at time 0 if and only if a,(0) = a,(0) 
and 


~ 


d ~ 
ar a), ~ dr a.){, 
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for all f € C°(X, x, R'). (See Fig. 5.2.) We may use this equation to define an 
equivalence relation on the set of all curves a with a(0) = x. Then we get a one-to- 
one correspondence between equivalence classes of curves through x and tangent 
vectors atx, Thus, we could have defined a tangent vector at x to be such an 
equivalence class of curves through x. 


bd 


Fig. 5.2 


5.2 DIFFERENTIAL FORMS 
Definitions. Let X be a smooth manifold. Define 


T(X) = U T(x, x) and 7*(X) = U T*(X, x). 
xE xeX 


T(X) is called the tangent bundle of X. T*(X) is called the cotangent bundle of X. 


T(X,x1) T(X,%2) 


Fig. 5.3 


A projection map 1: T(X) —X is defined as follows. If v € T(X), thenv € T(X, x) 
for some (unique) x € X: set mv) = x. Similarly, there is a projection may from 
T*(X) onto X that we shall also denote by 7. 
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A vector field on X is amap V: X — T(X) such that a ° V =iy. A vector field 
V is smooth if for each f « C°(X, R4), Vf « C°(X, R}). Here Vf is defined by 


(VAX) = V(x)f. 


A differential 1-form on X is a map w: X — 7T*(X) such that 7 o w =iy. A dif- 
ferential 1-form w is smooth if for each smooth vector field V on X, 


w(V) € C™(X, R4). 


Here w(V) is defined by (w(V))(x) = w(x)(V(x)). We shall denote the set of all 
smooth vector fields on X by C°(X, T(X)) and the set of all smooth 1-forms by 
CX, T*(X)). 
Exercise. Define a manifold structure on 7'(X) so that 7 is a smooth map and so 
that a vector field V is smooth if and only if it is a smooth map from X — T(X). 
(Hint: for g: U —R” a local coordinate system on X, with coordinate functions 
(%1, 2.65 ¥y), define O: (UV) ~ R?” by 


Pv) = (po av), by, ..., Bn), 


where 6, ..., 6, € R' are such that v = z by 8/8x;.) 


Remark 1. Let f € C*(X, R}), Then df « C*(X, T*(X)). For if Ve CX, T(X)), 
then df(¥) = Vf « C°(X, R}), 

Remark 2. C°(X, T(X)) and C*(X, 7*(X)) are both vector spaces over the reals 
under the operations of pointwise addition and scalar multiplication. For example, 
if V, and V, « C°(X, T(X)), then V, + V, is defined by (V, + V.)(x) = V,(x) + V2(x); 
and ifA € R*, then AV, is defined by (AV,)(x) =a(V,(x)). 

Remark 3, Let o be a coordinate system on X with domain U and coordinate 
functions (x ,, %2,...,%,). Then the following hold. 

(1) (8/ax;) « C°(U, TW)) fori e {1, ..., m}. a/8x; is smooth because if 


fe CU, R), then f eg te C%((U), R, 


and, for each x € U, 


Ee | & ) = | de o| (on) 


= [eu ° o ° o|tx; 


that is, 


a 3 eahug 
5xyl ) = le Cy ‘| gp «€ CU, R4. 
(2) if ¥, €C°(U, T(U)), then there exist functions a; « C*(U,R') fori ¢ {1,...,n}, 


sGch that V = z a; (8/ax;). These functions a; exist because 
{(8/8x4)(*)} gef1, wae, 2} 


isa basis for 7T(X,x). They are smooth because (8/8x,;)(x;) = 0%, So that 
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Hn n f) io 
a; = ui aj 554 = uy 4155, (9) = V(x;) ec UU, RR}, 


(3) If Ve C™(X, T(X)), then Vly «€ C°(U, T(U)) by a previous exercise, and 
Vins z a;(8/8x;) as in (2) with a; € C°(U, R. 


(4) dx,;¢C°U, T*(WU)) for j« {l, ..., n} because x; « C°(U, R'). Furthermore, 
{dx;} is at each point the dual basis to {a/ax;} because 


8 8 
a Gz) = 9x, 4) = Oy. 


(5) If we C%(U, T*(U)), then there exist a; € C°(U, R') such that w = z a; dx, 


These functions @; exist because {dx,} is at each point a basis for the co- 
tangent space. They are smooth because 


@,2= a; 4x; (2). of) « c*™(U, R). 


Ox; 


n 
because df = 2 a; ax; for some a,;, and 
j=l 


a; = » a, axj(2)- are) - PAL! 


We have just seen that if f « C°(X, R4), then df is a smooth differential 1-form. 
We now introduce differential -forms. 

REVIEW OF EXTERIOR ALGEBRAS, Let V be an n-dimensional vector space 
over the reals. Then the following hold. 

(1) The vector space A*(V*) is the space of all skew-symmetric k-linear func- 
tions on V; that is, each 7 € A®(V*) isa mapTt: V@--- @ V —R? such that for all 


& i 
Dy see, UR, v5 € V, AE Ri, k-times 


(1) (ey, Vpeay D7 + UF, Ojans >» VR) 


= TV Dpay Uf Vjary eer UR) + Ty, 0, VF, Y}, jens s oes VR); 
(2) T(Uq (1), +++, Ua(k)) = 1)" Ty, ..., 0K); and 
(3) TW, sees Vj-y AUj, Visu eee, vp) J AT(v,, eee » Uj; eee, UR), 


where 7 is any element of the permutation group S, on & letters, and (—1)" is +1 if 
n is an even permutation or —1 if 7 is an odd permutation. This second condition is 
equivalent to requiring that if two vectors in the argument of 7 are interchanged, 
then the value of 7 on these vectors changes sign. The dimension of AP(v*) is equal 


n 


to the binomial coefficient 4) for k <n; itis zero for Rk > n, 
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(2) If we set §(V*) = z 6) AP(V*), where AV *) = R}, a product is defined on 
g(V*) as follows. If T € AR) and p ¢ A4(V*), their product 7 4 yp is the element 
of A¥+£(y*) defined by 

Bis uy, sn Ppp) 


“(k ran Ze 1)" r(v, (4), eg »Uq(k)) UO (Bar)s wee Un(ket))- 


TES pal 


Since §(V*) is generated by such , and7, this multiplication extends to 9(V*) 
by linearity, that is, by requiring that exterior multiplication a be distributive with 
respect to vector addition. This multiplication is associative and ¢(V*) is an alge- 
bra, with unit 1. However, multiplication is not commutative: if p € A*(V*) and 
Te L(V), then 


wart = (Pr Ag. 
(3) If ~,,..., Y, is a basis for V*, then 


(pi, 4---4 Pips 1st, < tg <...< RE n| 


is a basis for A#(V*). Hence the union of these sets over k € {1,...,}, together 
with 1 « A°(V*), is a basis for g(V*). It follows that the dimension of 9(V*) is 2”, 
If v,,...,0% € V, the value of Pi, ®-- “Pip, ON these vectors is given by 


(%3, ALLA 0:,) U1, erates vp) 3 a >» (-1)" 97, 2(1)) eG: Pi, Un(r))- 


*  7€Sp 


(4) §(V *) has the following properties: 


(1) le g(V*), V*¥C o(V*); 
(2) g(V*) is generated by 1 and V*; 
(3) g 
(4) dimension g(V*) = 2”. 


A g = 0 whenever y € V*; and 


These properties in fact characterize ¢(V*); that is, if @(V*) is any algebra over 
the reals satisfying properties (1)-(4), then g(V*) and g(V*) are isomorphic (as 
algebras). 

(Note that Condition (3) is equivalent to the condition that y, 4 9,=—-¢9, 4 9, for 
all Yr, Po Ve) 

(5) If L: V* — V* is a linear transformation, then L induces a unique algebra 
homomorphism L: g(V *) ~ §(V*) which extends the map L. E preserves degrees; 
that is, ZL: ARV *) — A*(V*), In particular, L: A"(V*) pe: Hence, since 
dim A"(V*) = 1, there exists a scalar A such that El anys) => +1. This scalar dr is 
precisely A(L), the determinant of L. 

(6) The algebra §(V*) is called the Grassmann algebra, or exterior algebra, of 
V*, Elements of ¢(V*) are called forms on V. Forms in A*(V*) are said to be of 
degree k, 


Review of Exterior Algebras ends here. 
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Now let X be a smooth manifold. Let 
APR(X) = U A®(T*(X, x)), 


and let 


G(X) = U g(7*(X, 2)). 


As usual, we shall denote the projection maps from these spaces onto X by 7. These 
spaces can each be given the structure of a smooth manifold such that 7 is a smooth 
map. 

Definition. A k-form on X is a mapping yp: X ~ AP(X) such that 7 ou = ix. A 
k-form on X is smooth if whenever V,,..., Vp, are smooth vector fields on X, 
then 


HV, ..., Ve) © CCX, RY, 
where 
L(V, 6.6, Ve%) = w(x)(V(%), «2, Vel). 


A differential form on X is a mapping w: X — 9(X) such that 7 ow = ix; it is 
smooth if its component in A(X) is smooth for each k, The set of smooth &-forms 
on X is denoted by C*(X, A*(X)). The set of ali smooth differential forms is de- 
noted by C™(X, §(X)). Note that C°(X, AP(X)) is a vector space under pointwise 
addition and scalar multiplication, and that c”(X, 9(X)) is an algebra under the ad- 
ditional operation of pointwise exterior multiplication. 

Remark 1. A Q-form on X is just a real-valued function on X; it is a smooth 
0-form if and only if it is a smooth function. 

Remark 2, Let ¢ bea local coordinate system on X, with domain U and coor- 
dinate functions (*,,..., %,). Then {dx,,..., d%,} isa basis for T*(X, x) for 
each ¥ e U, Hence 


[dxj,4...4 dxy3 i, <...< ty] 


is a basis for AP(T*(X, *)) for each x ¢ U. Thus, the restriction to UY of each 
k-form u on X can be expressed as 


w= D2 Og... tp A%G, SA OKG, 


where each a; . --¢p, 148 a real-valued function on U. Furthermore, u is smooth if 
and only if, for each (y, U), a;,.. ip, € C°U, R’). This is because 


THEOREM 1. Let X be a smooth manifold. There exists a unique linear map 
d: C°(X, §(X)) + CX, ¢(X)), called the exterior differential, such that the fol- 
lowing properties hold. : 

(1) d: C°(X, AR(X)) ~C°(X, A**1X)); —. 

(2) a(/) = df (ordinary differential) for f « C*(X, A%X)); 
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(3) if wp « CX, AP(X)) and t € C*(X, $(X)), then 
d(u 4 t) = du) a7 4+(-1)¥ w 4 dt; and 


(4) d?=0 

Remark. For the proof we need the following lemma, which asserts that for any 
exterior differentiation operator d, (dw)(x) depends only on the behavior of w ina 
small neighborhood of x. 

LEMMA, Let d: C°(X, §(X)) + C°(X, 9(X)) be linear and satisfy the conditions 
of the theorem. Suppose w € C%(X, §(X)) is such that wlw = 0 for some open set 
WcX, Then (dw)|w = 0. Hence, if w, T « C°(X, §(X)) are such that wly = 7Tl|w for 
Some open set W, then (dw)|w = @7)\w. 

Proof. Suppose wly = 0. Let x,€ W. Let f « C°(X, R?) be such that f (x,) = 1 
and f(x) = 0 for all x ¢ W. Then fw is identically zero on X, so that 


0 = d(fw) = @4r wif dw. 


Evaluating at x, gives (dw)(x,) = 0. Since this holds for all x, « W, dwly =0. If 
wly =Tlw, then (w —7)|w = 0, so that 


=[d(w-T)]lw =[dw-dt]|w and = dwly =dtly. 


Proof of Theorem 1. 

Uniqueness. Suppose d: C°(X, §(X)) — C°(X, 9(X)) satisfies the conditions of 
the theorem. Let x « X, and let ¢ be a local coordinate lode about x with domain 
U and coordinate functions (x, 2.4, %m). Let w € CX, A k(X)), Then the restric- 
tion of w to U can be expressed as 

wly = 204;,... i, Ei, *- ++” IXey 


for some Ay, 1. tp € c*(U, R}). Now the right-hand side of this equation is not a 
differ ential forth ea X, so we cannot apply d to it. However, let U, be an open ball 


containing x with U, compact and CU, and let g € CCX, R?) be such that g(x) =1 
for x « U, and atx). =Ofor x ¢ U. Then @« C°(X, A*(X)), where 

@ =D) (ga;,...4,) 4(ex;,) %...* a(g%;,). 
Here, by gh, for h « C°(U, R'), is meant the smooth function on X defined by 


ee) (x € U) 


(gh)(x) = (x £ U). 


Furthermore, ®ly, = wly,- By the lemma, (dw)|y, = (do) |y,- Now 
a =P) dl ga;,...i, 4(e%i,) *-.-% a(gx;,)] (by linearity) 
= » a(ga;,. ‘ -ip) A a(gx;,) Bae a(gx;,) 
+ BO; .. ip d(d(gx;,) %...4 d(gx;,)) (by Property (3)) 
= Dy d( gay... ip) * 4(8%;,) %...% al gxay), 


since each term of the second sum is zero by Properties (3) and (4). In particular, 
since g is identically 1 on U,, and since (dw)|y, = doy, 
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n 8 
(dw)|y, ae. 2 y Sar (a;,. . ip) ax; ay ax;, Re k axj,. 


Thus if d exists, its value at x on k-forms must be given by this formula. Since 
* was arbitrary in X, and since every differential form is a sum of k-forms, 
ke {0,1,..., 2}, uniqueness is established. 

Existence. We first define d locally. Let y be a local coordinate system on X 
with domain U and coordinate functions (x,,..., %,). (Note that U is itself a smooth 
manifold.) Define dy: C°(U, §(U)) ~C*(U, §(U)) as follows. For 


w=Da;,.. ig daz, *...4 dx;, € CU, MUN, 


define 


Extend dy to C*(U, g(U)) by linearity. Then Properties (1) and (2) are clearly 
satisfied. To verify (3) and (4), note first that each form in C*(U, ¢(U)) is a sum of 
forms of the type Ay... tp ax; 4...4 dx ;,. By linearity of d, together with distri- 
butivity of exterior multiplication with respect to addition, it suffices to check (3) 
and (4) on forms of this type. 

Property (3). Suppose 


LL = Gj,...4, E%i, %.-.* aX; and T = ee ax, %...8 dx; 


re 
Then 
d(urt) = dla; ...4, 5)....; Axi, S.. Adxy, Mdxy 4%... 4x55] 
“ 8 8 
-2 [sary iy tg) fy ot PO barity 4, se] 
Ax, SAK; %...SaX;, 


n 8 
= o dx, “ar : « ip) Xr A dx;, Meas ax,,) 


(bj. oy ax;, 1. dx;,) 
+ (-1)¥@, sip ax; “dx;,) 
e 3 
a (= Bar Ojy eo nf gl Xe AX; nadie] 


Property (4). For u = Qi ..ip Xi, ee A AX; 


tp? 
a = al «a, —)dx, dx, A A dX, 
4 Bx, Pigs sip) OX jas ip 
n 3 9 
= ; Adx; 4 : 
21, Ox, EE (a;, a3) dx, dx, dx; %...4dx;,. 
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But certainly the terms in this expression with y = s are zero, since dx, 4dx, = 0. 
Moreover, for 7 # s, the equality of mixed partial derivatives on R” implies that 


2.2 @ y- 22% @ ) 
BX, OXy 2 tpl BXy OX, TA ER”? 
so that 
3 Cs) F) 8 
faa ; a =< ; é A 
ax, ax (a;, ip) aX. ax, OXy dX, (a;, i,) dx, aX; 


thus the remaining terms match up in pairs which cancel each other. 

Thus the operator dy has Properties (1)-(4). By uniqueness, every linear opera- 
tor on C™(U, g(V)) having these properties must be given by the above boxed 
formula, In particular, if U, is any open subset of U, then gly, is a coordinate sys- 
tem, and dy.: C°(U,, g(U,)) ~ C°(U,, g(U,)) is given in the coordinate system ¢|r,, 
by the same formula, Thus, if w € C%(X, $(X)), then 


dy (olu,) = Go(elu))Iz,- 
This relation enables us to define d globally by (dw)|y = dy(wl|y) for all 
we C%(X, 3(X)) 


and any coordinate neighborhood U. This d is well defined because if U and V are 
overlapping coordinate neighborhoods, then 


(dy wly))ivav = €unvluny) = @vly)lunv- 


Clearly, d has the required properties, since dy has them for each U. O 

DIGRESSION ON VECTOR ANALYSIS. The multilinear algebra developed above 
is particularly simple in the case n = 3. We want to show how the classical ap- 
proach of vector analysis fits into the scheme of differential forms. 

In order to develop the connection, we consider first the general situation in an 
n-dimensional vector space 7. 

Definition. A volume element of T is a choice of basis in A”(7*); since A”(T*) 
is 1-dimensional, a volume element is a choice of a non-zero element in A”(7'*). 

Example. If T is the tangent space to a manifold and {dx,,...,4x,} is a basis 
for T*, then dx, 4...* dx, is a volume element of 7. (Note that a volume element 
a determines an isomorphism A"(7*) = R', where 7w corresponds to 7, Conversely, 
such an isomorphism defines a volume element w corresponding to 1.) 

Remark. Given a volume element w of 7, there exists a natural isomorphism 
m: A"™-(7*) — T defined as follows. Recall that 7 is naturally isomorphic to its 
double dual 7**. Identifying 7** with 7 through this isomorphism, m will have 
values in T**, For y € A”-(T*), m(g) is then defined by [m(y)](~) = A, where 
p € T*, X is the real number such that y 4 =Aw, To show that m is an isomorph- 
ism, let {~,, ..-, On} be abasis for 7* such that w = y,4...4 Gy. Then the set 
{py reve Qpa® Pjur dees ® On} is a basis for A”-(7*). The value of m on these 
basis vectors is then given by 


mp, r...4 Pj-r* Pjry hoe e% Pn) = (-1)" Fey, 


where {@,,...,@,} is the basis for T dual to{@,,..., Gn}. 
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Remark, Given an inner product (,) ona finite dimensional vector space T, 
there exists a natural isomorphism g: T — T* defined by 


Le(v)](w) = @, w) (v, we T). 
If {e,,...,@,} is a basis for T, let gij = (27, ¢)), @, je {1,...,2}). Then in 
terms of the dual basis {y,,..., y,} for T*, 
&le;) = Li 8%; @ e{1,..., 2}). 
5 


In particular, if {e,,...,e,} is orthonormal, then &ij = 54j, and 


tj? 
ge;) = Gy. 

Applications. Take T = R", Then T has an inner product and a natural volume 

element w = ~,*...4 ~,, where {y;} is the dual basis to the natural basis {e;} for 

R", Thus the isomorphisms m and g are defined. Also, we have natural identifica- 


tions T(R”, x) +> R" for each x « R", 
1. Let fe C(R", R}), Then the gradient of f is the vector field on R” given by 


grad f = go (df). 


Relative to the usual coordinates (x,, ..., %) = (74, ..., %,) on R”, 


grad f = go (df) -(% tar) = > ae (2 2). 


ja ax, a ax 4 ax Ox OX, 

2, Let V be a vector field on R¥, Then go V is a 1-form and d(g° V) isa 
2-form. Now for dimension T = 3, A®(T*) = A"-(T*), so the isomorphism m maps 
A?(7*) + T, Thus m(d(g° V)) isa vector field on R°. It is called the curl of V. 


curl V = (mo do gy)(V), 


Exercise. Compute the coordinate expression for curl V. 

3. Let v, and v, be vectors in R*, Then g(v,) and g(v,) are 1-forms. Their ex- 
terior product is a 2-form; its image under m is a vector, called the cross product 
of v, and v,. 


0, Xv, = m(g(v,) A glv,)). 
4. Let V bea vector field on R®. Then mV) is an (n-1)-form on R”. Its dif- 


ferential is an n-form, that is, a multiple of the volume element w. This multiple 
is (up to sign) the divergence of V: 


(~1)""?@ ° mV) = (div V) w. 


Remark. Using these formulas, certain important formulas of vector analysis 
become trivial consequences of d? = 0. 
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A. curl grad f = 0 because 

curl grad f = modo g(g™ -d(f)) 
m(a’f) 
= 0. 


B. div curl V = 0 because 
dom'*(curl V) = do m'*(m od © g(V)) 
= d*( g(V)) 
= 0. 
Digression on vector analysis ends here. 
Definition. Let X and Y be smooth manifolds, and let ¥: ¥ —Y be a smooth map. 


Then an induced map ¥*: C°(Y, §(Y)) > C°(X, §(X)) is defined as follows. For 
fe CY, ALY), ¥*(f) =f °W; for we CU(Y, A*(Y))[R > 0], 


(H*w)(x)(v,,..., 02) = h(x) )a¥,),...,d¥(vz))lv,,..., 02 € T(X, x), » € X]; 


* is extended to C°(Y, $(Y)) by linearity. 

Remarks. It is easy to check that, if w is a smooth differential form, then so is 
¥*w,. It is clear that ¥* maps k-forms into k-forms. In fact, it is easily checked 
that @* is an algebra homomorphism; i.e., ¥* is linear and 


W*(w AT) = (Ww) A (H*7) 
for all w, T. 
THEOREM 2, Let X and Y be smooth and let ¥: X —Y bea smooth map. Then 


do* = Yr od, 


Proof. . 
(1) If f e C°(Y, AXY)), then for v « T(X, x), 


[do W*(f)(v) = [af > ¥)](v) 
=(df ed¥](v) (since d on functions is ordinary differential) 
= [W*(af)|(v) 
= [(@* ° a)(f)](v). 


(2) For wai1-form on Y of the type w = df, 


(d ° ¥*)(w) 


d(u*(df)) 

d(¥* ° d(f)) 

= d(d°W¥*(f)) (by (1)) 
=0 


? 


and 
(&* ° d)(w) = W*(dw) = W*(ddf) = ¥*(0) = 0. 
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(3) Using (1) and (2), together with the fact that ¥* is an algebra homomorphism, 
the result is established in general by checking it locally on k-forms w restricted 
to local coordinate neighborhoods: 


wy = 275, . ig U%i, «SAX; 


(Details are left to the reader.) oO 

Definitions. Let X be a smooth manifold, A smooth differential form w on X is 
closed if dw = 0. Aform w is exact if it is the differential of another form on X; 
that is, w is exact if w = d7 for some smooth form 7T. (Note that every exact form 
is closed, since d? = 0. The converse question is fundamental to our subject.) 

Let Z*(x, d) denote the vector space of closed k-forms on X, Let B#(X, d) de- 
note the space of exact k-forms on X, Then BF(X, a)c ZP(X, d) because d? = 0. 
Let H*(X, d) = Z*(X, d)/B*(X, d). H*(X, d) is called the k-th De Rham cohomology 
group of X, Its dimension, which we shall see is finite for compact X, is called 
the k-th Betti number of X. 

Remark, Although these cohomology groups are defined in terms of the manifold 
structure of X, they are topological invariants; that is, if two manifolds are homeo- 
morphic (by a not necessarily smooth homeomorphism), then they have isomorphic 
cohomology groups. In fact, these groups can be defined directly using only the 
topological structure of X. 

Example 1. H(X,d) = R? if X is connected. For since there are no forms of 
degree less than 0, B°(X, d) = 0. Thus 


H(X, d) = Z(X, d) = [fe C(X, R); df = 0). 


If U is any coordinate neighborhood of X, with coordinate functions (x,, ..., x»), 
then df = 0 on U means 


n 


0 = df = fy dxy; 


3 
a 
in. OX] 


that is, (8/ax%,)(f) = 0 for all z. But this implies that f is constant on U. Since X is 
connected, and since f is constant on each coordinate neighborhood in X, then f 
must be constant on X; that is, Z°(X, d) = [constant functions on X] = R}, 

Example 2, H\S', d) = R', where S! is the circle. For since there are no non- 
zero k-forms on S'for k > 1, ZS}, d) = C*(S', AXS4)), Moreover, 


BUS}, d) = (df; f « C*(S}, R)). 
Now, if @ denotes the polar coordinate on S}, then 8/86 is a non-zero vector field 
on S! and its dual 1-form dé is a non-zero 1-form on S?, (See Fig. 5.4.) Further- 
more, @9 is not exact (in spite of the notation!)—but, given any 1-form w = g(9) dé 
on S?, w — (c d@) is exact for some c € R?. Thus 
ZS, d)/BMS}, d) = le dé; ce RY) = Ri 
2n 
Exercise: Verify the above facts. Take c = = - @ (6) de. 
Remarks. Let w#: X — Y be smooth. Then 


yt: ZP(Y, d) ~ Z*(X,d) and y*: B*(Y, d) — B*(X, d). 
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For if w is a closed k-form on Y, then d(~*w) = y*(dw) = y*(0) = 0. If w = a7 is an 
exact k-form on Y, then ¢*(w) = ¢*(d7) = d(y*(r)). Thus %* induces a linear map Q 
on cohomology, such that 


J: Z*(y, d)/B*(Y, d) ~ Z°(X, d)/B*(X, d); 
that is, 
}: HRY, d) ~ H*(X, a). 


If S: W~X_and T: X ~ Y are smooth, it is easy to check that (7° S)* = S*o T*, 
and hence (7. °S) = S ° 7: 


w—oex Ly, 


~ ~ 
S 
—— 


HE(W, d) 2 HX, d) —— HEY, a). 

Thus we have attached to each smooth manifold X new algebraic invariants 
HP(X, d) such that given smooth maps between manifolds, there are induced alge- 
braic maps between these algebraic objects. As in the case of the fundamental 
group, we are thus able to solve certain difficult topological problems by studying 
their algebraic counterparts. 

Now let us show that H”(R”, d) = 0 for all & > 0. Since R” is diffeomorphic (iso- 
morphic as a smooth manifold) with the unit ball B,(1) about 0 in R”, we may as 
well show that H*(B,(1), d) = 0 for all k > 0. For this weneed the following technical 
lemma. 

LEMMA, Let X be a smooth manifold. Then, for each k, consider the maps 


(x, AP x), r(x, AMX) CCX, AUX), 
hea ie 
Suppose there exist linear maps 
hj: C°(X, ASU X)) ~O°(X, A(X) (f= R-1L or R) 
such that hp od +d © hg_, is the identity map on C°(X, AP(X)). Then HP(X, d) = 0; 
that is, every closed k-form is exact. 


Proof. Suppose w € C*(X, A*(X)) is closed. Then 


w = (hp od +d © hp_,)(w) = hy(dw) + d(hy_w) = dhe). 0 
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Remark, Ifa sequence of such linear maps h; is defined for all j = 0, the se- 
quence h; is called a homotopy operator. 

THEOREM 3. (Poincaré’s lemma) Let U = B,(1) CR", Then Hu, d) = 0 for all 
kR>U. 

Proof. We shall construct maps hp_,, h, satisfying the conditions of the lemma. 
This is done through an integration process. Since these maps are to be linear, it 
suffices to define hy_, on forms w = EAN; ALLA ax; ,; similarly for hp. For such 
Ww, set 


hp_slw)(x) = (ft Rl o(tx) dé)u, 


where 
ue = Xp, ENG M6. NANG ~ Hy dG, MAK; 4. NM AXG, 
k- 
+--e4¢(-1) "Kip Xi. Mday 
(Note that du = kdx; i Ake ee 


tk 
The map hp is defined similarly by replacing k everywhere by k + 1. 
Now, for w= g dx; hee MOK EC “(U, A Ry)) and x « U, 


(2 © np_Moyx) = alC[* #Ag(ex) at] 
n 8 


7 ax ts th) o(tx) at) ax; ry (f? th) g(tx) at] du 
= 2 ([: pe day (ex) a dx, 4 Ub (f? tP-} g(tx) at) du. 


-nf{f re, 1 Rt : . 
= x ( t (tx) at) ax gk +f EP? g(tx) at) axj,%...%dXx4,, 


and 
M _ n og . 
(hp ° d)(w)(x) = hp (2 x, dx, rdxz %...% ax, 
: a 
See (hs te an, (tx) ail; dx, %...Adx,,—dx, uy). 
Thus, . 


(d © hp, + hy 2 d)(w)(x) = lf gtx) at) 
p> (ft é pe 2& xj OO) ad)| dx; %...8 4x4, 
2 ip ees #4 ai («Aéx))| at} Ax, *.. MAK s, 
= {4 (eeettx)] ae} dx; M.A dx 4, 
= Hg(tx)|> dx; r...4 axis, 


= g(x) ax; al. Axi, 
=w(x) (for all « € U)., 
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Since d o hp_, + hp ° d acts as identity on such w, it acts by linearity as identity on 
all k-forms. O 

Remark 1. The maps hp_, and hp used in this proof were not just picked out of 
ihe air. They were cunsiructed as fullows. Given a veciur space 7 andv € 7, u de- 


fines a map i(v): A*(T*) ~A*-(T*) by 
[é(v)(w)](v,, ..., vey) = wlv, vy, ..., Up-y)s 


Note that 7 is a bilinear map T ® A*(7*) ~A*-(T*), This map i is called interior 
multiplisation. The map hg., was obtained by applying i(x) to w and averaging over 
the line through the origin in the direction x. 
Remark 2. Theorem 3 is a special case of a more general result. Let U bea 
smooth manifold. Suppose there exists a smooth map &: U Xx J, — U, where 
I, = (re R4 -e<xr< 1+], such that 
W(u, 1)=u (for all uw € U), 


Ww, 0)=u, (for allu ¢€ U; some w,€ U). 


Then H*(U, d) = 0 for all k > 0. 


Uo 


Fig. 5.5 


The map © is a smooth homotopy. This theorem says that if U is smoothly homo- 
topic to a point, then the cohomology of U is that of a point. 
In the case covered by Theorem 3, a smooth homotopy is given by 


W(x, )= tx (te Ip; x € B,(1)). 
Note that the above proof of Poincaré’s lemma works equally well for a star-shaped 
region, that is, an open set U such that for some *¥, € U, the line segment joining 
x, to any other point in U lies completely in U. 
5.3 MISCELLANEOUS FACTS 
THEOREM 1, Let X and Y be smooth manifolds, with X connected, and let 


y: X —Y be smooth, Assume dj = 0. Then y is a constant map; that is, (x) = y, 
for some y,« Y and for all x € X. 
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Proof. Let y, € ¥(X). Then ~(y,) is a closed set in X. We shall show this set 
is also open, hence y"(y,) = X since X is connected. 

Suppose x, € ¢"(y,). It is sufficient to find an open set U in X such that x,eU 
and Uc p(y,). Let V be a coordinate neighborhood of y,, with coordinate func- 
tions (y,,..-., ¥m). Take U to be any coordinate neighborhood of X, such that 
Ucy*V), Let (x,,..., ¥,) denote the coordinate functions in U. Then, for each 
x ¢€ U, the matrix for dy(x) relative to the bases {8/ax;} for T(X, x) and {a/ay,} 


for TY, ¥(x)) is 
Q 
G09). 


Now, dy = 0 implies (3/8x, (yz, ° Y) = Oon UV for alli, j. But this implies that 
y; ° is constant on U ior all 7, Hence y;° g(x) = y,; ° o(x,) for all i and all 
x € U; that is, p(x) = p(x.) = y, for allx « U, and U Cy Xy,) as required. Of 

Definition. Let X be a smooth manifold, and let V and W be smooth vector fields 
on X. The bracket [V, W] of V and W is the smooth vector field on X defined by 


lV, WI) = ViwA-WwIVA (fe CX, RB). 


Remark. LV, W] is a vector field, because if ¢ is a local coordinate system with 
domain U7 and coordinate functions (%,,..., *,), then 


n 38 
Viu = yi a: (2) and Wly = D b; lee) 


for some a;, 6; € C°(U, R). Since lV, W] is clearly bilinear, it Pee to check 
that [V, W] is a vector field when V = a(a/ax,) and W = b (9/ax, Then, since 
mixed partials are equal, 


lv, WIA) = a= (b Bx) — ba 5 ene 
t 


ax, ) is) + ab (9) 


ax; ax; 


ba gg ab-- —-(f) 


ax, ax; 


H 
Q u 
fob] 
BP 2 
oe 
a 
{ 
-_ 
CS 
al 
eS] 
tet. $ 
= 
= 


ax, Ox 5 


Since a(2/ax,)(6) and b(a/ax;)(a) € C~(X, R), [V, W] is indeed a smooth vector 
field. 

Remark. The bracket of vector fields has the following properties, each of which 
is easily verified. 

(1) [v, w] = -[w, Vv] 

(2) (Vv, + V., W] - [V,, Ww] + [v., W] 

(3) [cV, W] = clV, W] tor ce RI 

(4) (lv, w], Z] + (fw, 2], v] + [[Z, v], w] =0. 
Property (4) is called the Jacobi identity. These four properties say that C*(X, T(X)) 
is a Lie algebra under bracket multiplication. Note that such an algebra is non- 
associative. 
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THEOREM 2. Let w be a smooth 1-form, and let V and W be smooth vector 
fields on X. Then 


& 


dw(V, W) 2 5{V(w(W)) - W(w(V)) - w(LV, W)}. 


Nie 


Remark. In some texts, the fraction 1/2 is missing from this formula. This is 
due to a Slightly different definition of exterior multiplication. 

Proof of Theorem 2. It suffices to verify this formula ina local coordinate neigh- 
borhood. Furthermore, since both sides are linear in w, we need only check it on 
forms of the type w = fdg (since every 1-form is locally a sum 2 a; dx,). For 
w= Jag, 


dw(V, W) = (df 4 dg)(V, W) 
= Flas (Vide) — af (Wag V)} 
= Hivs we) ~ (Ws ve)t.. 

On the other hand, we also have 


¥ {V(w(W)) — Wlw(V) - wil v, W)} 


5 {VUdg(W)) — W(fde(V)) — fagilv, WD} 


3 {y(swe)) — wU(ve)) — ALY, Wle)} 


S{(vAWe) +f V\We) — (WALVe) ~ F WUE) 
—f V(Wg) + f W(Vg)} 
S{nwe)- WAVD}. Co 


" 


THEOREM 3. (Inverse function theorem) Let X and Y be smooth manifolds of 
dimension n, Let y: X — Y be a smooth map. Suppose x, « X is such that 


dy(x): T(X, x.) ~ TY, yx) 


is an isomorphism. Then there exists a neighborhood U, of x, such that 

(1) ¥ly,, is injective, 

(2) ¢(V,) is open in Y, and 

(3) yt: p(U,) ~ U, is smooth, 

Proof, Let g, be a coordinate system about ¥(x,) with domain V and coordinate 
functions (y,,..., ¥2). Let ~, be a coordinate system about x, such that 


U = domain 9, c py X(V). 


Let (x), ..., %») denote the coordinate functions of g,. Then, relative to the bases 
{a/ax, for T(X, x,) and {a/ay;} for T(Y, w(x,)), dp(x,) has the matrix 
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8 
G0 ? leg) 


which is non-singular since dy(x,) is an isomorphism* 
~ Now transfer everything to R” via gy, and g,. Let uw = o(U), ¥ = 9V), and 
y: U — V be defined by J = 9,° Yo gy}, 


Then }(x) = (Y,(x), ..., Up(x)) for x € F, where Jj = 7; ¢ J. The Jacobian of J at 
X= p,(x,) is 


which is non- Singular, Hence, by the classical aieree function theorem, there ex- 
ists an open set U,c Ur containing Xo such that V, = y(U,) is open, and such that the 
equation 


Br, .--, Tr) = 8; Get1, ..., n}) 


has a unique solution in Tf for each (s,,..., S,) € Vo Moreover, this solution de- 
pends smoothly on (s,, ..., S,). In other words, there exist smooth functions 


hy: Vo Rt (je fl, ..., nh) 
such that for each s =(s,,..., 5,) € v,, 
¥(n(s), sey Ce)) = Sj. 


Setting Als) = (h,(s), ..., %(s)) for s € Vo, this says that h = vo. Transferring back 
to X and Y, we find the conditions of the theorem are satisfied, with 


=erd). a 


THEOREM 4, (Implicit function theorem) Let X and Y be smooth manifolds, with 
dim X > dim Y. Let y: X -Y be a smooth map. Let y, € ~(X) and let 


X, = wy.) = [x € X; v(x) = 9]. 


MISCELLANEOUS FACTS 121 


Assume that for each x € Xo, dy(x): T(X, x) — T(Y, y(*)) is surjective, Then X, 
has a manifold structure, whose underlying topology is the relative topology of X, 
in X, and in which the inclusion map X, ~X is smooth. Furthermore, dim X, 
= dim X -dim Y. 

We give some applications before proving Theorem 4. 

Applications. 
(1) The n-sphere S” is a smooth manifold whose topology is the induced topology 
in R@*1, For let ~: R”*? — R' be defined by 


nal 


M7, -60s ned = De vi. 
i=] 


Then S” = y4(1). Since dim R' = 1, we need only check that dy # 0 at each point of 
nal 
y(1). But dy=2 Z r;,dr;. Since {dr,, ..., @%n4,} is linearly independent, dy # 0 


unless 7; = 0 for all 7. In particular, dp #0 on y°(1). 
Note that dim S” = dim R”*! — dim R' = n, as expected. 
(2) Let X = R”’, viewed as the space of all real n X 1 matrices. Let Y = R}, and 
let y: X —Y be the determinant function. Then ~-*(1) is the group of all n x n ma- 
trices of determinant 1. It is called the unimodular group. To verify that this group 
has a manifold structure, we need only show that dy # 0 ateach point of ¥-*(1). Now, 
for (743) € R”, 
v(7;;) = % (-1)" Vung +++ Ynnl(ns 


TES» 


Hence 


n 


dy = Dy Le CM ryneay oes Mpa (G-a)Y jean (Gea) «+ Yn (n) A759): 


jel eS, 


For each (i, j), the coefficient of d7v;; in this sum is, up to sign, the determinant of 
the cofactor of vj in (7;;). These cannot all be zero at any point of y(1) since 
det (v;;) # 0 at Such points. Since {ar} is a linearly independent set, we are done. 

Note that this unimodular group has dimension n? — 1. 
(3) Let X = R”” as in (2). Let Y be the set of all symmetric » x x real matrices. 
Y is a manifold, for it can be naturally identified with R” m+/2. merely string out 
in a row the entries on and below the main diagonal. Let y: X ~Y be defined by 
y(x) = xx! where, for each x « X, x? denotes the transpose of x. Note that y is 
smooth, since each entry of ¥(x) is a polynomial in the entries of x, Let X, = y(1). 
Thus X, is the group of orthogonal m x m matrices; that is, X, is the orthogonal 
group. 

To verify that X, is a manifold, we must show that dy(x) is surjective for each 
x ¢ X,. For this, it suffices to show that dy(e) is surjective, where € = (5;,) is the 
identity matrix. For assuming that dy(e) is surjective, let x € Xo, Then the map 
R,: X > X, defined by R,(y) = yx (matrix multiplication), is a smooth map with a 
smooth inverse, namely R,_,, and hence dR, is everywhere an isomorphism. More- 
over, yo R, = y for all x € Xq. For if y € X, then 


yo Ry(y) = woe) = (yx)(yx)! = yxxty? = yey? = yy? = ply). 
Hence, 


dy |x = d(p ° Ryu ly = ay lr (x) ° aRy |x = dle ° aRy |x 
-1 


so d(x) is a composition of surjective maps, hence is surjective. 
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We still must check that dy(e) is surjective. But 
ig WK) = D ra ledryplx) (leisien) 
h=1 


hence the entries in the matrix for dj(x), where 1 < k, 2<n, andl =i <= j =n, are 


759 (x) (ifk =i # §), 
rig (%) (if k = j # i), 
arg(x) (ifk=%= #), 


0 (otherwise). 


a 
Brmg Pid? Wx = 


In particular, the entries in the matrix for dy(e), where 1 < kh, £<n,1<i<j<n, 
are 


(if (k, £) = @, 9); 1 #9) 
(if (k, £) = (9, a); 7 # 5) 
(if (Rk, £) = (4, 9)) 


(otherwise). 


8 
ary, Vo Mle = 


on Ss 


Thus the square submatrix, consisting of those entries with k < £, isa diagonal ma- 
trix with diagonal entries 1 and 2, and so dp(e) has rank n(n + 1)/2; that is, dp(e) is 
surjective. 

(Note that dim X, = dim X - dim Y = n(n — 1)/2.) 

(4) Let X = the set of all complex m x n matrices = R®?, Let ¥Y =[x € X; x# = x], 
Let y: X —Y be defined by y(x) = xx', Then, as in (3), the set ~-e) is a manifold. 
ye) is the unitary group. Its dimension is 2n? — n? = n?, 

Remark, Examples (2), (3), and (4) are examples of Lie groups; namely, they 
are groups whose underlying spaces are C“’-manifolds and are such that the group 
operations are analytic. 

Proof of Theorem 4, Let V be a coordinate neighborhood of Yq in Y, with coor- 
dinate functions (y,,..., ¥m). For x, € X4, let U be a coordinate neighborhood of 
x, inX such that UC pw (V). Let (x,, ..., %,) denote the coordinate functions on U, 
We may assume that this coordinate system is chosen so that x;(x,) = 0(1 <i <n), 
Now dg surjective at x, means that the m x n matrix ((8/8x5)(9; ° pI.) has rank 
m. By renumbering the coordinate functions on U if necessary, we may assume that 
the last m columns of this matrix are independent, that is, that this matrix has the 


form 
( :) ; 


where J is a non-singular m xX m matrix. Let v: U +R"-™ x V be defined by 
Wx) = (4%), 2, Xpm(2), Wx)) (x € 0). 


Then ay(x,) has matrix 
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where J is the identity (2 — m) x (n — m) matrix. Hence dj(x,) is an isomorphism. 
By the inverse function theorem, there exists a neighborhood U, of x, such that yjy 

is injective, ¥(U,) is open in R”-™ x V, and %}:, (U,) ~ U, is smooth. We may as- 
sume that #(U,) is of the form W, x Yo, where Oc W 


Wo 
of this type form a basis for the topology on R”-" x Vy. 


este 


and y,€ Vo, since open sets 


v 
tt 
<7 Us orn We Vo 
Xo Fig. 5.7 


Now note that y-(W, x {y,}) = X, N U,. Since lv, is a homeomorphism, Blx, NU, 
maps X, fl U, homeomorphically onto W, x {yp} = WoC R™™. Thus ¥lx ny, is 
a coordinate system about x, in X4. 

To see that such coordinate systems actually define a smooth manifold structure 
on X,, we must check that they behave properly on overlaps. So suppose 


o: Us -W,Xx Vo and G: U,—-W,x V, 
are such that (X,NU,)N(X,NU,) #4. (See Fig. 5.8.) Since $- is smooth, so is 
9° "Fu, NU): 


Restricting to ¥(X, NU, NU,) = PU, NU,) N (R”-™ x {y,}), it follows that 


g % PGK Nuynu,): WX Nnu,nu,)— (Xo NU, NU,) 


is smooth. Hence X, is a smooth manifold, of dimension n— m. Oo 

Definition. A submanifold of a smooth manifold Y is a pair (X, ¥), where X isa 
smooth manifold and y: X —Y is an injective smooth map such that dy is injective 
at each point of X. 

Examples. The manifold X, of the previous theorem, together with the inclusion 
map X,— X, is a submanifold of X, In particular, S” is a submanifold of R”*}, and 
each of the Lie groups discussed above are submanifolds of the space of all n x n 
real (complex in the case of the unitary group) matrices. 
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WUsnu 
WiX Vo y 0 


@(Ue N U1) (0,yo) 


Fig. 5.8 


Remark, Note that y: X —Y being injective does not imply that dy is injective 
at each point. For example, the smooth map y: R!— R! defined by y(x) = x? is in- 
jective, and yet dy(0) = 0. Note also that (X, y) being a submanifold of Y does not 
imply that y is a homeomorphism of X onto ¢(X) with the relative topology. 

Example. Consider the torus 


S? x §1 = [(z,, Z.); 23, 2, complex, with |z,| = |z,| = 1]. 


Define y: R} — S! x S! by y(é) = (e274, e?7?%t) where a@ is an irrational number, 
Then (R?, ) is a submanifold of S! x S?, However, ¥(R?) is dense in S? x S}, so yis 
not a homeomorphism. This submanifold is called the skew line on the torus. 
Representing the torus as a square with opposite sides identified, y maps R' as in 
Fig. 5.9. 


e€ e 
b b 
d Fiat 
a c 
Fig. 5.9 


THEOREM 5. Let (X, ) be a submanifold of Y, with X compact. Suppose X has 
dimension m and Y has dimension n, where m= n, Then, for each x, € X, there 
exists a coordinate system gy: V — R” about ¥(x,) with coordinate functions 
(Yq, -++, ¥y), SUCh that 
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WX) AV =Ly € V3 Ymily) = +--+ = ynly) = 01. 
Furthermore, a coordinate system yy: U — R™ can be chosen about x,, with coor- 
dinate funotiana (xv uw \ sah that TTC ot MIA and such tha ah fan all 
MAMGALS LULL LAU LY I teey mls Buca a eee y \rjy Gaim Buca that x4 — = 57° y aU Gili 


j= m, Thus, onJU, 


xj (js m) 
yy os 
0 (j >m). 


Proof. The proof of Theorem 5 is left as an exercise. 

Remark, When a coordinate system gy is chosen as in Theorem 5, ¥(X) N Vis 
said to be a slice in my. Note that the coordinate systems obtained in the proof of 
Theorem 4 are of this type. 

COROLLARY, If (X, y) is a submanifold of Y, and X is compact, then 


y: X — y(X) 


is a homeomorphism. Moreover, for each submanifold obtained by applying the im- 
plicit function theorem, the inclusion map is a homeomorphism. 
Proof. Since ~(X) is Hausdorff in the relative topology, the first statement is 
proved. oO 
Definition. Let X be a smooth manifold, and let V be a smooth vector field on X. 
An integral curve of V is a smooth curve a: (a, b) > X (Fig. 5.10), such that the 
tangent vector to @ at each point is equal to the value of V at that point; that is, 


a(t) = V(o(t)) (for all te (@, 5)). 


Remark. Let g: U — R” be a local coordinate system on X, with coordinate 
functions (x,, ..., %,). Let a: (a, 6) > U be a smooth curve in U. Then, by defini- 
tion, @ = dald/at). ee the 7-th component of relative to the basis {9/ax,} is 

dxj(a) = dx;(da(d/di)) = d(x; ° a)(d/dé) = d/di(x; ° a), 
so that 
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Thus a is an integral curve of a vector field V = 5 a,(2/ox,) if and only if 


ay ad, 
) di’ 


(* x,°a) =a; (ie {1,...,n”}). 
Thus, to find integral curves of a given vector field V on a coordinate neighbo rhood 
U, we need solve the system (*) of differential equations. Solutions are guaranteed 
by the following classical theorem. 

THEOREM 6, Let W be an open set in R”, let w,« W, and let a, « C™(W, R), 
(1 <i<n). Then there exists an open set W, C W about w,, an interval (-c, c) CR, 
and a smooth map y: (—s, ) x W,—W such that, for each w « W,, ¥l(-e, ©) x {w} 
is a solution of the equations 


ef = a,(f,(t), ..., fy(t)) (1si<n) 


subject to the initial conditions f,(0) = w;; that is, if a,: (-c, ©) ~ W is defined by 


Oy (2) - p(t, w), 
then for 1 <7 <n, 


(A) ¢ (75 ° Oy) (t) = ay(7, o Ay(d), 72° y(t), ..., %_ ? Uy (t)) 


for allt « (-e, ¢), and 
(B) (7; © Qy)(0) = x,w) (laiezn), 


Furthermore, a, is the unique function a,: (-c, ©) — W satisfying (A) and (B), 
Reinterpreting Theorem 6 in terms of vector fields, we obtain Theorem 7, 
THEOREM 7. Let X be a smooth manifold and let V be a smooth vector field on 

X, Let x,¢ X. Then there exist an open set U about x,, an interval (-e, €) CR}, 

and a smooth map y: (-s, ) X U ~ X, such that for each u « U, the curve 


ay: (-&, &) 7X 


defined by a,(#) = y(t, w) is the unique integral curve: (~, s) ~ X of V, with 
a,,(0) = u. 
"Furthermore, the smooth maps y;: U—-X, defined for each ¢ ¢ (-e, ¢) by 
¥(u) = ¥(Z, «), have the properties 
(1) Yi,+t. = Ye, ° Yt, ON Y,-(U) whenever ¢,, t, and tf, +t, € (-e, ©) 
(2) y-¢ = yet on YU) NU for each t « (-e, £). 
Proof. Let W be a coordinate system about x,, with coordinate functions 


n 
(x,,..., %,). Then, onW, V = z a;(8/3x;) for some smooth functions 
a; € cw, R}), 


By Theorem 6, there exist U C W, (—e, €) C R}, and y: (-c, ©) X U->WCX with 
the required properties. The last statement is a consequence of the uniqueness of 
the solution; namely, it is easy to check that t,—~ p(t, + ¢,, u) and t,— y(t, 2,(%)) 
are both integral curves of V which send 0 into :,(%), and hence they are equal; 
that is, Pt +t, = $t, ° Hz, Similarly, gy, = yy. Oo 
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Remark. Properties (1) and (2) of Theorem 7 express the fact that y; is a local 
one-parameter group of transformations. 


i +h Jat. 1 W af intan 1 
Remark, The previous theorem guarantccs the existence locally of integral 


curves for vector fields. However, it is not always possible to obtain integral 
curves globally; that is, it is not possible in general to find a curve a: R'—X 
through x, such that @ is an integral curve of a given vector field V. For example, 
let X = R?—{0} and let V = 8/ar,, Then the integral curve of V through (-1, 0) can- 
not be extended to values of ¢=1. (See Fig. 5.11.) However, if X is compact, then 
every vector field admits through each point integral curves defined.on all of R}. 


Fig. 5.11 


Remark. In studying the motion of a particle in R*° under the influence of a force 
field F, Newton’s law tells us that the path of motion is a curve (x,(¢)) such that 


Dw Be (1 <i < 3), 


where m is the mass of the particle. Setting p; = m(dx;/dt), we have 


dt 


-Ft, Bier, (sis 3), 


But (%,, 2, %s, Pi, D2, P3) may be regarded as coordinate functions on the cotangent 
bundle of R°. Hence the orbit of the particle is just the projection onto R? of the in- 
tegral curve of a vector field on the cotangent bundle. In fact, the cotangent bundle 
is the natural domain for the study of mechanics on a manifold, 

Remark._ The use of integral curves provides a geometric interpretation of the 
bracket of two vector fields. Let V and W be smooth vector fields on X, and let 
x, € X. Suppose we move along the integral curve of V through x, until the parame- 
ter has moved from 0 to vs; then move along an integral curve of W from 0 to Vs; 
then move back along an integral curve of V, the parameter now varying from 0 to 
~Vs; and finally move back along an integral curve of W from 0 to —Vs, as in Fig. 
5.12, We will not in general return to our starting point. As s —0, our end point 
will trace out a curve through x,. The bracket [v, w (x,) is precisely the tangent 
vector to this curve. 
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3 = Oz, (—-/s) a, — B 


(az = integral curve of V through z; 


8. = integral curve of W through z) 


m= Bz, (—7s) 


V1 = Qz, (ys) 


Fig. 5.12 


Definition. Let V be an n-dimensional real vector space. Then A”(V*) has di- 
mension 1, so it is isomorphic to R'. Thus A”(V*) — {0} is disconnected; it is the 
union of two connected components. An orientation of Vis a choice of one of these 
components, An oriented vector space isa pair (V, @) where @ is an orientation 
of V. 

Remarks. Thus each vector space V has two possible orientations. An ordered 
basis {pg oh aasiees ent of V* determines an orientation of V; namely, the component 
of A”(V*) in which ~,4...4 @, lies, Given two ordered bases {9, wee, On} and 
{y1, ---, Gn} of V*, with 9} = Z cj; 9;, then pL A...4 ph = det (cy) GA... A One 
Hence two ordered bases determine the same orientation if and oul if the deter- 
minant of the change of basis matrix is positive. In particular, if 1, weet Yn} is 
an ordered basis for Y*, then the orientation determined by the basis 


{Q., Pr» Pay eens Pnt 


is different from the one determined by {9,, @3,..., Yn}. 

In R*, an orientation amounts to a sense of rotation. The orientation determined 
by {dr,, dr,} gives the usual sense of positive rotation on R*; namely, so that the 
rotation sending 2/87, into 4/ar, is one of +7/2. The orientation determined by 
{dr,, dy,} defines the opposite sense of rotation, so that 9/ar, ~9/8r, is a rotation 
of +7/2. (See Fig. 5.13.) Similarly, an orientation of R* amounts to choosing either 
the right-handed rule or the left-handed rule for cross products. 

Definition. A smooth manifold (X, $) is orientable if there exists a subset & C® 
such that 

(1) {domain y} ,-g is a covering of X, and 
(2) If y, and ¢y, are coordinate systems in @’, with domains U and V and coor- 
dinate functions (x,,..., x») and (¥,,...,¥,) respectively, then the function 

4: U NV ~R! determined by 


dX, %...% AxXy = Ady, %...% Ay 


is everywhere positive. 

An orientation of an orientable manifold (X, 4) is a choice of subset & C 4 satis- 
fying (1) and (2) and maximal with respect to (2). An oriented manifold is a triple 
(X, 4, &’), where (X, ) is an orientable manifold and # is an orientation of (X, ®). 
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Orientation of dr; A dr. Orientation of drz A dri 


Fig. 5.13 


Remark. The function A such that 
AX, AL. ANAK, = AV, A... Aa, 
is just the Jacobian determinant of y, ° gy, 3; that is, 


rd = det (5 (xa) = det d(y, ° 92). 
yj 


In view of this, it is easy to check that a connected orientable manifold (X, &) has 
exactly two orientations 4’ and &’, and that @ is the disjoint union & U &”. 

Remark. Amore sophisticated approach to orientation of manifolds is to con- 
sider the set A”(X). This set can be given the structure of an (n+1)-dimensional 
manifold as follows. Let yg: U — R”™ be a local coordinate system on X, with coor- 
dinate functions (x,,...,%,). Then a coordinate system g: 1”-(U) — R”*! is defined 
on m7\(U) by 


Pw) = (pltw)), Aw) (w € wXU)), 
where A: 7-(U) — R) is the function such that 
Mw)dx,4...4dx,= 0 (we m0). 


In terms of A”(X), we have the following characterization of orientability. 
THEOREM 8, Let X be a connected smooth manifold. (See Fig. 5.14.) Let 


O= uU {0 element in A”(7T*(X, x))} C A"(X). 


Then either A”(X) — O is connected, in which case X is not orientable, or A%X) —O 
breaks up into exactly two connected components, in which case X is orientable. An 
orientation of an orientable manifold X amounts to a choice of one of these two 
components. 


Proof. We omit the proof. 
THEOREM 9. Let (X, 4) be a smooth manifold of dimension n. Suppose there 
exists a smooth n-form w on X which is nowhere zero. Then X is orientable. 
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0nNr (VU) 


Fig. 5.14 


Proof. Let g € ® be a local coordinate system on X, with connected domain U 
and coordinate functions (x,, ..., x,). Then, on U, 


w= fy dx, %...Adx, 


for some smooth function Fo: U—R', Since w is never zero, neither is Jy. Thus 
eithér fo > 0 everywhere, or Jo < 0 everywhere. Let 


® -[pe & fy>O]. 


Then @ is an orientation of X, #' covers X because if x €« X and ¢ is a coordinate 
system about x with fy, < 0, then the new coordinate system @ about x (obtained by 
changing the sign of one of the coordinate functions of y) has tg > 0. Furthermore, 
if g, » € 6 have domains U and V and coordinate functions 


(%4, .26, %,) and (yy, ..., ¥y) 
respectively, then on Uf) V 


NNW a Fw a Te de NA dy 


and fo/fy > 0. Maximality is clear. 
THEOREM 10. Let (X, ~) be an n-dimensional submanifold of R”*!, Suppose 
(X, y) admits a non-zero ‘‘normal vector field’; that is, suppose there exists a 
smooth map V: X — T(R”*) such that for each x « X, V(x) is a non-zero vector in 
T(R"*}, y(x)) perpendicular to dyj(7(X, x)). (See Fig. 5.15.) Then X is orientable. 
Remark. Perpendicularity in 7(R”*', y(x)) means with respect to the inner prod- 


uct ¢(,) given by 
a a 
it 


Proof of Theorem 10. Given a normal vector field V, consider the n-form p de- 
fined at points of ¥(X) by 
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dy (T(X,z)) 


¥(X) 


= i(V)dr, 4.0.4 dry,). 


Let w = y*. Then w is a smooth n-form on X, By Theorem 9, it suffices to show 
w is never zero on X, Suppose it were; that is, suppose w(x) = 0 for some x € X, 
Then 


o 
iT 


w(x)(v,, sees Vn) 
pr (x)(V,, «26, Up) 
LOp(x)) (dpe), ..., €plv,)) 


for all ¥,,...,U, € T(X,x). Now each vector w «€ T(R”*!, o(x)) is of the form 
w = dy(v) + cV(x) for some v «€ T(X, x), (c « R). Thus, for arbitrary vectors 


w; = adj(v;) +¢;V(x) « T(R™! Y(x)) (lL sin), 


we have 


u(p(x)) (ee ,, sees Wy) 


B(w(x))(dp(v,) + ¢,V(x), ..., dplvy) + Cy V(x)) 
B(x) dpv,), ..., dplv,)) 


+ Dy cj wy (x))(aplv,), ..., aploj.), V(x), 
jel 
Ap (Vj 41), «++, AP(Yp)). 
All other terms are zero since V(x) appears twice as an argument, and p is skew 


symmetric. Moreover, the first term vanishes by the above discussion, and each 
term of the sum is zero because 


uip(x))(..., V, 06) = V)dr, 4.2.4 drny(..., Vy...) 
= dr, 4...4 ary (V, anes V, nea) 
= 0. 


Since w,,..., W, € T(R*1, y(x)) were arbitrary, this shows that u(y(x)) = 0..But 
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p 


i(Vdr, AeA GY ns, 


M= 


y (-1)FMVr,)dr, AL. A dr;_, N dy;,,%...%dr 


iar 


oe 


Since V(x)ry #0 for some j, u(y(x)) #0. This contradiction proves the theorem. 

COROLLARY. The unit sphere S” is orientable, 

Proof. S" admits a non-zero normal vector field, namely, the restriction to S” 
of the unit vector field on R”*! — {o} pointing radially outward. im 

Remark, It can be shown that every compact connected n-dimensional submani- 
fold of R”** separates R”*' into two connected pieces, one bounded and one unbound- 
ed. Thus every such submanifold admits a unit normal vector field (for example, 
the one pointing into the unbounded component), hence is orientable. 

Remark. A non-orientable 2-dimensional manifold is called a one-sided surface. 

Example 1. The Mébius strip S, obtained from an open rectangular strip by giv- 
ing the strip a half twist and gluing the ends, is non-orientable. Note that a non- 
zero normal vector field cannot exist on S, for if sucha field varies continuously 


along the center line, it would have to point in the opposite direction after a full 
circuit. 


Fig. 5.16 


Example 2. The Klein bottle K, obtained from I x I by identifying opposite sides 
(to geta cylinder) and then identifying the other pair of sides witha twist (Fig. 5.16), 
is non-orientable. This surface cannot be represented as a submanifold of R®, How- 
ever, there does exist a map y: K —R® with dp injective at each point, and such 
that y is one-to-one except along a circle in R°. (See Fig. 5.17.) 

Definition. Let X bea topological space, and let U be an open covering of X. 


The covering U is locally finite if, for each x € X, there exists an open set W,. con- 
taining x such that 


[vVetrunw, 4g] 
is a finite set. 

Definition. A topological space X is paracompact if every open covering of X 
has a locally finite refinement; that is, if for evéry open covering U, there exists a 
locally finite open covering UV such that V « U implies U « U exists, with VC U, 

Remark. It can be shown that all metric spaces are paracompact. Also, every 
regular topological space whose topology has a countable basis is paracompact. 

Definition. Let X be a smooth manifold. A smooth partition of unity on X isa 
pair (U, ), where ¥ is a locally finite covering of X and § = {fy} yey is a collec- 
tion of smooth real-valued functions on X such that 
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Fig. 5.17 


(1) each fy =0, 
(2) for each V € U, the support of fy = the closure of the set 


[x € X; fy(x) 4 0] 


is contained in V, and 
(3) 2, fve. 


(Note that this sum makes sense since for each x € X, fy(x) = 0 for all but finitely 
many Ve, 


THEOREM 11. Let X be a paracompact manifold. Then, given any open cover- 
ing U of X, there exists a smooth partition of unity (v, *) on X such that U0 isa 
refinement of U. 

Proof. Since X is a manifold, there is a refinement W of U such that each open 
set W « W is a coordinate neighborhood, and W is compact. Since X is paracom- 
pact, there is a locally finite refinement U0 of the open covering W. Note that U is a 
refinement of U, and if Ve U, then V is compact, and Vis a coordinate neighbor- 
hood. 

Suppose we can ‘‘shrink the covering U slightly’? and still get a covering. That 
is, suppose for each V « U, we can choose an open set a(V) such that a(V) C V and 
{a(V) vey is a covering. We then proceed as follows. Since V € U is a coordinate 
neighborhood, and a(V) is a compact set in V, we can find a smooth non-negative 
function gy: X — R! such that gy(x) = 1 for x € a(V) and gy(x) = O0forx ¢V. Let 
g= ay gy. Then g is well defined and in CX, R*) because WV is locally finite. 


Furthermore, g never vanishes on X because { a(Vv)} yey is a covering; hence 
fy = av/g «CX, R}). Let F = {fy} yey so that (0, ) is a smooth partition of 
unity. 

To ‘‘shrink the covering U slightly,’’ proceed as follows. Consider the family B 
of all functions 8 such that 

(1) domain of 8 is a subset Dg of V; 

(2) if V € Dg, then B(V) is an open set in V such that B(V) C V; and 

(3) the collection of open sets [ B(V); V « De] U[v; VA De] is an open covering 

of X. 

The family f is partially ordered: B <y if Dg CDy and Ve Dg =>A(V) =7(V). We 
leave the following point set argument to the reader: since U is locally finite, the 
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maximum principle implies that 8 has a maximal element a and D, = VU, so that a 
is the required shrinkage. 

THEOREM 12. Let X be a paracompact manifold that is orien 
exists a smooth x-form w on X such that w never vanishes. 

Proof. Let & be an orientation of X. Let u = {domain o} gee’. Then U is an open 
covering of X, Let (v, ¥) be a smooth partition of unity such that U is a refinement 
of U. For each V € U, let py € & be such that VC domain gy. Then the restriction 
of yy to V is also an element of &. Let (x!,... 2) denote the coordinate func - 
tions on V. Then the n-form w” = dx’ 4... dx € C°(V, A”(V)) is nowhere zero 
on V. Letw= > fy", where fyw” is by definition zero outside V. Then 
w € CX, A”(X)). 

We must show that w is nowhere zero. For x « X, let y € ® bea coordinate 


system about x, with domain U and coordinate functions (¥,,..., Yn). Then, for 
eachVeU with U NVQ, 


oo 
we 
= 
. 
3 
o 
3 
ot 
z= 
o 
My 
o 


wY = dxVa...a dul = gydy,4...4 dy, on UNY, 
and gy > 0on U fi V since both yy and ¢ are members of ¢'. Thus, 


wiry =. 2 (fy o")iy = (D Ivgéy)dy, ALLA Vn. 


Since Zz fy = 1, there exists V, « 0 such that fy,(x) > 0. Since &y,(*) # 0 and each 
€ 
Sygy = 0, (z= fygvyi*) 4 Oand w(x) 40 


Remark, Theorems 9 and 12 completely characterize orientability of paracom- 
pact manifolds by the existence or non-existence of a non-zero n-form. This char- 
acterization can be applied to show that the projective space P” is orientable if and 
only if m is odd. This is done by considering the sphere S” as a covering space of 
P" with covering map p. Let w be the non-zero n-form on S” constructed in the 
proof of Theorem 10 and its corollary. Then one can show that for n odd, w defines 
an n-form & on P” such that w = p*®. If P” were orientable for n even, then there 
would exist a non-zero n-form © on P” and then p*& = gw for some g #0. On the 
other hand, one can check that if x, # x, € S” are such that p(x,) = p(x,), then 
a(x ,) > 0<> g(x,) < 0, contradicting the fact that g is never zero, 

Remark. A non-zero smooth n-form on a smooth n-manifold is called a volume 
element. Thus every orientable paracompact manifold admits a volume element. 
The form i(V)dr,*...4 dr,,, on S” discussed in Theorem 10 and its corollary is 
the usual volume element on the n-sphere. 

Definition. A Riemannian manifold is a smooth manifold X, together with a map 


(,):X-> U {inner products on T(X, x)} 


such that for each x € X, (,)(x) (usually denoted (,),) is an inner product on T(X, x), 
and such that (,) is smooth; that is, for each pair V,, V. of smooth vector fields 
on X, (V,, V,) is a smooth function, where 


(Vy V(x) ~ (V(x), Val). 
The map (,) is called a Riemannian structure on X, 


THEOREM 13. Let X be a paracompact smooth manifold. Then there exists a 
Riemannian structure on X, 
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Proof. Let (0, §) be a smooth partition of unity on X such that each Ve Visa 
coordinate neighborhood. Define a Riemannian structure (,)y on each V € U by 


Bike, Hs ets 
8x,’ ax, V ~ Sty 


where (x,,..., x,) are the coordinate functions on V. Then define (,) on X by 


Co) S20 dy <a) O 


Vev 


Remark. The converse of Theorem 13 also holds; namely, every Riemannian 
manifold is paracompact, 

Example 1. R”" is a Riemannian manifold: take {a/ar;} as an orthonormal basis 
for the tangent Space at each point. 

Example 2, Let X be a Riemannian manifold, and let (Y, 7) be a submanifold of 
X. Then a Riemannian structure is given on Y by 


(U1) Vady = (di(v,), di&2))i( y) (vy, v2, € TY, 9)). 


Example 3. In view of Example 2, every submanifold of R” has a Riemannian 
structure. 

Example 4. Let X and Y be Riemannian manifolds. Then the manifold X x Y has 
a Riemannian structure given as follows. For (x, vy) « X x Y, the tangent space 
T(X x Y, (x, y)) is naturally isomorphic to the direct sum of the vector spaces 
T(X,x) and 7T(Y, y). An inner product on T(X x Y, (x, y)) is then given by re- 
quiring that this isomorphism be an isometry with the orthogonal direct sum 
T(X, x) @ T(Y, 9). 

Definition. Let X and Y be Riemannian manifolds. A map y: X —Y is an iso- 
metry if it is smooth, injective, surjective, has a smooth inverse, and is such that 
d@ is an isometry at each point; that is, 


{dgtv,), dQ (v2)) (x) rs (Y,, Ve) x 
for all v,, v, € T(X,x) and x € X. 


Fig. 5.18 
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Remark, Thus an isometry preserves all the structure of a Riemannian mani- 
fold. Two manifolds are equivalent from the viewpoint of Riemannian geometry if 
there exists an isometry between them. Such manifolds are said to be isometric. 
Note that two Riemannian manifolds as smooth manifolds can be the same; yet as 
Riemannian manifolds, be distinct. 

Example 5. Consider the torus S' x S$‘, It has a Riemannian structure as a sub- 
manifold of R*. (See Fig. 5.18.) On the other hand, it has a Riemannian structure as 
a product S' x S?, where S! is given a Riemannian structure by way of its usual im- 
bedding into R*. These two structures are distinct, In fact, the product structure 
on S* x S* cannot be obtained by representing S1 x S' as a submanifold of R°, (See 
Chap. 8.) However, it can be obtained as a submanifold of R* since 


S1x S'CR? x R? = R*, 


CHAPTER SIX 


HOMOLOGY THEORY AND THE 
DE RHAM THEORY 


6.1 SIMPLICIAL HOMOLOGY 


We have defined the De Rham cohomology groups H‘(X, d) for a smooth mani- 
fold x. These groups came from a sequence of maps 


C(x, AL-4x))—Leor(x, AL(X)) 0X, ALU X)) 


and H’(X,d) = Ker d/Imd. We saw that the dimension of H°(X, d) measured the 
number of connected components of X, and we saw, at least for the circle X = S}, 
that the dimension of H*(X, d) measured the number of ‘‘holes’’ in X. We shall now 
develop similar groups for simplicial complexes. We shall study a sequence of maps 


8 8 
Cy -1 Cy Ce +19 


where each Cy is an abelian group and where 8? = 0, Then homology groups Hy will 
be defined by Hy = Zg/Bg, where Zg = Ker 8: Cg ~Cg_,, and By = Im 8: Cg,, Cg. 
An element of Z, will geometrically be a ‘‘chain’’ of £-simplices without boundary. 
An element of By will geometrically be a boundary of a chain of (£+1)-simplices. 
The boundary of a 1-simplex (v,, v,) will be the sum of the 0-simplices v, and v, 
with appropriate signs attached. Similarly, the boundary of a 2-simplex (v,, V4, Va) 
will be an appropriate linear combination of its edges (v,, v,), (v,, v,), and (vg, v9). 

Definition. Let s be an £-simplex, with vertices v,, v,,..., vg. Two orderings 
(By Ofgs ses Vj) and Ca Ukyy +++: Ukg) Of the vertices of s are equivalent if 
(k,, ..., Rg) is an even permutation of (j,, ..., jg). This is clearly an equivalence 
relation, and for £ > 1, it partitions theorderings of v,, ..., vg into two equivalence 
classes. An oriented simplex is a simplex s together with a choice of one of these 
equivalence classes. Hf vg, v,,..., vg are the vertices of s, the oriented simplex 
determined by the ordering (vy, ..., vg) will be denoted by (v,, v,, ..., Ug)- 

Remark, Note that an oriented 1-simplex has a sense of direction attached to it, 
an oriented 2-simplex has a sense of rotation attached to it, and so on. (See Fig. 
6.1.) In fact, each £-simplex s lies in an £-dimensional plane insome R™, Orient- 
ing s by (v,, v,, ..., Ug) is the same as orienting the £-plane containing s by means 
of the ordered basis {v,—v,, Uz — Up, .-., Ug — Uo}. 

Definition. Let K be a simplicial complex, and let § denote the groupof integers. 
Let C,(K, J) denote the factor group of the free abelian group generated by all ori- 
ented simplices of K, modulo the subgroup generated by all elements of the form 
(Vg, Uty Vay eee, VE) + (Vy, Ug, Va, .+-, Vg). Thus Cy(K, J) is an abelian group called 
the group of 2-chains of K with integer coefficients. A typical element of this group 
is of the form 

Zo ng(S) (tg € 9), 


s an £-simplex 
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Fig. 6.1 


where, for each £-simplex s, (s) is some fixed orientation of Ss, and where s with 
the opposite orientation is identified with —(s), 

Remark, Given an arbitrary abelian group g, the group Cy(K, g) of £-chains of 
K with coefficients in g can be defined as the set of all formal linear combinations 


Z8s{s) (gs € §) 


Subject to the identifications —g,(v,, v,,..., vg) = {V1 Ug, ..., Ug). (We are 
writing the group operation in ¢ additively.) In particular, C,(K, ¥) is defined for 
any field $, in which case Cy(K, &) is a vector Space over § whose dimension 
equals the number of £-simplices of K. We shall only be interested in the cases 
where § constitutes the integers J, the reals R, the complexes C, or the integers J, 
modulo 2, that is, the group of order 2. 

Definition. Let (s) = (vp, Vy, ..., Ug4,) be an oriented (£+1)-simplex. The boun- 
dary 8(s) of (s) is the £-chain defined by 


£41 , a 
a(s) = 2 (-1)) (Vo, Vay wees U5; eens Vga s 


where * over a symbol means that symbol is deleted, 
Remark. Note that 8(s) is well defined and that [v,, v,, ..., vj : 
union of the faces occurring in 8(s) is the topological boundary of (sf. 
Examples. 
(1) (v9, 2) = (vy) —(v). 
(2) ae Vg) = (Vy, Vg) — (Uo, Vp) + (Vg Vy) = (Yq Uy») + (,, V2) + (U2, Uo). (See 
Fig. 6.2. 
Definition. Let K bea simplicial complex, and let ¢ be an abelian group. The 
boundary map 


betes J Veer the 


Cy (K, g)—cy AK, g) 


is the group homomorphism defined by 
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a(E gs(s)) = Z gy as). 
LEMMA, The maps 
CylK, 8) — Cy (K, ¢) + GK, 9) 


satisfy 9? = 8° 8 =0, 


v2 
_ ae. 
Do MY 
Fig. 6.2 


Proof. Since 4 o 2 is linear, it suffices to check this on generators 


(Vo; Dy eens Vg.) 
as follows. 
fet : x 
8(8( vy, sey 4») = |B (- 1)I(v,, ces vj, eens v0] 
be 


t : a 
= 2 (—1)7 (Ug, «2, Bj, oo +, ULew 
j-0 


+ 1) j7 . Pe a 
cy & (-1)*{v,, sees Vis eens Ujs ves Vou 


1 
j-0 
hel 7 sd s: 
+B CDE M 0g oy By ons Bey eves Ota 
= BWI DG oe Big vey By voey Ohad 
+ - (-1)*9-Kv,, eile) dj, Bee. di, rey Vga) 


= S (14 + (-1)*F4](v,, seey Uf, vee v;, ates gay 


0. O 


Definition. Given K and g, let 


Z,(K, g) = [e € Cy(K, §); ac = O], 
By (Kk, g) = [acs ce Cy lk, $)], 
Hy(K, g) = 29(K, §)/By(K, §). 


Elements of Z,(K, §) are called cycles, and of By(K, §) are called boundaries. The 
group H,(K, §) is called the £-th homology group of K with coefficients in g. 
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Remark, It turns out that the groups Hy(K, ¢) depend only on the topology of [x]. 
it f; [K] —[L] is a homeomorphism, then there is induced an isomorphism 


Fai Hy(K, §) + Hy(L, §). 
In particular, if K, and K, are simplicial complexes with [K,] = [K,], then they have 
the same homology groups. 
Exercise. Show that the vector space H,(K, R) has dimension equal to the num- 
ber of connected components in [K]. 


Example 1. Let K be the 1-skeleton of a 2-simplex; so K consists of three ver- 
tices vo, v,, U2 and three 1-simplices (vp, v,), (v1, v2), and (v2, v4). 


ve 


vo vy 


Fig. 6.3 


Then both C,(K, J) and C,(K, J) are isomorphic tod @I @J. Cy(K, 9) = O for & >1. 
A typical element c, of C,(K, J) is of the form 


Cy = My (Vo, Vy) + My (Vy, Va) + Mg (Ug, Ve) (m,, m,, m, € 9), 
Its boundary dc, is given by 


ac, 


mv) — (vg) + m{(v.) — (v,)) + M{(U_) — (V2) 


(m, — m,)(vy> + (m,- m,)(v)) + (m,- mM )( V2) . 


Thus c, € Z,(K, 9) if and only if 
m,—-m,= 0, m,- m, = 0, Mz — m, = 0, 
that is, if and only if m, = m, = ms, so 
ZAK, 9) = [n((v9, vy) + (v4, v2) + (vg, vp); nES|= I, 


Furthermore, B,(K, J) = 0 because C,(K, J) = 0. Hence 


HK, 9) = ZK, 9)/B(K, 9) = J. 


To compute H,(K, 5), note that a typical cycle cy « Z,(K, 9) is of the form 
Co = N(Vq> + M2(V,) + Ng{VQ) (14, M2, ms € J). 


Then c, = 8c, for some 


Cy = M,( Vo, Vy) + M(Vq, Vg) + My(Ug, VQ) € CK, 9) 
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if and only if there exist (integer) solutions to the equations 


M,— M, = Ny 
mM, ~ M2 = Ng 


Mz — Ms = Ns. 
It is easy to check that such a solution exists if and only if n,+”, +”, = 0. Thus 
BAK, 9) = [nyivg + ngivy) + 1(02)5 My + Mg + Ms = 0). 
Let g: Z,(K, 3) +9 be the homomorphism defined by 
(nig) +N XV,) + Ng(V2)) = Ny + Ny + Ny. 


Then the kernel of g is just B,(K, J); thus 


H,(K, 9) = Z,(K, 5)/B,(K, 9) = 3. 
Example 2, Let K be the complex consisting of all the faces of a 2-simplex 
(vy, Vy, V2). Then, as in Example 1, 
HK, 5) = 4. 
Moreover, as before, 
ZAK, 3) = [nlivg, vy + (03, V2) + (vg, vo); n € J). 


Now, however, 


CAK, 8) = [n{vo, Vy V») 3 ne §] ’ 


so that 
BAK, 3) = [aln(vg, v4, v2)); n € J] 
= [n((v,, v2) — (Vo Ua) + (vo, vy); n € J] 
= [nv 04) + (vy, Va) + (Yq, Vo)3 n € J] 
= Z,(K, 9). 
Hence 


HK, §) = Z,(K, 9)/B,(K, 8) = 0. 


Finally, since a(n{v,, v,, v2) = 0 if and only if x = 0, Z,(K, J) = 0, and hence 


Definitions. Let K bea simplicial complex. The £-th Betti number 8, of K is the 
integer 


Bp = dim Hy(K, R). 
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The Euler characteristic y(K) of K is the integer 
dim K 
x(K) = Zz (~1)£B,. 


THEOREM, Let K be a simplicial complex. For each £ with 0 < &£ x= dim K, let 
ag denote the number of £-simplices in K. Then 


dim K t 
x(K) = CM ay; 
that is, x(K) is equal to the number of vertices—the number of edges + the number 


of 2-faces—.... 
Proof. For each £, 0 = £ = dim K, consider the linear map 


C) 
Cy_(K, R) ~—C,(K, R), 


where C_, is by definition the zero space. Then, by the rank and nullity theorem of 
linear algebra, 


ag = dim Cg(K, R) = dim Ker 8 + dim Im a 
= dim Z)(K, R) + dim By_(K,R) (£=0,1,..., dim K). 


Moreover, 
By = dim H,(K, R) = dim[Z)(K, R)/B,(K, R)] 
= dim Z, (K, R) - dim Bo (K, R). 
Thus 
dim K 
(kK) =  (- 1)! B, 
k=O 
dim K 
= >) (-1)[dim Z,(K, R) — dim By (K, R)] 
k=O 
dim K dim K 
= (-1)£dim Z,(K, R)+ YS (-1)£*" dim By(K, R) 
L=0 L=0 
dim K dim K 


= (-1)£dim 2) (K, R) + py (-1)! dim By_,(K, R) 
=] 


(since dim B, = 0 for &£ = dim K) 
dim K 


= 3 (-1)£ [dim 2, (K, 2) + dim By_,(K, R)] 
£=0 


(since dim B_, = 0) 


dim K 


23 (-1)4 ay. O 


£=0 


Remark. It [K] is homeomorphic to a connected compact orientable 2-dimen- 
sional manifold, then it turns out that 8, = 1 and 8, = 1, so that 


x(K) = Bo~ By + B2=2- B, 
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or 
B, = 2 ~ X(K). 


Furthermore, 8, is always even for such K. It can be shown that any such surface 
is homeomorphic to a sphere with a certain number of ‘‘handles”’ attached; 18, is 
just the number of handles. (See Fig, 6.4.) 


Sphere with two handles: 6; = 4 


Thus the homology groups completely determine the homeomorphism class of 
connected compact orientable surfaces. However, for higher dimensional manifolds, 
the homology groups contain comparatively little information. 

Remark. We have been discussing a homology theory for simplicial complexes, 
that is, a theory arising from a sequence of groups and homomorphisms 


3 3 C) 
ay —~—Cy_(K, R) —— Cy (K, R) —— Cy, Kk, R)-> 


2 


where the map 4 lowers the dimension of chains. On the other hand, in studying 
De Rham cohomology, we used a Sequence 


-- Fe 0(x, at-4x)) 2 0x, AUX) CX, AL XY) ee 


? 


where the map d raised dimension (degree). In order to compare these two theor- 
ies, it is convenient to define a stmplicial cohomology theory. This is done by pass- 
ing to dual spaces. 

Definition. Let K be a simplicial complex. For 0 = £ = dim K, let 


CL(K) = [c, (K, R)]}*. 


Let a*: C4(K) ~ Cl+(K) be the adjoint of the map 3: Cy,,(K, R) > Cg(K, R). Thus 3* 
is defined by 


[a*(y)](c) = plac) (py € CLK); c € Cy, ,(K, R)). 


Then we get a sequence 
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* * 
fom sme Ch-1(K) 2 Cl(K) 2 CleyKy—- A 


eS 
8 
{ 


= [py € Ch(K); a*y = 0], 
B*(K) = [a*g; o € C*-XK)], 
= Z(K)/BL(K), 


i 
iS 
! 


Elements of C!(K) are called cochains; elements of Z4(K) are cocycles; elements 
of B4(K) are coboundaries. The map 2a* is the coboundary operator. H*(K) is the 
2-th cohomology group of K, 
Exercise. Verify that H4(K) is isomorphic to [Hy(K, R)]*. 
We shall need an explicit formula exhibiting the effect of the coboundary operator 
a*. For each oriented £-simplex (s) of K, let @ (s) € C(K) be defined by 
1 (if (¢) = ¢s)) 
Ps) t) = 4-1 (if (¢) = -(s)) 
0 (ift ¥s). 
Thus, if {(s,), ..., (Sm)} isa basis for C,(K, R) (so that {S 1, -++) Sm} is the set 


of all £-simplices of K), then {y,,), ..., Psm)t is the dual basis for C4(K). Since 
d* is linear, we need only compute the effect of 9* on these generators P 5). 


LEMMA, 


OP vg, os. 504) 7 2 Plv,v0, see By), 


where Z' denotes the sum over all vertices v € K such that (v, vy, v,,..., v,) is an 


(£+1)-simplex of K. 
Proof. We need only check this formula on oriented (£+1)-simplices 


(t) = (Wo, Way wae, Wp 41) 


of K, If we set (s) = (vo, ¥,,..., Ug), the left side yields 


(8¥Gcgy)(CE)) = P(gy{O¢t)) 


R+1 : 
wD (-1)*(w, Ne fen9. w;, ae 2 we) 
£41 


u (—1)'p(,)((o, ..., yz, ---, Why) 


" 


But each term of this sum is zero unless, for some j, (w,,..., Wy, see, Wey) = (5), 
that is, unless (s) is a face of (2). If (s) is a face of (é, then (é) = (v, vy, ..., v4) 
for some vertex v € K, in which case either 

(1) (£) = (v, vg, ..., 0g) and (a*g.))({t)) = 1; or 

(2) (2) = —(v, ¥,..., 0g) and (8*g/,))({t)) = —1. 


? 
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Thus 
1 (if (¢) = (v, v9, ..., 0g) for some v) 
(a*pig))((t)) =~-1 (if (ft) = —(v, Vg, ..., Ug) for some v) 
i 0 = (in all other cases) 
= (GW, Day se es vp) Ct). 


Since this holds for arbitrary (2), the formula is established, oO 


6.2 DE RHAM’S THEOREM 


Definition. A smoothly triangulated manifold is a triple (X, K, h), where X isa 
C® manifold, K is a simplicial complex, and h: [K]-~X is a homeomorphism such 
that for each simplex s of K, the map h\;.): [s] - X has an extension hg to a neigh- 
borhood U of [s] in the plane of [s] such that hg: U->X is a smooth submanifold. 

Remark. if dim X = n, we need only require that this last condition be satisfied 
for each n-simplex of K, since every simplex of K is a face of an m-simplex and 
since restrictions of smooth maps to submanifolds are smooth. 

Example. Let X = S". Let K be the n-skeleton of an (n+1)-simplex circum- 
scribed about S”, Let h: [K] -S” be radial projection. Then (X, K, h) is a smoothly 
triangulated manifold (Fig. 6.5). 


h: [K] > 8} 
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Remark. It can be shown that every compact smooth manifold can be smoothly 
triangulated. The proof is difficult and will not be presented here. Note that 
smoothly triangulated manifolds are compact because [X] is Compact for each 
(finite) simplicial complex K. 

The goal of this section is to show that for Smoothly triangulated manifolds 
(X,K,h), the De Rham cohomology of X is isomorphic to the simplicial cohomology 
of K. For this, we shall need the following facts about barycentric coordinates, 
Recall that we have previously discussed the barycentric coordinates of a point 
relative to the vertices of a simplex containing it. We now extend this concept. 

Definition. Let K be a simplicial complex and let Vy, «++, Um denote the vertices 
of K. Suppose x €[K]. For je {1,..., m}, the j-th barycentric coordinate bj(x) 
of x is defined as follows. If x ¢ St(v,;), then bj(x) = 0; if x € St(v;), then x € (s) for 
Some Simplex s having vj as a vertex, and b;(x) is equal to the barycentric coor- 
dinate of x ins relative to the vertex vj. 

Remark. The following facts are easily verified, 

(1) bj: [K] —R is a continuous function. 


(2) bj(x) =O and & b,(x) = 1 for each x € [K]. 
rs 

(3) « = z bj(x)v;. 

(4) b; (x) #0, bj (x) FOR aes, bj, (x) #0 for some x <[K] if and only if joy vay Vjp 

are the vertices of an £-simplex of K. 

Definition. Let K be a simplicial complex, and let s be a simplex of K. The star 
of s is the union of all the open simplices (/) of K such that (s) is a face of (i. 

Remarks. 

(1) For s =v a 0-simplex (i.e., a vertex) of K, St(s) = St(v), as defined above. 

(2) St(s) is an open set in [K]. (This is an ‘elementary consequence of (3). 

(3) If (s) = (@;,, ..., oj,) and x ¢ [K], then x € St(s) if and only if b; (x) # 0 for 

: ft) ji 
allie {0,..2, g}. 
(4) If (s) = (455 S8S5 X%p)s then 


[K] — st(s) = [x ¢ [K]; by (x) = 0 for some: ¢ {0,..., 2h]. 


(5) Ifs, ands are l-simplices of K with s, # s, then [s,] <[K] — st(s). 

Given a smoothly triangulated manifold (X, K, h), we want to define, for each &, 
an isomorphism from H!(X, d) onto H£(K), To do this, note that homomorphisms 
i: HY (X, d) ~ Ht (K) are defined whenever there is given a sequence of linear maps 
fg: C°(X, A*(X)) + C4£(K) such that a* o fy = Sosy od for all £, 


= 07(X, AL(X)) = 0%(X, ALY X))J = 
Sy Four 
+= CL (K) oF CLK) ee. 
For then f,(Z4(X, d)) C Z2(K), because dw = 0 (w « Ct (X, d)) implies that 
a*(Fy (w)) = fo, (dw) = fy, ,(0) = 0. 


Also f,(B4(X, d)) < BL(K), because w = dz (7 € C!-X, d)) implies that 


Sg (w) = fp dt) = a*(fy_,7) € Im a*. 
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Thus f, induces 
Fy: HE(X, d) = Z4(X, d)/BL(X, d) + Z4(K)/B!(K) = HE(R). 
We now proceed to define such a Sequence of linear maps 
Si C°(X, AL(X)) + CL(K). 


For w € C*(X, A£(X)), J) will be a linear functional on C,(K). Thus it suffices 


to specify the values of i (w) on basis elements of Cy, (K), that is, on oriented £-sim- 


plices (s). To do this, Songider the smooth map h,: U + X, Then h3(w) is a smooth 
£-form on JU, an open set in the plane of {s], that is, in an £-dimensional Euclidean 
space. We define J, (Ns) to be the integral of this &£-form over (). 


S(O) = fegy REMw). 
In other words, let (7,,...,7,) denote coordinates in the plane of [s] consistent with 
the orientation of (s); so if (Ss) = (v9, ..., 0g), let (7, ..., 7g) be coordinates 
relative to the ordered basis {v,~— vo, ..., Up —Ug}. Then 
h&(w) = gdr, A... dry 


for some continuous function g on U, and 


S(ov(s)) = Ss gar, ... ary. (Riemann integral) 


Note that this integral is independent of the homeomorphism h; that is, it depends 
only on the point set h([s]) and its orientation by the change of variables theorem 


for integrals. 
aa * o = ° 
Claim: a S S ot 


This is just Stokes’s theorem. For given any smooth £-form w and oriented 
(2+1)-simplex (s), 


[Spon ° Ae] (089) = Loe) (ig) aw) 
= Sig) arg (w)) 
= Jo(g) hé(w) (by Stokes’s theorem) 
= f(w)(2(s)) 
=[a* f(w)|’s» 


Thus S induces a homomorphism ne HY (X, d) ~ HY (K). 


THEOREM, (De Rham’s Theorem) Let (X, K, h) be a smoothly triangulated 
manifold. Then 
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Se HE (x, d) ~ HY(K) 


is a consequence of the following two lemmas. 
here exists a sequence of linear maps 


ne 
By 
s 
x 
> 
= el 


ay: Ch(K) -C°(X, AL(X)) (0 = 2 <= dim X) 


with the following properties. 

(1) dc ag = ag,, ° a 

(2) J, ° ay = identity 

(3) If c° denotes the 0-cochain such that c%(v) = 1 for each vertex vy in K, then 

a(c°) = 1; that is, a,(c°) is the 0-form equal to the constant function 1. 

(4) If (s) is an Grichted £-simplex of K, then the 2-form ag (9 (59) is identically 
zero in a neighborhood of X — St(s). 

LEMMA 2, Let w be a closed £-form on X. Suppose St (w) = 8*c for some 


c € C!-(K), Then there exists an (£-1)- form 7 on X such that ia i= =c anddt = w. 
Remark. Lemma 1 shows that f is surjective. For given z « Z!(K), let 
w= ag(z). Then w € Z!(X, d) because 
dw = do ay(z) = ay,, ° 8*(z) = ay,,(0) = 0 


dag So) = is ° ay(z) =2. Thus Si BMX, d) --Z*(K) is surjective; hence 
so is A (Note that Property (1) says that the map qd, induces a homomorphism 
a: 2 HK) = H2(X, da). Property (2) says that this map is a right inverse to f ) 

aieait 2 shows that i) is injective. For if w « Z/(X, d) and Si (w) ¢ B*(K), then 


WE BY(x, d) by Lemma 2. 

Thus Lemma 1 and 2 together do, as claimed, imply De Rham’s theorem. 

Proof of Lemma 1. For. notational convenience, we shall identify [K] and X 
through the homeomorphism hk; that is, we shall assume that [K] = X and that 
h = identity. 

Step 1. We first construct a special partition of unity, subordinate to the open 
covering 


{St(v); v is a vertex of K} 


of X. Let v,,..., Vm denote the vertices of K, For each j« {1,..., m}, let b; de- 
note the j-th barycentric coordinate function on [K] = X and let 


F; E eX; 5;(x) > 


1 ‘ 
: | (n = dim X), 


G; 


1 
E € X; 6;(x) < 1. 


Then F; and G; are closed sets in X with the following properties. (See Fig. 6.6.) 
(1) Fj € St(v;). 


(2) X - St(v,) c G;. 
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Fig. 6.6 


(4) There exists a smooth function f; =0 such that f; > 0 on Fy, and fj; = 0o0n 
G;. (F; is a closed set in the compact space X, hence is compact; thus an f; =0 
can be found which is greater than 0 on F j and equal to 0 outside the open set 
Gi > F;.) 
; . 

(5) The closed sets F; cover X. (Given x ¢ X, then x ¢€ (s) for some simplex 
(s) = (vj, «++, %g) Of dimension £ =n, Now 6;(x) = 0 for j ¢ {jo «++; gt and 


£ 
Zz bj (2) =1. Since £+1<n +1, 6;(x) = 1/(n+1) for some j€ joy +++s igh» Thus 


x € F; for this j.) In particular, for each x € X, Fj) # 0 for some j. Further- 
more, Gj is an open covering of X. 


(6) From (5), 5 fj > 0, so that g; = Fil E, fp is defined and smooth on X. Fur- 
re 2 
thermore, {g;} is a smooth partition of unity on X subordinate to {Gj}; that is, 
z &j = 1, and g; vanishes outside G}. Since G Cc St(v,), the partition of unity {gj} 
5 
is also subordinate to the open covering {St(v,)}. 

Step 2. We shall now define a, in terms of the smooth functions tg; | defined 
above. Since ap is to be linear, it suffices to specify the values of ag on the gener- 
ators g(,) of C'(K). For (8) = @, .-., vj,) an oriented £-simplex, we define 
ap(~(,)) to be the £-form 


g 
: ONS 
ay (¥(5)) =f! u (-1)? 8}, dg; s... day, Av. NB; 


Verification of properties (1)~(4). 
Property (1), Clearly, 


d © ag ((5)) = (R41)! dgy, a... A gy). 


On the other hand, 


Bien © OMG (6)) = Rhea! Pops v4 +4 7y)) 


= (£41)! 2 [exdey, AL..A ag; 


£ 
= x (-1)' 8 gk A dg... dap 8 diy 
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Claim. If the vertices vp, Vjyrees Vj, are distinct and yet are not the vertices 
of an (£+1)-simplex of K, then 


Bk 48}, So. day, = 0. 


For, if x ¢ st(o,), then gz(x) =0. If x € St(vz), then b,(x) #0. But now 5; *) = 
for some i € {0, ..., £}, for otherwise b,(x) ¥ 0, b *) #0,..., by, (x) Z é hence 
(vp, Dy gy r+ jp ) is an (2+1)-simplex. But this is a Yaeeaaiteiens Using this i, let 


1 
U = [» € X; b; (9) < +). 


Then U is an open Set in X containing x, and 8}, is identically zero on U because 
Uc Gj, . Hence dg;, = 0 on U, and, in particular, dg; (x) = = 0. This completes the 
proof of the claim. 


Applying this result to the terms of the above expression for Op. ° a*(9(5)), 
yields 


(A) Li gedgy, a... a8}, = > Bede; S. 4 dg, 


RAL ig +s tet 
Since those terms on the right hand side which do not appear on the left are iden- 
tically zero; and 


‘ a ra 
(B) a Dy (-D' gj, dg, \dg;,*...* dg;, *. +." day, 


i=0 
L . “NN ae 
= DD, CD's, dg, dgj %...% dg; *. - A day, 


t “=~ 
= 2) (-1) >, 8}, 48k day *... K day... 4 day, 
#20 REA joy «oooh 


; x 
2 oD (-1) p 8}, 18k \dgj,%...<dgj. a... dgy, 
= ia 
as '5,(Z agp) gj, 4...dg; 4 dg, 


£ * 
= >>, (—1)' gy, (—dg;,) * a8;, A, days 8 day 


wae = 85, Aj, *- +A day, (since © gp = 1 => $5 dee =o). 


k=1 


Hence, subtracting (B) from (A), 


Og 4, ° O*(Y(5)) = (241)! (= wn) 48), Ais dg;, 


(€+1)! a8; ALLA Ag}, 


d ° ag (P(.)). 


DE RHAM’S THEOREM 151 


Property (3). Since AP (yy) = &; 
a fan \ 
alc”) = Aol 21 ?,)) = 2 &j = 1. 
jp 
Property (4). Suppose (s) = W;5) ett Vj) . Then 


g aN 
ay (¢¢,)) = ay (1) gy, dgj,%...8dgy a... 24 dg; ,. 


Note that if x € X is such that b,,(x) < 1/(n+2) for some k « {0, ..., 2}, then 
x E Gp So that Sip and 4g} p» and hence ar, (%¢s)), are zero at x. Thus ag (9¢5)) 
is identically zero on 


[x € X; by (x) < a5 for some k € {0, ..., £}], 


which is an open Set containing X — St(s). 
Property (2). Proof by induction. For £=0, f{ ° AP ly.) (je {1, ..., m}) is 
the 0-cochain given by " j 


[J, © alo wy)] (om) = [Ce] (on) = glon). 


But note that &j (Up) = Ofork # j since vz ¢ St(v;) and g; = 0 outside St(v,). Fur- 


thermore, 
1= = &; (vp) = gp(vz) (for each ), 
Hence 
1 (ifk= 9) 
B ° 2 (o4)| (ow) ‘ {0 (fk £4) 
= P (v,)(e)). 


Since this holds for all j and k, a ° a, = identity as required. 
Now assume Property (2) for dimension £-1. For (s) and ¢) oriented £-sim- 
plices of K, 


[I ° a1(ocs))] © = Sey an (046) 


We must Show that this equals 1 if (s) = ¢), and 0 if s 4 ¢. That this is zero for 

s #t is a consequence of Property (4) since ay (v(s)) is identically zero in a neigh- 

borhood of X — St(s) > [#]. So we need only check that J Nae: 7) (s)) = 1. For this, 
IEE SAU vs v;,) and s = (vj,, 0j,,---, Vjg)+ Then ‘ 

ay (8* p(y) = J, dlay_s(e yy) 

J BNO" P(r) Jegy [arg 9 (vy)] 

= Sacey ap -1(9 (y)) 


But 8(s) = (7) plus an alternating sum of other oriented (£-1)-simplices, so 


Jycaytt-sl ory) = J, a4-x(0()) = 1 
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by induction. Hence 
1= f,. ag(9*eiy) = f. ag(or.) + terms of type or) (£4 5)) 
<s) I Ks) ‘s/ 


= See) ay (Y(5)). 


O 


In order to prove Lemma 2, we shall need the following lemma. 

LEMMA 3. Let s be a &-simplex in R”, 

(ar) Suppose r = 0 and k = 1. Let w be a smooth closed y-form defined 
‘near’? [sk-4], that is, defined in a neighborhood of [s*-!]. If k = rv + 1, assume fur- 
ther that t aye 0. Then there exists a smooth closed r-form 7 defined near [s] 


such that 7 = w near [s”-2]. 

(by) Suppose 7 = 1 and k=1. Let w be a smooth closed y-form defined near 
[s]. Suppose 7 is a smooth (r-1)-form defined near [s*-] such that drt = w near 
[s*-"], If k=7, assume further that f T= Jy & Then there exists a smooth 


(r-1)-form 1’ defined near [s] such that t’ = 7 near [s*-*], and dr’ = w near [s]. 
Remark, That the integral conditions are necessary in (a;) and (b,;) is a conse- 
quence of Stokes’s theorem. For in (ay), if 7 exists, then 


Saggy? = Jageyt > Sfgy@t = Kg) = 
and in (by), if 7’ exists, then 
a? = ig? = tees Jaye) 


Proof of Lemma 3. Proof by induction. We shall first verify (a,) and then estab- 
lish that 


(a,) => (0,) => (a,) => (6,) =P one 


(a)) | w is a smooth 0-form, that is, a smooth function defined near [s*4]; and 
dw = 0. Hence w is constant on the components of its domain. If & > 1, [s -1] is con- 
nected, so w is a constant function c in a neighborhood of [s?-4]. Set T =c ina 
neighborhood of [s]. If k = 1, then (s) = Wo, V,) for some pair of vertices v,, v,, and 


0= Sars)? = w(v,) — wlv,). 


Thus the constant value of w near v, equals the constant value of w near v,; that is, 
w is constant near [s*-!] as before. Once again, set 7 equal to this constant function 
on a neighborhood of [s]. 

(ay.,) => (by) w is a closed y-form (y = 1) defined on an open set containing 
[s]. By Poincaré’s lemma (Sec. 5.2), w is exact near [s]; that is, there exists a 
smooth (r-1)-form 7, defined near [s] such that a7, = w near [sl]. (To see that 
Poincaré’s lemma applies here, we need only note that any open set containing [s] 
must contain another open set about [s] which is diffeomorphic (smoothly homeo- 
morphic with a smooth inverse) to an open ball. In fact, we can choose a star- 
shaped region containing [s].) Now in general, T, will not be equal to 7 near [s*-*]. 
Consider the difference T, — 7 near [s”~+], It is closed since, near [s*-4], 


d(t,-T)=w-w=0. 
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Furthermore, if & = (y — 1) + 1 =7, then 


Saggy 717) ~ Jagsyt«~ Jags)” 
= S47 - Sais) 
= Nig? — Soest 
=Q (by hypothesis). 


Thus we can apply (ar_,) tothe form 7,—-T. There exists a smooth closed (r-1)-form 
uw defined near [s] such that up =7:—7 near [s**]. Let 7’ =7,-u. Then 7’ isa 
smooth (r-1)-form defined near [s] such that t’ = 7, —- # = 7 near [s*-1], and 
dr’ =dt,—du = w-0= w near [s]. 

(by) => (ar) (s) = , ..., Vz) for some choice of vertices v,, ..., Vz; let 
(t) = Wy, ..., VRE). Let F = s*-1] — (4). Since w is closed, Poincaré’s lemma asserts 
the existence of a smooth (v-1)-form p defined near F such that du = w near F. 
(F is star-shaped; hence any open set containing F contains a star-shaped neigh- 
borhood U of F). (See Fig. 6.7.) In particular, du = w near [¢*-2]. 


Fig. 6.7 
<s> = <v9,01,02>, <t> = <v1,02> 


If k > 1, we would like to apply (by) to the forms w and u and the (k-1)-simplex 
t. In order to do this we must check if k-1 = 7, then [ uw = 0. But, letting 


wf 
c = 8) — (f) so that 8c = —9), {t) 9 () 


J aa Z Jy) Jct 
= Sq” Sau 


= Suv _ J,e (since each simplex of c is contained 
: in F anddwu = w near F) 


= Sacey® 
=0 (by hypothesis). 
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uw and uw’ along their common domain, an open set where they agree, Then ase & 
near [sk], since both » and uw’ have this property in their domains of definition. 


domain u 


domain yp’ 


Fig. 6.8 


If k = 1, then [s*-+] consists of two vertices v,, v;. Since w is closed, Poincaré’s 
lemma guarantees the existence of smooth (r-1)-forms uw, near v; (i = 0, 1), with 
du; = w. By shrinking domains, we can assume (domain u,) and (domain y,) are 
disjoint. This defines y, near [s*-2] , with du, = w near [s 2-2] as before. 


domain 441 


domain po 


Fig. 6.9 


Finally, let f be a smooth function which is identically 1 in a small neighborhood 
of fs*-4]/ and identically zero outside the domain of Ly. Then fu, is a smooth 
(r-1)-form defined near [s]. Let 7 = d(fu,). Then T is a closed 7-form defined 
near [s] , and we have near [s*-2 


T = d(fu,) = af 8 Ub, + fdu, = du, =o, 


since f = 1 and df=Onear[s’“], 
‘Proof of Lemma 2. We shall construct inductively a sequence 


Toy Ti ee) T, =T (W=dim X) 


of (£-1)-forms such that 
(1) tz is defined in a neighborhood of the k-skeleton [K*] of K, 
(2) dtp = w near [x*], . 
(3) Tz = Tp, near [K*-1], and 


(4) f)_,(Te-1) =. 
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Note that this will prove the lemma because (4) implies that for each oriented 
(£-1)-simplex (s) of [K] and each k = £-1, 


Jy S)) = Site = Jota = Jy (r-S)) = e(6)). 


To construct 7,, cover K® by a collection of mutually disjoint balls. Since w is 
closed, w is exact in each of these balls by Poincaré’s lemma. Hence there exists 
a smooth (£-1)-form 74, defined on the union of these balls, such that d7/ = w there. 
If 2-1 #0, take 7,= 75. If £-1 = 0, we want S70) = c, But for v,; a vertex of [x], 


Sra Oop) = fe, 76 = Tele) 


Let aj = c(vj) — 74(v;), and define 7, on the ball about vj by 7, = 7) + aj. Then 
dt, = dt, = w near [K®], and {(z7,) = c as required. 

Now assume that 7z_, has been constructed with Properties (1)-(4), To construct 
Tr, note that if we can find, for each k-simplex s, asmooth (£-1)-form 7;(s) defined 
in a neighborhood of [s] such that d(7,(s)) = w near [s], and r,(s) = T,_, near [s*-4], 
then glueing will yield a smooth (£-1)-form 7}, satisfying (1)-(3). 

To construct 7;(s), we shall apply (by) of Lemma 3. Note that w is a smooth 
closed £-form defined near [s] and that Tp, i8 a smooth (£-1)-form defined near 
[s*-2] such that drtz_, = w near [s*#], Furthermore, if & = 4, then 


J, @()) ((s) = s together with either orientation) 


ve 


(s 


a*c({s)) (by hypothesis) 
c(a(s)) 
= f,_,(te-(2(8)) (by (4) since & = £) 


Ui 


= Js, Tha 


Hence we can apply (b,), There exists a smooth (£-1)-form 7;(s) near [s] such that 


Te(S) = Tp, near [s*-] and d(r,(s)) = w near [s]. This constructs 7} satisfying 
(1)~(3), If R#AL-1, set t,p=7). If R= £-1, we have 74., satisfying (1)-(3), and 
we want 7y_, such that J (7g_,) = c. Let c, =c¢ - F (74_,), and define 7,_, ina 
neighborhood of [K£-1] by ~* “ 


To. = TH, + ag_,(c,), 


where ag_, is the linear map C’-\(K) —- C°(X, A4-(X)) defined in Lemma 1. 
For each y and each oriented r-simplex (s), note that a,(¢ ie ) is identically zero 


on a neighborhood of X — St(s). In particular, a,(y,.\) is identically zero near 
vw <s) 


[K’-+], Since each c € C”(K) is a linear combination of such P(g) we have a,(c) 
identically zero near [K*-2] for each r-cochain c. 
Applying this first with 7 = £, then with r = £ — 1, we find 


dTg_,= dtp_, +d ° ag_,(c,) =drth., + ay ° O*(c,) = dt}_,= 0 
near [K£-1] and 


Tp.y= Tha + ag _,(C}) = 7)_, > The 
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near [K‘~]. Thus 7)_, satisfies (1)-(3) with k = £-1. Property (4) is also satisfied 
by the following: 


Sy tad = Sy (thad+ f° erate, 


=(c-c, +c, 


=C. O 


Remark 1. De Rham’s theorem shows that the simplicial cohomology groups 
(with coefficients in R) of a smoothly triangulated manifold (X, K, h) are isomorphic 
to the De Rham cohomology groups of X. In particular, these groups are indepen- 
dent of the triangulation (K, h) of X. Since the cohomology groups are dual to the 
homology groups, the groups H,(K, R), for [K] a smooth manifold, also depend on 
[K] only, not on the particular simplicial subdivision K. 


dim X 
Remark 2, The directsum * @ H!(X, d) can be given the structure of an as- 
oa dim X 
sociative algebra as follows. Recall that & @ CX, A‘(X)) is an associative 
algebra under exterior multiplication ». 5 @ Z*(X, d) is a subalgebra, for if dw = 0 


and dt = 0, then d(w 4 7) = (dw) 47 4+w “ (dt) = 0. 5@ B*(X, d) is an ideal in 
5 @ Z4(X, d), for if w = du and dr = 0, then w 47 = d( 47), Hence 


= @® XX, d) = 5 @ (2 (X, d)/BY(X, d)) =F @ (24 (X, d)/n@ Bi(X, d)) 


is also an associative algebra. In particular, 5 @ HX, d) is a ring, called the 
De Rham cohomology ring of X. : 

It is also possible to define a product, called the cup product, of simplicial co- 
chains in such a way that a @ HK) becomes an algebra, It can be shown that the 


isomorphism f: EC) HY(X, d)— PEC) HK) is then an algebra isomorphism, 


Remark 3. Lemma 3 contains in disguise a proof that 


0 (if 0 < 2 <n) 
Lion 2 ’ 
HS", a) = {> (if £ = 0, n). 


For if w is a closed £-form (0 < £ <2) defined on a neighborhood of the n-skeleton 
([s”] of an (n+1)-simplex s, then it was shown that w extends to a closed (and hence 
exact) £-form on [s]. This implies that H4(S*, d) = 0 for 0 < £ <n. It was shown for 
£ =n that any closed n-form w, defined near [s”] such that Saysy” = 0, isalso exact, 


The map 2”(S”, d) > R defined by w — Saggy ® is then a homomorphism with kernel 


B”(S", d). Hence H”(S”, d) = R, Also HS", d) = R because S” is connected. 

We have tacitly assumed here that any closed £-form w on S” can be extended to 
a Closed £-form defined in a neighborhood of S”, &*w is such an extension, where 
W: R™*1— {0} — $” is radial projection. 


CHAPTER SEVEN 


INTRINSIC RIEMANNIAN 
GEOMETRY OF SURFACES 


7.1 PARALLEL TRANSLATION AND CONNECTIONS 


Definition, Let M be an oriented Riemannian manifold of dimension 2. Let T(M) 
denote the tangent bundle of M, Let 


S(M) = [(m, v) « T(M); (, v) = 1). 


S(M) is called the sphere bundle, or circle bundle, of M, 

The notation (m,v) for a point of T(M) {or S(M)} is redundant since ve T(M, m). 

Nevertheless we use it to emphasize that v is a tangent vector at m. 
Remarks. 

(1) S(M) is a smooth manifold of dimension 3, The function f: T(M) — R?, given 
by f(m, v) = (v, vy, is smooth, and df #0 whenever f = 1, so the implicit function 
theorem applies. 

(2) Note that the circle S! = [z € C; |2| = 1] is a group under (complex) multi- 
plication. Since e791. e782 = e#(8:+82) the group S? is just the group of rotations of 
the oriented plane R?. This group acts on S(M): there exists a smooth map 


A: S' x S(M) — S(M) 
given by 
A(g, (m, v)) =(m, gv) (ge S*; (m, v) « S(M)), 


where gv is the image of the vector v under rotation by g in the oriented plane 
T(M, m). So, if g = e*®, and {v,, v,} is any oriented orthonormal basis for T(M, m), 
then v = c,v, + Cv, for some c,, c, € R}, and 


gv = (c, cos 6 — c, sin 6)v, + (c, sin 9 + ¢, cos A)v2. 
We shall often denote A(g, (m, v)) by g(m, v). Then g: S(M)— S(M) is a smooth 
map for each ge S?, 
ge 


Fig. 7.1 


(3) If a: S(M) — M denotes projection, then 2~(m) is just the unit circle in 
T(M, m). Moreover, if (m, v,) and (m, v,) are any two elements of 1m), then 
there exists a unique g € S? such that (m, v,) = g(m, v,). (Take g = e?9, where @ is 
the positive angle of rotation from v, to v3.) 

(4) S(M) is locally a product space. For let U be a coordinate neighborhood in 
M, with coordinate functions (x,, x), Let e, be the vector field (8/8x,)/i8/ax ll, 
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where 118/8x li = ((8/ax,), (@/ax,))/, Then e, is a smooth vector field on U, which 
is everywhere of length 1. Thus e, defines a smooth map 


c: UU) by clm) = (m, e,(m)). 
Clearly 1 °c = iy. Now define B: U x S'— (U) by 
B(m, g) = gc(m) = (m, ge,(m)) = A(g, (m, e,(m)). 


Then it is easy to verify that B is smooth, injective, and surjective; and that dB is 
everywhere non-singular so that B-! is also smooth. 

(5) It is not true that S(M) is globally a product of S! with M, If there exists a 
smooth non-zero vector field on M, then the aboveargument shows that S(M) is dif- 
feomorphic with M x S', However, there do not exist such non-zero vector fields in 
general. (For example, M = S?.) 

For M = R?, the notion of translating a tangent vector parallel to itself is clear. 
We now propose to generalize it and introduce the concept of parallel translation of 
tangent vectors on arbitrary 2-dimensional oriented Riemannian manifolds. It will 
turn out that we will be able to parallel translate vectors along curves from one 
point to another, but that the result will depend on the curve. In particular, if we 
parallel translate around aclosed curve, we may not get back to our original vector. 
The new vector will differfrom the original vector bya rotation, i.e., by an element 
of S'. For M = R?, a “flat’’ space, this rotation is zero. For arbitrary M, this rota- 
tion (or, more precisely, the limit of it as the curve shrinks to a point m) will 
measure the ‘‘curvature’’ of M at m, 

We develop this notion of parallel translation in order to obtain an intrinsic 
meaning for curvature of the Riemannian manifold M, that is, a meaning indepen- 
dent of any ambient space in which M may lie. In Chap. 8 we will interpret this 
curvature differently when M is a submanifold of R°. 

We shall require that parallel translation be an isometry. Thus, parallel trans- 
lation of a unit vector alonga curve a: [a, 6] — M will determine a unit tangent vec- 
tor a(t) « T(M, a(d) for each ¢ « [a, 6]. fv € a a(a)), then parallel translation of 
v will determine a curve @: [a, 6] > S(M) such that 7 © & = a, Moreover, if 


v,em(ala)) and v,= gv (geS, 


then the curve @,: [a, b] ~S(M), determined by parallel translating v,, will be given 
by 


a(t) = ga(t) (te la, d)). 


Conversely, if, corresponding to each curve a: [a, 61 — M and each unit tangent 
vector v at a(@), there existed a unique “lift”? @: [a,b] ~ S(M), with the above 
properties, then a notion of parallel translation is defined. (See Fig. 7.2.) 

Recall that in the theory of covering spaces, each curve hada unique lift because 
the fibers p-(x) were discrete. However, here the fibers s~(m) are not discrete; 
they are circles. Hence lifts are not unique. In fact, we don’t even know in which 
direction to start moving. (There is a whole line of vectors 0 « T(S(M), (m, v)) 
such that dz(Z) = a(a); each of these is a candidate for @(a).) So given m € M and 
v € T(M, m), we need a way of determining, for each curve a through m, an initial 
direction for @; that is, we need a way of choosing, for each &(a) € T(M, m), a vec- 
tor Ga) « T(S(M), (m, v)) such that da(@a)) = a(a2). Choosing the vector @@) is 
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———_—_- 7 |[Image a] 


Fig. 7.2 


more primitive than finding the lift @, but it will turn out that when the choice is 
made at every point of m(a([a, 5})), the lift—hence the parallel translate—is deter- 
mined, 

A natural wayof uniquely determining sucha vector aa) would be to require that 
it lie ina given two dimensional subspace of T(S(M), (m, v)) that is mapped iso- 
morphically onto 7(M, m) by da. Such a subspace willbe complementary to the 
vertical space 


dv (0) = [t « T(S(M), (m, v)); da(t) = 0]. 


Definition. A connection on S(M) is a choice of a two dimensional subspace 

H(m, v) of T(S(M), (m, v)) at each point (m, v) € S(M) such that the following hold. 

(1) T(S(M), (m, v)) = 3e(m, v) @ da-(0); that is, the subspace KX(m, v) is com- 
plementary to the vertical space at (m, v). 

(2) dg(sc(m, v)) = K(m, gv) for each ge S}, 

(3) The choice of 3C is smooth; that is, for each point (m, v) ¢ S(M), there exists 
an open set U about (m, v) and smooth vector fields X and Y defined on U such that 
{X, Y} spans 3 at each point of U. 

Remark, There exists a smooth vector field V on S(M) such that V Spans the 
vertical space dm~(0) at each point of S(M). It is constructed as follows. Let 3/96 
denote the usual unit tangent vector field on S', Then 2/90 is invariant under the ac- 
tion of g € S'on S‘; that is, 


a a 
d (a =— (for eachh€ S$), 
8\96 h a0 gh 
For (m, v) € S(M), consider the smooth map A}: S'— S(M) defined by 


Ag) = alm, v) = (m, gv). 
Define 


V(m, v) = aailsy } 


In terms of a local coordinate neighborhood U of m in M and of the correspond- 
ing direct sum representation 
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T(S(M), (m, v)) = T(M, m) @ T(S+, g) — ((m, v) € XU), 


where g is such that v = ge,, the vector field V is given by 


D 


In particular, note that Vis smooth and never zero, that da(V) = 0, and that dn(V) = V 
for each h « S}, 


) 


Vim, v) = ( 30 


Fig. 7.3 


Definition. Let % be a connection on S(M). The 1-form of 5, or the connection 
1-form, is the 1-form ¢ on S(M) defined as follows. Let 


q: T(S(M), (m, v)) = 3(m, v) @ da-(0) — da-(0) 


be the projection map. For ¢ « TF(S(M), (m, v)), set v( = r, where X is the real 
number such that (i) = AV. 

Local description of y. Let X and Y be smooth vector fields defined in an open 
set U of S(M) such that {X(m, v), Y(m, v)} spans 3e(m, v) for each (m, v) « U. Then 
{V(m, v), X(m, v), Y(m, v)} is a basis for T(S(M), (m, v)) at each (m, v) € U. Let 
{¢,(m, v), g2(m, v), 9(m, v)} be the dual basis for T*(S(M), (m, v)). Then Pr, Pa, Ys 
are smooth 1-forms on U/, and y = ¢,. In particular, 

(1) y is smooth, since ¢, is smooth, 

(2) o(V) = 1, 

(3) g*p = y for each ge S'. For if ¢ € T(S(M), (m, v)), then 


f=\AV+t, (eR; t, € ®), 


and 
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(e*~)() = ° dg(t) 
= p(rdg(V) + dg(t,)) 
= g(AV) (since dg(5e) C 3¢) 
=r 
= g(t). 


LEMMA, Suppose 7 is any smooth 1-formon S(M) such that ¥(V)= 1 and g*y = y. 
Then X = y"(0) is a connection on S(M) with the property that its connection 1-form 
is y. 

Proof. For each (m, v) « S(M), y(m, v): T(S(M), (m, v)) ~ RF is a linear func- 
tional. Since dim T(S(M), (m, v)) = 3, ¥7"(0) has dimension 2. V ¢ ¥7*(0), so ¥77(0) 
is a complement to the vertical space. dg("(0)) = 4-(0) because g*y = y. Oo 

Remark. Let U be a coordinate neighborhood in M. We now exhibit a connection 
on mV) = SU) = U x S', Recall that, given coordinates (x,, x,) in U, a smooth map 
c: U ~ aU) is defined by c(m) = (m, (8/8x,)/118/ax ,). For m € M, let 


H,(c(m)) = dce(TU, m)). 
Then %,(c(m)) is complementary to the vertical. For 
dn(3¢,(c(m))) = da o de(T(U, m)) = d(a ° c)(T(U, m)) = TU, m) 
so that 3¢,(c(m)) is two dimensional and dz lsc ,(c(m)) is an isomorphism. Further- 


more, V ¢ X, since da(V) = 0. 
Now set 3¢,(ge(m)) = dg(se,(c(m)). 


<r) =Ux Ss! 


Fig. 7.4 


In terms of the product representation 17{U) = U x S! given by c, X,(m, v) is 
just the tangent space at (m, v) to the submanifold U x {u}. More precisely, letting 
B: Ux S'— a-U) be the isomorphism defined by B(m, g) = gc(m) =(m, ge,(m)), 
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3,(m, v) = dB(T(U x {g}, (m, g))), 
where g € Sis such that ge,(m) =v. The 1-form ¢, of this connection is 
y, = (B-)*(d8), 
where p: U x S'--S' is projection, d@ is the 1-form on S? dual to 2/86, and 
do = p*(dé). 
Note that dg, = 0 for this special connection, for 


dg, = dal(B-)* © p*(de)] = dl(p © B-)*(a0)] 
= (p ° B™)*(d(d6)) = 0. 


Warning. d(d6) = 0, not because d@ is the differential of a 0-form (it isn’t), but 
because there are no non-zero 2-forms on S?, 

Our definition of a connection was motivated by a desire to construct a notion of 
parallel translation. We now prove that given a connection on S(M), parallel trans- 
lation is indeed defined. 

THEOREM. Let 3¢ be a connection on 5(M) with 1-form vy. Let a: [a, b|--~M be 
a broken C™ curve in M, Let v « T(M, a(@)) with iivii = 1, Then there existsa unique 


broken C” curve @: [a, 5] S(M), called the horizontal lift of a, through (a(a), v), 
such that 

(1) To @= a, 

(2) @(2) € 3c(&(d)); that is, o(G(t))=0 (for all te [a, 5). 

(3) a(@) = (a(a), v). 
The vector a(b) « T(M, a(b)) is the parallel translate of v along a to a(b). 

The proof of this Theorem requires two preliminary lemmas. 

LEMMA 1, Let 3, and 5, be two connections on S(M) with connection 1-forms 
y,and ,, Then 

(1) (g,- go VY) = 0. 

(2) &*(o, —@)= P27 Fi (for all ge S*). 

(3) ¢2-@,= 7*(7) (for Some smooth 1-form 7 on M), 

Proof. (1) and (2) are clear. We shall show that (1) and (2) imply (3). If » is any 
smooth 1-form on S(M) with ~(V) = 0 and g*y = y for all ge S}, then » = m*(r) for 
some 7. To define t onv € T(M,m), let (m,v,) € a (m), and let we T(S(M), (m, v,)) 
be such that da(w) = v. Set T(v) = yw). T(v) is independent of the w chosen in da-(v) 
since da(w,) = v implies that dr(w,—w) = 0, so that w,-w = AV for some. Thus 


ylw,) = p(w +aV) = pw) +a¥(V) = ow). 
Also, T(v) is independent of the point (m, v,) chosen in 1~1(m) because if 
(m, v,) € 1 *(m), 


then v, = gv, for some g € S’, Moreover, if w € T(S(M), (m, v,)) satisfies dr(w) = v, 
then dg(w) « T(S(M), (m, v,)) satisfies dr(dg(w)) = v, and 


¥| (m, 0) 'dalw)) ¥|e(m, v)(dg)) 


874] (m, v JO) = Y[(m, vy). 
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T is smooth because in a coordinate neighborhood U, r(v) = y ° de(v), where 
ec: U > aU) 


is defined by c(m) = (m,e,(m)). O 
LEMMA 2. Let a: [a, b] —M be a smooth curve in M. Let &: [a, 6] ~ S(M) and 
B: [a, 8] ~ S(M) be smooth curves such that 7 o @ = a and 1° 8 = a, Suppose Gis 
horizontal relative to some connection % on S(M) with connection 1-form ; that is, 
Suppose g(&(t)) = = 0. Then there exists a smooth function @: la, b]— R such that 
(1) Bd), = 22 9(t) 354) (¢ € [a, o]) and 
(2) v(B(t)) = (40/dt)(t) —(¢ € [a, d)). 


Furthermore, if @(a) = B(@), then @ can be chosen such that 9(a) = 0 


S(M) 


Proof. Let g: [a, b| ~ S1 be defined by 
Bit) = RHA) (t€ [a, 6). 


It is easy to verify that g is a smooth curve, Since Risa covering space of S1, and 
[a, 6] is simply connected, there existsa lift 0: [a, 5] ~R of g. (See Fig. 7.6.) Fur- 
thermore, if @a@) = B(@), then (a) = 1, and there exists a unique such lift with 
4(a) = 0 

Since p is smooth and has a smooth inverse locally, 6 is smooth, Furthermore, 


Ble) = YB(d) = p  0(0)H(2) = et Has 
so (1) is satisfied. 
To verify (2), first note that the tangent vector to the curve 
&: [a,b] st [aly = ef AH] 
is given by 


io «0010 oat «of eal) - of) al). 
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Ak 
p(r) = e* 
Cer 

g 

Fig. 7.6 


Restricting attention to a coordinate neighborhood U CM and the corresponding 
product representation 1\(U) =U x S*, @(t) = h(t)c(a(t)) = (a(d), k(t) for some 


nt) = elt) ¢ S1, and B(d) = (a(d), B(An(0) = (a(t), e#(8(+¥O)), The tangent vector 


to @ at Gz) is then (&(d), (dy/dé)(2/a0)), whereas the tangent vector to B at Alt) is 
(e(#), [(d9/dt) + (dp/dé)](2/0)); that is, 


Bo = atgontetay + (0, 3 8) = algo Glo +2, 


where d(g(z)) is the differential of the map &(#): S(M) — S(M). Since &(#) is hori- 
zontal, and d(g(z))(x) C x, 


(Bo = Fon -B oo 


Proof of the Theorem. Note that it suffices to prove the theorem for a smooth 
curve @. For then we can uniquely lift each smooth portion of any broken curve. 

Local existence. Let U bea coordinate neighborhood in M. We shall show the 
existence of unique horizontal lifts in mV) = S(U). Let c: U ~ S(U) be as usual: 
c(m) = (m, e,(m)) for m € U. We shall first show that if 3¢ is the Special connection 
xX, on aU), constructed via the product structure, then @ has a unique horizontal 
lift @, such that @,(a) = c(a(a)), Indeed, let, @,: [a, b] —~ (UV) be defined by 
@,= cca, Then ga o @,=1°c oe = a, and @,(i) = dc(a(2)) € 3,(c(Z)), so @, isa 
horizontal lift. Moreover, @, is the unique 3 ,—horizontal lift such that 


@,(a) = c(a@)). 
For if @, were another such lift, then, by Lemma 2, 

&,(t) = et (HE (2) 
for some smooth function @ with @(@) = 0; and v (@,(t)) = d6/dt, where , is the con- 
nection 1-form of X,, Now @, is %,—horizontal if and only if y,(@,(é)) = 0; that is, 
dé/dt = 0. Hence 6(¢) must be constant. Since 9(a) = 0, 6(#) = 0; that is, (4 = &,(£) 
for all ¢; that is, @ = @,. 


Thus @ admits a unique 3,—horizontal lift @, with @,(a) = c(a(a)). Now consider 
our original connection with connection 1-form g. Then, by Lemma 1, 


Qi-~ P= WT 
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for some smooth 1-form 7 on U. Let @ be any curve in m(U) such that 7° @ =a. 
Then, by Lemma2, a(é) = e alt @, (i) and @,(a@(4)) = d@/dé. Thus @ is an 3-horizontal 
lift of a if and énly if o(@(A) = 0, that is, if and only if 


(v,— g)(&(d) = 9 (&(d) = a. 


“ 


But on the other hand, 
(9, — pat) = (*r)(G()) = t(dn&(8)) = 7(a(d). 


Yr (a(s))at +99 for 


Thus a is X-horizontal if and only if d@/dt = 7(a(t)); that is, 9 = f 
some constant 9,. Hence each X-horizontal lift a of a is of the form 


ald) = B(0(c > ald) 
where 
bo 
B(d) = e*% et f TOE) at 


For each unit vector v in T(U, a(@)), there is precisely one 6, with 0 = 6, < 27 and 
(a(a), v) = e*%(a(a), e,). The above formula, with this value of 8, then gives the 
unique 5—horizontal lift @ with a(a) = (a(@), v). 

Global existence. To establish global existence, let a: [a, 6] -M and let 


t, = supl¢ « [a, d]; a [a,) has a (unique) lift a]. 


We shall show that f, = 0. Suppose ¢, 4 6. Then consider the restriction of a to the 
interval [¢,—€, f, +]. By local existence, this has a unique lift & for some suffi- 
ciently small € > 0, say with &(t,) = (a(¢,), w) « S(M). Then @(¢, — ©) = ga(t,—€) for 
sgme g € S’, and ga is a horizontal lift with gat, —- &) = a(f,~£), By uniqueness, 
ga = a on the interval [¢,— €, ¢). Hence g@ extends a@ beyond ¢,, contradicting the 
definition of & oO 

Remark. Note that, relative to the special connection X, on 7 (U), parallel trans- 
lation is independent of the curve. In fact, the vector field e, = (@/@x,)/0/2x,Il is 
parallel along every curve in U. 


7.2 STRUCTURAL EQUATIONS AND CURVATURE 


Definition. Consider the circle bundle S(M) of a smooth oriented Riemannian 
2-manifold M. Two smooth 1-forms w, and w, are defined on S(M) as follows. For 
te T(S(M), (m, v)), 

w,(4) = dr(d), v), 


wed) = dm(2), tv), 
where iv = e@7/ 25 is the image of v under rotation through an angle of 1/2 in 
T(M, m). (We shall show below that these 1-forms are indeed smooth.) 


Remark 1. Thus w,(2) and w,(t) are the components of dz(#) relative to the ortho- 
normal basis {v, iv} for T(M, m); that is, 


dn(i) = w,(d)v + w,() (iv). 
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Remark 2, Suppose X is a connection on S(M) with connection 1-form gy, Then 
{y, ,, w,} is a basis for T*(S(M), (m, v)) for each (m, v) € S(M). 

Proof, Since dim T*(S(M), (m, v)) = 3, it suffices to show that there exists no 
non-zero ¢€ T(S(M), (m, v)) that is simultaneously annihilated by these three 
forms—for then these forms are linearly independent. But if w,(/) = w,(#) = 0, then 
dn(t) = 0, so t is vertical; that is, t= AV for some X. Furthermore, if g(é) = 0, then 
A= PAV) = g(t) = 0, sot=0. | 

Remark 3. Let g = e#® « S. Then 

g*w, = (cos #)w, + (sin 4)w,, 


&*w, = —(sin O)w, + (cos @)w,. 
Proof. gv = (cos )u + (sin 4)(iv), Hence, for t « T(S(M), (m, v)), 


8*wil(m, vy (2) = #1\(m, gv) (dad) 

(dx ° dg(t), gv) 

= (dr(t), gv) 

= (dr(t), (cos 0)v + (sin iv) 
= (cos 0)w,(t) + (sin @)w,(t). 


u“ 


Similarly, 


&*w,(t) = —(sin 6)w,(t) + (cos @)w,(z). Oo 


Remark 4. g*(w, 4 We) = w, A w, for all g = e419 € S', For, 

B*(w1 A We) = BFW, A B*We = (cos?) + sin*)w, A We = W, A Ws. 
Furthermore, w, A we(t,, t,) = 0 if either ¢, or t, is vertical. Hence, as in the proof 
that ¢ —@, = m*7 for some T (Sec, 7.1), the 2-form w, 4 w, is the image under a* of 
a (unique) form on M, 

Definition. The volume element of a smooth oriented Riemannian 2-manifold M 
is the smooth 2-form, vol, on M such that 

m*(vol) = wy A Ws, 
that is, for v,,v, € T(M, m), vol(v,,v,) = w, A Wal(m, y)(%,, v3) for any 
(m, v) eam) CS(M) and vi, vf e T(S(M), (m, v)) 
such that da(v}) = v; (é = 1, 2). 

Remark 5, Suppose U is a coordinate neighborhood in M with coordinate func- 
tions (x,,,). Let e, = 8/ax,/8/ax,!| and let wi, ws be the smooth 1-forms on U 
that at each m « U form the basis for T*(M, m) dual to {e,(m), ie ,(m)}. Let 

ec: U > aU) Cc S(M) 
be given by c(m) = (m, e,(m)). Then, for v € T(M, m), 


(c*w)(v) = w,(de(v)) = (da © de(v), e,) = (v, ey = wiv), 
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So w, = c*w,, Similarly, w, = c*w,. In particular, 
wi, A we = o*w, ACW, = C¥(wW, 4 we) = C* © 1*(VOl) = (@ © €)*(vol); 


so, Since 1° ¢ =iy, 


voljy = wi A WwW. 


Now let @; = 1*w} (@é = 1,2), Then ©, and & are smooth 1-forms on 7 (UV) CS(M) 
and 


@, 4 Oy = ww) A ww, = (wi A we) = T*(vol) = w, A Wo. 
Moreover, at each point (m, e,(m)) of c(U), w; = ;. For, ift« T(S(M), (m, e,)), 
then 
w (de, + welf)(ie,) = dr(t) 
wildr(D)e, + w3(dr(O(ée,) 


@ (te, + ,(t)(ée,). 


Note further that, for g = e?9 € S}, 
Btw; = g* oS 1T*w,! = (a 2 £)*w} = Tw? = w;. 
Thus, from Remark 3 above, 


(g*w)I(m,e,) = (cos 6)w, + (Sin O)wel(m, e,) 
= (cos 6), + (sin 9)®al(m, e)) 
= (cos 6) g*&, + (sin 0) g*Dq\ (mn, e,)° 
Applying (g~1)*, the forms w, and w, at (m, ge,) are related by 


w, = (cos @)@, + (sin 0)@,. 
Similarly, 


w, = —(sin 9)%, + (cos 6)B,. 


In particular, the above formulae show that w, and w, are smooth, 

Remark 6. For higher dimensional Riemannian manifolds, the volume element is 
obtained similarly, If U is a coordinate neighborhood in the oriented Riemannian 
manifold M, with coordinate functions (x,,...,%,) such that dx,4,..4dxy gives 
the orientation of U, consider the vector fields 3/x,,..., 8/9x,. Using the Gram- 
Schmidt orthogonalization process, we obtain Smooth vector fields e,,...,@, on 
U which form an orthonormal basis for the tangent space at each point. Let 
Wi, --+, Wy be the dual 1-forms. Then the x-form voll|y = wi 4...4 wy is indepen- 
dent of the (oriented) coordinate system on U and thus defines a global non-zero 
n-form vol. 

Given an oriented Riemannian 2-manifold M and a connection on S(M) with con- 
nection 1-form ¢, the 1-forms ¢, w,, w, form a basis for the cotangent space at 
each point of S(M). Hence the 2-forms w, 4 w,, w, 4, w, 4 ¢ form a basis for the 
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Second Structural Equation. On 7-(U), for a coordinate neighborhood U , let g, 
denote the connection 1-form of the special connection #,. Then dy, = 0 so that 


dp = do —dy, = d(y —¢,) = d(w*7) = 1*(d7) 


for some Smooth 1-form 7 on U. Now dt isa 2-form on U, hence is a multiple of 
the volume element; that is, dt = —K vol for some smooth function K on U. Thus 


dy = 1*(—K vol) = 1*(—K)n*(vol) 


dg =AK ° m)w, 4 wy 


The smooth function K is independent of the coordinates used, since it isdetermined 
by this last formula, Thus K is a smooth function on M, called the curvature of the 
connection ¢. 

First Structural Equation. On aU), for a coordinate neighborhood U , we have 
seen that at e?%c(m), 


or 


w, = (cos 6)0, + (sin @)0, 


w, = —(sin 6)0, + (cos 9)G,. 


Now 


da, = d(n*w}) = 7*(dw}) = *(a; vol) = (a; ° T)w, A wy 


for some smooth function @; on U. Thus setting a; = a; °T, 


dw, = —(sin 0) dO 4 @, + (cos 0)@,w, 4 w, + cos 9 dO 4G, 
+ (sin 6)@w, A we 
=d@ 4 w, + (@, cos @ + G, Sin #)w, A wy. 


If # is the special connection #, on a*(U), then yg, = dO, thus for this special con- 
nection, 


(*) dw, = 9, Aw, + Ow, Aw, 
for some smooth function 6, on 1(U/). Similarly, 
dws =-9, 40, + 6,0, 4 w,. 


For an arbitrary connection form 9, ¢, — g = 7*t for some smooth 1-form 
T = Cw} + Cow, on U. Hence 


Y1-— @ = 1*(Cywi + Cw) 


(c, ¢ T)@, + (cy ° m)O, 


=f, + few, 
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for some smooth functions f,, f, on 7 (UV), since Oy @, Span the same space at each 
point aS w,, Wz. Thus 


and, by substituting into (*), 
dw, = PA Wet fw, hw. + Ow, Aw, 
= OAWe + (Ff, + bw, Aw2. 


This, together with the corresponding equation for dw,, gives the First Structural 
Equations as follows. 


dw, = 9 AW, + hw, A Wo, 


dw, = —-O Aw, + byw, 4 Wa, 


where h,, h, are smooth functions on S(M). Note that although these equations were 
derived over a coordinate neighborhood, they are independent of coordinates. Thus 
they are valid globally. 

Although one might expect that by choosing an appropriate connection ¢ on S(M), 
the coefficients of dw; relative to the basis fy A Wy PM We, wy * wo} could be pre- 
scribed fairly arbitrarily, this is not the case. In fact, dw, never has a component 
in the g 4w, direction, and dw, never has a component in the gy 4 w, direction. 
Moreover, the components of dw, and dw, inthe gy * w, and gy 4 w, directions re- 
spectively must always be +1 and —1. 

It is natural to ask whether the First Structural Equations can be made simpler 
by an appropriate choice of connection on S(M). In particular, can gy be chosen 
such that h, = 0 and h, = 0? The answer is yes, and the choice is unique. 

THEOREM. Let M be an oriented Riemannian 2-manifold. Then there exists a 
unique connection y on S(M) such that 


This connection is called the Riemannian connection. 


Proof. Let y be any connection on S(M). If » is any other connection on S(M), 
then, as above, 


P-paxXw, + XyW2 
for some x, and x. Solving for ¢ and substituting in the First Structural Equations 
for g, we obtain 
dw, = paw, + (h, + X,)w, A W,, 
dw, = —p -w, + (hy + X)w, A We 
Thus dw, = PA We, 


dw, = —Praw, 


if and only if x, = —h,, x, =~4&,. This gives both existence and uniqueness. O 


170 INTRINSIC RIEMANNIAN GEOMETRY OF SURFACES 


The Cartan Structural Equations have a dual formulation in terms of vector 
fields. Let V, E,, E, be the smooth vector fields on S(M) that form the dual basis 


‘ tannrk 


alan ee ere oi cs if ees at \ ~ 
to Y, w 2 are horizontal at each point since y(Z,) = y(E,) = 0. 


pint ain Eaten |) Wo. 
Moreover, 


dn(E(m, v)) = w (Ev + wlE,)(év) =v, 


so E,(m,v) is the unique horizontal vector at (m,v) whose image under dz is v, 
Similarly, dr(E,(m, v)) = iv. The Structural Equations then become 


> E,, 
LV, E,] a —E,, 
= (Kon)V —h,E, - h,E,. 


If g = %, the 1-form of the Riemannian connection, the last boxed equation re- 
duces to 


[E,, E,] = (K © nV, 
To verify these equations, apply the formula 
1 
a7(V,, V2) = 51V, 1V,) — V2 1V,) — 70V, VD} 


nine times, as 7 runs through the set {g, Wi, we}, and V,, V, runs through the set 
{V, By, By}. 

Remark. If K is constant, these formulae show that {V, E,, E,} spans a finite- 
dimensional Lie algebra. 

From now on, for an oriented Riemannian 2-manifold M, let the connection cho- 
sen be the Riemannian connection, and let K be the curvature function for that con- 
nection. 


7.8 INTERPRETATION OF CURVATURE 


We now show that the curvature K of M measures the amount of rotation obtained 
in parallel translating vectors around small closed curves in M. The intuitive rea- 
son is this. On S(M) we have the vector fields E,, E,, and V, and we know that for 
the Riemannian connection, 


[E,, E,] = (K ° a)V. 


But [£,, E,](m,v) is just the tangent vector to the curve through (m, v) obtained by 
following the integral curves of E, and E, forward and then backward through pa- 
rameter distances of Vs (Fig. 7.7). (See Sec. 5.3.) 

Projecting this figure down to M, we obtain a rectangular—shaped figure which 
is ‘‘nearly’’ closed; that is, the curve obtained through m has zero tangent vector 
at m because it is the projection of [E,, £,](m,v), which is vertical. (See Fig. 7.8.) 

Now the integral curves in S(M) are the horizontal lifts of the curves in M; that 
is, these curves are obtained by parallel translating v around the curves in M, The 
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S(M) 


(m,v) Fig. 7.7 


Fig. 7.8 


endpoints of the curve through (m,v)—dotted in Fig. 7.9—essentially differ by an 
element of S!, namely the rotation g = e*®, which sends v into its parallel translate 
around the rectangle in M. 

Since the area of the rectangle in M is approximately vs - vs = s, the limit as 
s —0 of the angle of rotation @ divided by the area of the rectangle is equal to the 
coefficient of V, namely K(m). 

Stated precisely and in somewhat greater generality, the result we have been 
discussing is as follows. 

THEOREM 1. Let M@ bean oriented Riemannian 2-manifold. Let (Ss) be an orien- 
ted 2-simplex in R?, and let h: [s]~M be a map which has a smooth extension 
mapping a neighborhood of [s] into M. Let a be the closed broken C® curve in M ob- 
tained by restricting h to 8(s). Then the rotation obtained by parallel translation 
around the closed curve a is 


ef (5) #*& vol) 


so that the angle of rotation is Ss h*(K vol). 


Remark. Note that this result contains the result discussed above. To obtain 
K(m), take the limit of Jisy h*(K vol)/ J.) h*(vol) as () shrinks to zero and h((S)) 
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/ 


(m,go) 54 
é 
/ 

/ 


(m,v) ___» 


a (m) cunee Fig. 7.9 


shrinks to m, However, the theorem Saysmore. For example, it is possible to have 
K >0 on A({s]) and still get a trivial rotation upon parallel translating around a, 
namely when the total angle of rotation f iS h*(K vol) is an integer multiple of 27. 


Proof of Theorem 1. Let (s) = (vg, v,, v,) for some vertices Uo, Vy, Vz, and let 
w, € T(M, h(v,)) be a unit vector. The lines in [s] through v, cover [s]; their im- 
ages under h are curves in M which cover A([s]). Let %: [s]  S(M) be obtained by 
mapping each of these curves into its horizontal lift in S(M) through 


(A (v), w1) 
(A(%),wo) (A(v9), 102) 
i horizontal 
h(w) lift 
vw 
h 
Ea 
i 4 h(v0) hist) BC) 


[s] Fig. 7.10 
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(a(v,), w,) € S(M), 


where w, isthe ieee translate of w, along the curve Oty vy y to h(v,), (Fig. 7.10). 
By conathactian nN, 7 ° h=h. oe. h hasa smooth extension mapping a neigh- 
borhood of [s] into S(M). This may be checked via local coordinates; we omit the 
computation. 
Now 


dee h*(K vol) = Se) (n © h)*(K vol) 
= Sg) #1 vol)] 
= Sey #1 © Tw, A we] 
=-f i h*(dg) (Second Structural Equation) 
Be lune 


= R* ? 
Ji a? g  (Stokes’s theorem) 


2 oi és ofai(s))at 
= ~Jy co) 9(AACGG))#* 


where £ =h la ¢s) . Let a denote the horizontal lift of @ through hv a) = (a(v,), Wo). 
Since B| (vq oy) = ey (vg) vy) and Bl vy)? v,) = 7 pene are horizontal by construction 


of h, we have Bl (Yo, Uy = a (Yq, ¥y) and Bl (Yy, V2) = a (My V2) * 


(h (v1),w1) 


(A(v0),vo) 


By Lemma 2, Sec. 7.1, there existsa function f: (v,,V,) -~R with f(v,) = 0 such that 
A(t) = eS a). 
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But @ is the horizontal lift of a, so that G(v,) is the parallel translate of Wy, around 


a. On the other hand, Bl,) = Wy, Hence eiflo) is just the rotation mapping the 
co, Sere 

paraliei transiate of w, around @ into w,; that is, e/\o rotates w, into its parallel 

translate around a, By the second statement of Lemma 2, Sec. 7.1, 


o(28(3:) = ar 


for f£ € (U2, Ug). Moreover, g(dB(d/dt)) = 0 on (v4, v,) and (v,, v,) since B is hori- 
zontal there. Thus since 8(s) = (vo, v4) + (U4, V2) + (Uz, U9), 


Jigy h*(K vol) = Joy, 9 o(a2($)ar 


- af 
= om vo dt ae 


= —f(v,) 
= the angle of rotation from w, to its parallel 
translate around a. O 


Definitions. Let a: [a,b] ~+M be a smooth curve, The length £(a) of @ is the 
real number 


b., 
ta) = f ia(dudt. 
a 
The arc length along @ is the function s: [a, 6] ~R given by 
s(t) = fiia(riar. 
a 


Remark. &£ and s are defined because tail is continuous. Note that the 
function s is of class C’, but it is not necessarily smooth because ¢— lia(é)!I is not 
necessarily differentiable where a(¢) = 0. If, however, lia(éil # 0 for all i, then s is 
smooth and monotonically increasing. 

Definition. A curve a: [a, b] MM is said to be parameterized by arc length if 
ia(é)ii = 1 for all ¢€ [a, b]. In this case, s(/) = ¢- a for allt [a, b]. 

Remark. Given any curve a: [a,b] ~M with '4(AI 4 0 for all te [a, b], anew 
curve a,: [0, @(a@)] +M, parameterized by arc length, is obtained by setting 


@,=a°0s}, 


Then Im a, = Im a, and £(a,) = £(a). 

Remark. The concept of arc length extends to broken C” curves @ since ae(2) I 
is defined at all but a finite number of points. 

Definition. Given a smooth curve a: [a,b] --M parameterized by arc length, a 
smooth curve a’: [a, b] + S(M) is defined by 


a(t) = (a(d), ad) (¢ € [a, b)). 


a is said to be a geodesic in M if a’ is horizontal, that is, if a’ is the horizontal 
lift of a@ through (@(@), a@(@)) € S(M). Note that if @ is a geodesic, the parallel 
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translate of a(0) along @ to a(?) is just a(t); that is, the tangent to a translates into 
itself, and a is a ‘“‘straight line’’ of the surface. 

To measure how far a curve « is from being ‘‘straight,’? we measure how far a’ 
is from being horizontal. Suppose, then, @ is parameterized by arc length so that 
a’: [a, b] ~ S(M) is a curve in S(M). 

Definition. The geodesic curvature k,(t) of a at t € la, 6] is y(da’(d/dé)), where 
y is the 1-form of the Riemannian connection. 

Notation. If a: [a, 6] ~M is a broken C® curve with a(é) 4 0 for all ¢ « [a, 6], 
let 7(a) = ft 4 ky {Adadé, where a, is the new curve obtained from a by parameter- 
izing by arc length. 

If M isa smoothly triangulated manifold, then t canbe considered as a 1-cochain 
(relative to the triangulation). 

LEMMA, (The Gauss-Bonnet Theorem for 2-simplices) Let M be an oriented 
Riemannian 2-manifold, Let (s) be an oriented 2-simplex in R?, and let h: [s] +m 
be a map which has a smooth non-singular extension mapping a neighborhood of (s] 
into M. Let @ be the closed broken C” curve in M obtained by restricting h to (s). 
Then 

h*K(vol) = —7(a) + Z interior angles of Als] —7. 


Jisy 

Proof. From Theorem 1 akove, et UP ae is the rotation obtained by paral- 
lel translation around the closed curve a. Suppose @ is broken up into its three 
smooth curves ,, @,, and a, so that Tr(a) = © 1(a,) and a;: la;, aj.,] ~M withag=a 


anda, =6. By Lemma 2, Sec. 7.1, eiT(%4) is the rotation from the parallel translate 
of a;(a;) to &,(a;.,). Hence, from the picture in M (Fig. 7.12), we get that parallel 
translation around the closed curve @ is given by e?( 7(@)-% exterior angles), Hence, 
by taking logarithms, we get 


Nes) h*(K vol) = —7(a@) — = exterior angles + 274, 


where 2 is an integer. 


a 


Fig. 7.12 


We use a continuity argument to show 2 = 1. Suppose p, is a flat Riemannian 
metric in a neighborhood of h{s] (say transferred from R’ via h), Then K = 0, 
t(a) = 0, and > exterior angles is 27. Hence for the flat Riemannian metric, @ = 1. 
Suppose p is our given Riemannian metric, and let pz = tp, + (1—2fp be a family of 
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metrics, ¢ € [0, 1]. Let Ky, 7(a), exterior angles; be the usual entities for pt. 
These are continuous functions of 4. Hence £ is a continuous function of #, Sinee it 
is an integer for all ¢ and equal ta 1 for ¢ = 0, we obtain £ = 1. (You can also obtain 
this result by checking that @ = 1 for small triangles and taking barycentric sub- 
divisions.) 

Since interior angle + exterior angle = a, the lemma is proved. im 

Definition. Let M be an oriented, connected, smoothly triangulated 2-manifold. 
For each 2-simplex s in M, let (s) denote this simplex oriented consistently with 
M, That is, if k: K -M is the triangulation and w is a 2-form on M giving its ori- 
entation, let the orientation of s be given by the 2-form hkw, Let 


c =>) 4s). 


$s 


Then ¢ is a cycle called the fundamental cycle of M. Given any 2-form u on M, the 
integral of u over M is defined by 


Sy = Sete. 


Exercise. Prove that ¢ is a cycle. 

Remark. The integral can be defined without use of a triangulation. Let M bea 
compact oriented n-manifold, and let 1 be an n-form on M, Let {U;, Fy be a smooth 
partition of unity on M, where {uj} is a finite covering of M by coordinate neigh- 
borhoods. Then integration of n-forms is defined on each U; by pulling the forms 
back to R” through the coordinate systems. The integral of “ over M is then given 
by 


Jul = u Sy fit 


This is independent of the partition of unity used, for if {Vz, gz} is another such 
partition, then 


x Su, fi = yD So sve Fj Seu a2 I ERM. 


THEOREM 2. (Gauss-Bonnet theorem) Let M be anoriented, connected, smoothly 
triangulated, Riemannian 2-manifold. Then 


= Suk vol = x(M) = B,— B, + Bp. 


(x(M) is the Euler characteristic of M.) 

Proof. Note that each 1-simplex ¢ of M is an edge of precisely two 2-simplices 
of M, For given any point m « (f), there exists, by the implicit function theorem, a 
coordinate ball U about m such that (4) NU is mapped into a straight line in R?. By 
choosing U small enough, ¢ must divide U into precisely two pieces. These pieces 
must lie in distinct 2-simplices, and, since open simplices are disjoint, there can 
be no other 2-simplex with ¢ as an edge. 

Thus, since each 2-simplex has three 1-simplices as edges, the total number n, 
of 1-simplices of M is given by n, = 3n,/2, where n, is the number of 2-simplices 
of M. Letting n, denote the number of vertices in M, the Euler characteristic (Sec. 
6.1) is given by 
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Y= Mg — Ny + Ny 
= My — (3n,/2) + ny 
=n, — (n,/2). 


Now we apply the previous lemma, and 


aM -1 ff ip 
oa Ju K vol =5- J, WK vol) 


1 
= on 2 See) h*(K vol) 
= => (-7(a(s)) +) interior angles of h[s] — 7) 
= z {—7(8e) +2) (2) interior angles of Als ]) —n,7) 


But ac = 0, and >) (2) interior angles of nfs ]) equals the sum over all vertices v in 
s 


M of the sum of the interior angles at v of all 2-simplices with v as a vertex. Tak- 
ing a coordinate neighborhood of V contained in St(v), we see that for each v, the 
sum of these interior angles at v is exactly 27 (Fig. 7,13). Hence 


1 1 
on Sy Kwon) = Bq 2mo — n,m) 


= Ny B= x(M). Oo 


Fig. 7.13 


Remark. Note that this theorem holds for any connection on S(M/), since only the 
Second Structural Equation was used in the proof. 

COROLLARY 1, Let M be any Riemannian 2-manifold homeomorphic with the 
sphere S*, Then 


IG K vol = 47. 
COROLLARY 2, Let M beany Riemannian manifold homeomorphic with the torus 
Six S*. Then 
Jy K vol = 0. 
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COROLLARY 3. Let M be as in the theorem, Suppose there exists on M a 
smooth vector field which is never zero. Then y(M) = 0. In particular, there exists 
no non-zero vector field on S?, 

Proof. Let X be such a vector field and let Y = X/iXil. Then Y is smooth, and 
¥(m) = 1 for all m € M, so Y is a smooth map M ~ S(M). On S(M), 

dy =—(K © a)w, 4 w, = ~1*(K vol), 
Hence 
d(¥*y) = Y*(dy) = —Y* © *(K vol) 
=~( ° Y)*(K vol) 
= —K vol, 


Since 7 ° Y =ij,g. Thus K vol is exact and 


x= f Kvol=-J, ay*g) =—J, Y*o=0. O 


1.4 GEODESIC COORDINATE SYSTEMS 


Let M be an oriented Riemannian 2- manifold, and consider the vector field E,on 
S(M). Let U; denote the local 1-parameter group of transformations on S(M) as- 
sociated to the vector field £,, Then, for each m, € M and z € 1 \m,), there exists 
an € > 0 and an open set W, about z in S(M) such that the map [-e, él x W, — S(M) 
given by (¢, w) + U;(w) is smooth. Since m\(m,) = S' is compact, m(m,) can be 
covered by a finite number of such sets W,. Taking © to be the minimum of the 
corresponding numbers €, the map uw: [0, £] x S'— S(M), given by 


L(t, g) = Uzi, gv,) (vy fixed « T(M, m,); lull = 1), 


is well defined and is smooth. Since for each ge S', the curve ¢ y(t, g) in S(M) 
is horizontal with tangent vector E,, the curve ta u(t, g) is a geodesic starting 
at m, with tangent vector dn(Z,(m,, gv,)) = gv, at my. (See Fig. 7.14.) 

Let Dg denote the open dise of radius © about the origin in R?, and let 
P: [0, €] x S'—~ D, (P for polar map) be given by 


P(t, g) = tg. 
Then P is a smooth map. Moreover, the restriction of P to (0, c) x S is injective 


and maps (0, e) x S' onto D, — {0}. Since, however, 7 o u(0, g) = m, for all g € S?, 
amap G: D, -~M is defined by G= 7° & © P~l 


[0, ec) x si —£ S(M) 


P T 
G 


De M 


Exercise. Verify that this map G is smooth. (Note that G(0) = m, and that G 
maps radial straight lines in Dg into geodesics through My.) 
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a(mo) 


E, 


(™Ma,v0) 


vo 
wa 


Fig. 7.14 


Fig. 7.15 


Definition. The map G: D, ~M is called a polar, or geodesic, coordinate sys- 
tem about m,. 

Remark. Let 3/ar and 8/39 denote the natural vector fields on (0, €) x S'. Then 
adP(a/ar) and dP(a/a0) are the tangent vectors to the polar coordinate curves in 
Dg - {o}. Note that dP(a/a@) canbe smoothly extended to D, by setting dP(a/a0)|, = 0. 
The following lemma asserts that these orthogonal vector fields dP(8/ar) and 
dP(a/30) are mapped by geodesic coordinate systems into orthogonal vector fields, 
that is, that the orthogonal curves 7 = constant and 6 = constant are mapped into 
orthogonal curves in M by geodesic coordinate systems. 

GAUSS’S LEMMA. (dG ° dP(8/ar), dG ° dP(a/a0)) = 0. 

Proof. dG: dP =d(G ° P)=d(n o 4) = dt o du. Moreover, dji(a/ar) = E,, hence 


for (m, v) € Image u, 
an|au(>) | = dn(E,(m, v)) =v. 


(m, v) 
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Thus 


1G=-GP(?\S Sie Sul ae ea > 
au @F\56) 7 = (aT CHP an M\a6)? 


- ful) 


3 
= uto)(2). 
To see that this is zero, consider 


d(u*w,) = u*(dw,) = u*(p 4 w,) (by First Structural Equation). 
HUY a Uwe, 
Then 


aurw (4,3) - 5 {uw (2)uron(2) = wu (2\urw,)(2)} 
1 
3 


But du(a/ar) = E,, so that ¥(du(2/ar)) = 0 since E, is horizontal and w,(du(9/8r)) = 0. 
Hence 


a a 
O= aro) (2, a) 


~ atorl role] ~aelureo(eq)] -uron (EB. 5) 


urw)(2) = w (an (2) = wE,) =1, 


But 


so the second term is zero. Moreover, the bracket [(3/ar), (2/a6)] = 0 by equality 
of mixed partial derivatives, so the third term is zero also, Thus 


= [iu +02] = 0, 


and (u%*w,)(a/a@) is independent of Y; that is, 


(ae ° ap(2\, dG e ar(2) 


is independent of 7, But as r +0, dP(a/a@) —0, so that this inner product — 0. 
Since it is independent of v, it must therefore be identically zero, im) 

Remark, By Gauss’s lemma, dG@P(a/29)) is always orthogonal to the radial 
geodesics of our geodesic coordinate system. 

Next we study the behavior of the length of dG(@P(a/a0)) as we move along a 
radial geodesic. Since w,(au(2)) and w,(au()) are the components of dn (au()) 
relative toan orthonormal basis, and since w,(dj1(3/a0)) = (1 *w,)(2/80) = 0 from the 
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proof of Gauss’s lemma, (u*w,)(2/80) = w,(du(3/96)) is, at least up to sign, equal to 
the length of da c du(8/a0) = dG ° dP(a/2a6). 

Now from the First Structural Equation, 


d(u*w,) = u*(dw,) = —w*(p A w,) = pp A LFW, 


aurw\(2, a) =-} lu w(Z us o) G5) wrn(S)urw(2)] 


But (4*w,)(9/80) = 0 by Gauss’s lemma, and 


(u*w,) | = o,f (2). WE) 4; 


autos (2, #) = Hur), 


Thus 


so that 


On the other hand, 
a 
alu) 35) 


ar’ a@ 


since 


and [(3/ar), (8/20)] = 0. Thus 


= fu *w,) éa)| = wry) (), 


Now applying the Second Structural Equation, 


d(u*p) = w*(dy) = uk(-(K © m)w, 4 w,) = —(K om © pew, A rw, 
Thus, 


2-HK on uate 2 )u* wm i (ro) ur “) Gr] 
1 fo 


as before. Finally, 
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1faf. /aV] r /aX] (Ta a 
= 3 fer (7H Ge) | aa lO) Gy Wie, sal} 
-Eshen( 

since 
wry (ep) - sfu(2) ¥(E,) = 0 and lay ea =o 
Thus 


Differentiating the first boxed equation above and substituting into the second, we 


obtain 
2) [urn] +(K° Ge P) Gene) = 0. 
(u*w,) G) aoe ac) 7 


and, from the first boxed equation above, 
= vy dui— = WV) =1 
a6 r=0 : 


Moreover, 


irl" fall. = 9) 


In particular, (u*w,)(8/36) = 0 (at least for small values of vr), and so (u*w,)(3/98) 
is indeed equal to the length of dG ° adP(9/26), 

Thus we have shown the following theorem. 

THEOREM 1, Let G: D, —~M bea geodesic coordinate system about m,. For 
& € S*, consider the geodesic  — G ° P(r, g) through m,. Let f(r) denote the length 
of the vector field dG ° dP(8/8@) along this geodesic. Then f satisfies the differen- 
tial equation 


af, +(K°Ge° P\f=0 (Jacobi’s Equation) 


as well as the initial conditions /(0) = 0 and /’(0) = 1. 

Remark, Note that if K is constant, this differential equation can be solved ex- 
plicitly. Namely, if K > 0 then f(r) = (1/VK) sin (VKr). If K = 0, then f(r) = 7; and if 
K <0, then f(y) = (1/VK) sinh (V—Ky), 

THEOREM 2. Geodesics minimize arc length locally; that is, if @ is a geodesic 
in M starting at m,, then there exists an c > 0 such that Lal 9 ep < £() for all 
broken C™ curves B in M from m, to a(c). 

Proof. Let G: D, ~M be a geodesic coordinate system about m,. Then since a 
is a geodesic, 


a(t) = Ge P(t, g.) = Gltg,.) (0 = t<6) 
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for some g,€S*. Let p’: Dg —{0} —Db, be the map which rotates each point of Dg 
onto the radial line through g,; that is, p’ is defined by p’(rg) = rg,. 


9o U 
Dd. 
Gg 
2» 
Fig. 7.16 
Let U = G(Dg) an open set, and let p: U —{m,}-—-U be the corresponding map in 


U; that is, p=Ge p’° Gt, Then dp: T(U, m) — TU, p(m)) decreases lengths; 
that is, 


idp(v)i <= vl = (for allu « TU, m), me U —{m,}). 


For by Gauss’s lemma, dG ° dP(3/ar) and dG ° dP(8/86) are orthogonal vectors in 
T(U,m). Moreover, 


ef-s) = [clr -a(2) - Jeo a 
Joe san) = Jeo’ -arff = fc 


It follows that the magnitude of dp(v) equals the magnitude of the orthogonal projec- 
tion of v onto dG ° dP(a/ar), which is less than or equal to liv. 


Fig. 7.17 


Now let 8: [a, 6] -~M be any broken C® curve from m, to a(e), Let 


ce = inf[te [a, 6]; Bir) € U). 
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Then A(c) ¢ U, but A(t) « U for allt<c. Let Bi = Blfa,c}]. Then £(8,) = £(B). Now 
consider the curve p  B,: [a,c] ~M, Then 


Ip & BAN = udp(B) = 0 B(Hu 
since dp decreases lengths, hence 
£(p > B,) = £(B,) = £(B). 


But Image p © 8, = Image a, So, Since a is one-to-one we have p o B,(t) = @ o f(t) 
for t ¢ [a, c) and f: [a, c) —[0, €) with f = a7} o po 8B,. Thus 


&(B) =L(p ° By 


c 


cP Ip © B,)(t)idt 

fae 3 (aide 

SPna(Ao)u lf’ (at 
| 


J ae(oyis’(Oat = foi a(t) iat 


)= 


a 
a 


= LKalig, e)) co 
Remark. The proof above also shows that if G: Dg — M is geodesic coordinate 
System about m, and 8 is any broken C™ curve Starting at m, and ending at some 
point outside the geodesic neighborhood G(D¢,), then £(B) =e, 
THEOREM 3, Let p: M x M —R be defined by 


p(m,,m,) = inf[£(@); @ a broken C® curve in M starting at 
m, and ending at m,], 
Then p is a metric on M, and the metric topology on M is the same as the manifold 
topology on M, 
Proof. Clearly p(m,, m,) = p(m,, m,). Also, 


p(m, m,) = p(m,,m,) + p(m,, ms) 


because, given any & > 0, let a and 8 be curves from m, to m, and from m, to m, 
respectively such that 


£(a) < p(m,,m,) + 


£(B) < p(m,,m,) + 


N(O poym 


Then 


P(m,, m,) < L(a) + £(B) < p(m,, m,) + p(mz,m,) +. 


The remaining requirement p(m,, m,) = 0 <> m,=m,for a metric is also satis- 
fied because if m, 4 m,, let G: Dz, —M be a geodesic coordinate system about m, 
not containing m,. Then every curve from m, to m, has a length at least ©, so 
e(m,, mz) =e, 
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The two topologies on M agree because for each m, € M, there exists c,(m) > 0 
and a geodesic coordinate system G: Dg (m,)—~ M about m,. Then GWD¢g) = By (e) 


oralle zc). O 


THEOREM 4. Let M, and M, be oriented Riemannian 2-manifolds. Let m,¢« M, 
and m,« M,. Suppose G,: Dg ~M, and G,: Dg ~ M, are geodeSic coordinate sys- 


tems about m, and m, respectively. If K, ° G, ° Gj’ = K,, where K; is the curvature 
of M; (i = 1,2), then G, ° G;' is an isometry. 


Gy 


D, G.° Gy 


OO 
Fig. 7.18 


Proof. We must show that d(G, ° Gy") = dG, ° dG," is an isometry at each point, 
Since G, ° Gj? maps radial geodesics into radial geodesics, dG, ° dG;* preserves 
lengths in the radial direction, By Gauss’s lemma, dG, ° dG,* preserves ortho- 
gonality. Thus we need only verify that lengths in the 6-direction are preserved, 
that is, we need only show that 


lc, arf «fo,» 2762) 


But, if we fix g « S1 and let 


° ap(® 
dG a 


then Jacobi’s equation says that 


f,(r) = 


af; 
es ie, 


where f;(0) = 0 and f;(0) =1 (j = 1,2). By uniqueness of solutions, f,(v) = f,(r) for 
all rv; that is, 
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lec ° aP(e5) | Z lac ° ary | 
2 86 (r, g) * 861 (r, g) 
for all (vy, g) € (0, ©) x S1, 0 
COROLLARY, If M has constant curvature K, then given any pair m,, m, of points 
in M and v,, v, of unit tangent vectors (v; « T(M, m;)), there exists an isometry & 
mapping a neighborhood of m, onto a neighborhood of m, such that &(m,) = m, and 
do(v,) = vp, 
Proof. Let G;: Dg —~ M; be a geodesic coordinate system about m, (é = 1, 2). Let 
& € S' be the rotation of Dg which maps dG;'(v,) onto dGj(v,). Then G, ° g: Dg ~M 
is another geodesic coordinate system about m,. Set d= G,° g° Gy D 
Remark. Thus, if K = 0, M is locally isometric with R? (with its usual Rieman- 
nian structure). However, it is not true that M is globally isometric with R? (for 
example, the torus S’ x S! with its product structure). However, it can be shown 
that if M is simply connected and K = 0, then M is isometrically the same as R?, 
Remark, Jacobi’s equation also gives some information in the case of non-con- 
stant curvature. For example, suppose K > C for some constant C, Then if f is the 
Solution of Jacobi’s equation f” + Kf = 0, and f, is the solution of f”-+ Cf, = 0, then 
the theory of ordinary differential equations (Sturm-—Liouville systems) tellsus that 
J =f that is, the geodesics in M spread more slowly than do geodesics in a space 
of constant curvature C; that is, geodesics emanating from m, will come back to- 
gether faster in M than in a space of constant curvature C. 


7.5 ISOMETRIES AND SPACES OF CONSTANT CURVATURE 


Let M,, M, be smooth oriented Riemannian 2-manifolds. Suppose f: M,—>M, is 
an isometry that preserves the orientation. Thus f is smooth, injective, surjective, 
and it has a smooth inverse. Moreover af preserves the inner product on tangent 
spaces 


(af(v,), df(v,)) = {v,, Vy) (v,, V2, € T(M,, m.,); m, € M)), 


and if T is any 2-form giving the orientation of M,, then f*T gives the orientation of 

M,. Note that since f preserves the Riemannian structure and the orientation, f 

preserves everything defined in terms of these; for example, the curvature, the 

Riemannian connection, and the parallel translation, Five explicit statements follow. 
(1) f induces a map f: S(M,) ~ S(M,), defined by 


~ 


F(m,,v) = (f(m,), df(v)) — ((m,, v) € S(M))). 


This map is smooth and has a smooth inverse, namely fF = Ff”. Note that 


~ 
m,°f =f Om. 


~ 


S(M,) 


hy eae 


ISOMETRIES AND SPACES OF CONSTANT CURVATURE 187 
Moreover, since df is an orientation preserving isometry at each point, 
F(glmm,,v)) = gf (m,,v) 
for all (m,,v) € S(M,) and g € S}; that is, Ff °e= °F for each ge St. 
(2) f preserves the forms w,, w, and ¥ (y the 1-form of the Riemannian connec- 


tion). For, if te T(S(M,), (m,, v)), then 


w Mo(aF(t)) 
(fv), dra f(2))) 
(af(v), af (an (4) 


(f *w Me) (t) 


= (uv, dr ,(t)) 
= win); 
that is, 
Fro Me = w MM, 
Similarly, 


Fru Me - wf 1, 


To check that the connection is preserved, we use the uniqueness of the Rieman- 
nian connection. Note that f*~”2 is a connection form on S(M 1) Since 


(FeyMay(v) = yMe(az(vy) = ya(v) = 1, 
and 
at (Frye) = gt o F#(yM2) = F © g)*wMe) = (g 0 Fry 
= f*( gtyMe) = FryMe 
for each g € S'. Moreover, 
dw Me = yMe rn w Me 
dw Me = —yMa a w Me, 
so that 
dw Mi = d(f*w Me) 2 F* (dw Me) 7 (F¥y@2) x (F* w, MMe) 
= (F*y) x wM, 
da Mi = a(frw,.M2) = Fe(dw,M2) = — (Frye) » Few Me) 
= —(F*yM2) te w Mi, 


Thus the connection form Frye satisfies the simplified form of the structural equa- 
tions. By uniqueness, 


Faye = yh, 
(3) f preserves curvature; that is, f*K”2 = KM, For 


ayMi = -—(KMion)w Min wMi (= 1,2), 


188 INTRINSIC RIEMANNIAN GEOMETRY OF SURFACES 


so that 
—(KM1 ¢ 7 )w M1 yw = ay 

= a Frye) 
= fr ay™) 
= Fe ((-KMe © ,)w M2» w,Ma) 
= —(KM2 on, 0 f\(Ftw M2) 0 (F*w,.M@2) 
= —(K™2 . fe t,)w Ma x w Mi, 

hence 

KM. oq, = KMe ofonmys 
that is, 


K™ = K™2 © f= f*tK™Ma, 


(4) f preserves parallel translation; that is, if a: [a,b] —- M,, then the hori- 
zontal lift f > aw of f ° @ through (f © a(a), df(v)) is given by 


i 


fea=fea, 
where @ is the horizontal lift of a through (a(a), v). The reason is that 
Frye = ws and af(se™) = sc, 


(5) # maps geodesics into geodesics, for @ is a geodesic if and only if @ is 
parallel along a. 

Remark, Note that, given M, the set of all orientation—preserving isometries 
h: M—M forms a group 3 under composition. We call this group 3 the group of 
isometries of M. 

Definition. Kis transitive if for each m,, m, € M, there exists h € 5 such that 
h(m,) = mg. 

THEOREM 1, Let M be a smooth oriented Riemannian 2-manifold. Suppose the 
group of isometries of M is transitive. Then M has constant curvature, 

Proof. Let m,«¢ M, Then for any m € M, there exists h € 3 such that h(m,) = m. 
Thus K(m,) = (h*K)(m,) = K(h(m,)) = K(m). CF) 

Definition. Let X denote the group of isometries of M. For m, € M, letx mo Ae- 
note the subgroup of # leaving m, fixed; that is, 


Km, = lh € x; h(m,) = m,]. 


K m, 18 called the isotropy group of M at my. 

Remark. Note that for k € K,,, dk: T(M, m,) > T(M, m,) is an orientation pre- 
Serving isometry; that is, dk isa rotation of T(M, m,). Thus for each k € King 
there exists g € S* such that dk(v) = gv for all v « T(M, m,). Moreover, since 
d(k, ° k,) = dk, © dk,, the map @: K mm. ~S' definedby k —dk(m,) isa homomorphism. 

LEMMA. If M is connected, the homomorphism ®: Xj, — S? is injective. 

Proof. Let G: Dg ~+M be a geodesic coordinate system about m,. Note that for 
k€ Ky,, kt G(De) + GD) Since & is an isometry. Moreover, G™ © k o G is an ori- 
entation preserving isometry of D, leaving 0 fixed; that is, G4 o k © G = g forsome 
rotation g € S', Since dg(0) is also rotation by g, 
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dk(m,) = d(G eg © G*)(m,) = dG ° g © dG(m,). 
Thus 
k € kernal 6 <> dk(m,) = identity 
<> g = identity 
=> kig(p,)=G°s° G"? = identity. 


Thus if # € kernal ®, the set 
N=[meM; kh(m) =m and dk: T(M, m) — T(M, m) = identity] 


is an open set in M, On the other hand, since Rk and dk are continuous, N is closed 
in M. Since M is connected, N = M; that is, k = identity on M. Thus 


kernal @ = (identity) 


and ® is injective. 0 


THEOREM 2, Let M bea connected oriented Riemannian 2-manifold. Suppose 
ac! is a subgroup of the group 3 of isometries of M such that 
(1) 3c! is transitive, and 
(2) for some m, € M, the homomorphism 
Ky > St 


is surjective, where Kms = Km, N s, Then X = 3c}, 
Proof. Suppose h €« X, By transitivity of X', there exists h’ € 5} such that 


hX{h(m,)) = my. 
Then hth € Kimg Since $/K mi is surjective, there exists Rie K mi Such that 
&(R*) = B(hh). 
Since © is injective (by the lemma), 2? = hih, that is, h = RMh)-' € 3. Thus 3 C 5 


that is, i = a*, a 
Definition, For each m € M, the set 


[km = k(m); Re K me! 


is called the orbit of K m, through m in M, 


THEOREM 3, Let M be an oriented Riemannian 2-manifold. Suppose, for some 
My € M, &: K,, — Sis surjective, Then, in a geodesic coordinate neighborhood of 
0 Mo 


mg, the geodesics through m, are the orthogonal trajectories (reparameterized by 
arc length) of the orbits of K,,,. (See Fig. 7.19.) 

Proof. lf G: Dg > M is a geodesic coordinate neighborhood of m,, then the or- 
bits of K,,, are the images under G of the concentric circles about the origin in Dg. 
(See the proof of the lemma above.) These orbits are orthogonal to the radial geo- 
desics by Gauss’s lemma. By the uniqueness of orthogonal trajectories, these tra- 
jectories are the radial geodesics. Oo 
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ie 


Fig. 7.19 


Example 1. Consider the plane R? with the usual ae den eae Structure. Since 
8/87," = 1, the map c: R? +S(R?) given by c(m) = (m, e,) = (a/ar,)) is globally 
defined, so the special connection ey is defined on all of ey pee €, = 3/ar, 
and ie, = 4/8r,, SO w, = dr, and w, = dr,. Thus 


w@, = (cos @)0, + (sin 0)a, 
= (cos 0)a*dr, + sin 6(1*dr,). 


Similarly, 


W, = —(sin 6)7*dr, + (cos 8)1*dr,. 


Since ~, = d@, the first structural equations become 


—(Bin 6) d@ » (1*dr,) + (cos 6) a8 4 (1*dr,) 


Py A Wa, 


dw, 


and, similarly, 


dw, = —-P A). 


Thus the structural equations are in the simplified form, and, by uniqueness, the 
special connection on S(#*) is the Riemannian connection. Moreover, aS we have 
seen for the special connection, dy, = 0, sothe curvature K of R? is identically zero. 

Clearly, each translation and each rotation of R? is an isometry. Let i be the 
group generated by rotations and translations of R?, Then sc’ is transitive (in fact, 
the group of translations is transitive), and ¢: K{—S? is surjective (K} the group of 
rotations about 0 in R*); so, by Theorem 2, 4! is the full group of isometries of R?, 

For m,€ R?, Km, is the group of rotations of R? about m,. Since the orbits of 
Km, are circles about m,, the geodesics through m, are straight lines by Theorem 3. 

Example 2, Let S? denote the sphere of radius 7 about the origin in R°, with the 
induced Riemannian structure. Note that the group # of rotations about the origin in 
R* isa group of isometries of S?. It is the full group of isometries of S? by Theorem 
2, Since is transitive on S?, the curvature K of S? is constant by Theorem 1. By 
the Gauss-Bonnet theorem, 


A = (92) = 9 
re fo K vol = x(S*) = 2; 


that is, 
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K vol(S*) = 44, K = —7n=775 ==. 


The geodesics through m in S*? are the orthogonal trajectories of the orbits of the 
group of rotations of R* that leave m fixed, These orbits are circles about m, So 
the geodesics through m are the great circles through m. 


Example 3. Let D denote the open disc of radius 1 in R?. Regarding D as a sub- 
set of the complex plane, consider “the Riemannian structure (called the Poincaré, 
or hyperbolic, metric) on D defined by 


(vy, v) = app (v,, v2 € T(D, p); p € D), 


where v,°v, denotes the usual inner product (dot product) en 7(D, p) and p is the 
complex conjugate of p, so that pp = v?, where vy is the Euclidean distance from p to 


the origin, Thus, 


and ((8/8r,), (8/97,)) = 0. Note that the radial lines in D through the origin have in- 
finite length. For, if a: [0,1] + Dis given by a(t) = tet? for‘some°s, then 


hoya et 


cee 
ar, 


p 


2(a) = fo udaudt = {teat 2, 


Let 


e =|f: D— D; f(z) = abteer | for some pe D, 0 <8 < 2a]. 


From elementary complex variable theory, © is a group (the conformal group) of 
transformations of D onto itself. © is, infact, a group of isometries of D. For let 
fe, If we identify T(D, z) with T(D, f(z)) by identifying both with R? in the usual 
way, then, since conformal maps preserve angles, df(z) = A(z) g(z) for some real 
number A(z) > 0 and some rotation g(z) « S', The magnification factor A(z) is given 
by A(z) = \(df/dz)(z)|. But an elementary computation shows that 


[24(2) |(a - 28) = 1- fled Fe. 
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Since vectors at z which are unit vectors in the Poincaré metric have Euclidean 
length 1-22, this implies that df(z) is a rotation which maps unit vectors (in the 
Poincaré metric) into unit vectors; that is, df(z) is an isometry for each z, so 
f: D—Dis an isometry. 

Thus € is a group of isometries of D, © is transitive because, for p «€ D, 


seh le = Py 
Ip? 2 ~ (y= z5) 


maps p onto the origin, hence for each pair p,, p, € D, Sos ° fp, maps P, onto pp. 
Moreover, the isotropy subgroup X, of € at the origin is given by 


K =f: D—D; f(z) = e492]; 


that is, K, is the group of rotations in R?. Hence ®: K, — S? is surjective, so, by 
Theorem 2, © is the full group of isometries of D. In particular, since @ is transi- 
tive, the curvature K of D is constant by Theorem 1. 


Fig. 7.21 


Since the isotropy group K, at 0 is the rotation group, whose orbits are circles 
about 0, Theorem 3 tells us that the geodesics through 0 are the radial lines (suit- 
ably parameterized). Since isometries map geodesics into geodesics, and since the 
image of a radial straight line under a conformal transformation of D is either a 
radial straight line or a circle which meets the boundary of D at right angles, we 
see (Fig. 7.21) that such lines and circles are the geodesics in D. In particular, the 
sum Of the interior angles of a geodesic triangle in D is less than a, so that, by the 
Gauss-Bonnet theorem, the constant value of K is negative. (See Fig. 7.22.) 

Exercise. Find the constant value of K. [Hint: K can be found either by comput- 
ing the area ofa geodesic triangle and applying the Gauss-Bonnet theorem or by use 
of Jacobi’s equation. | 

Remark, Although we have exhibited the hyperbolic Space D as a submanifold of 
R?, note that the inclusion map is not an isometry. In fact, it can be shown that the 
space D cannot even be imbedded as a Riemannian submanifold of R°. 

Remark. We have exhibited three Riemannian manifolds R?, S?, and D of constant 
curvature K = 0, K > 0, and K < 0 respectively. It turns out that any two simply con- 
nected complete Riemannian 2-manifolds of the same constant curvature K are iso- 
metric, so these three examples are essentially the only examples of simply con- 
nected complete 2-manifolds of constant curvature. These three examples are im- 
portant in several different mathematical disciplines, as illustrated in the table fol- 
lowing Fig. 7.22. 
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RIEMANNIAN GROUP THEORY COMPLEX ELEMENTARY 
GEOMETRY (group of isometries) VARIABLES GEOMETRY 


——___i__.. 


Euclidean motions Complex plane Euclidean 
in R? (rotations geometry 
+ translations) 


Rotation group in Riemann sphere Spherical 
R3 geometry 
(elliptic 
geometry 
on P2) 


Conformal group Disc (hyperbolic Hyperbolic 
plane, or upper geometry 


half-plane) 


Relative to the last column in particular, these three examples are the only ‘‘ele- 
mentary’? geometries. Under the replacements points — points, straight lines — geo- 
desics, length —arc length, angles angles, and congruence — isometry, most of 
the axioms for Euclidean geometry are Satisfied by these examples. The most note- 
worthy exception is that Euclid’s fifth postulate, the parallel postulate, fails to hold 
on D: givena ‘‘straight line’’ £ anda point p not on £, there are infinitely many 
‘‘straight lines’? through p which never meet £. (See Fig. 7.23.) 

In the case of elliptic geometry, it is customary to use P? as model rather than 
S?, so that any pair of ‘‘straight lines’’ will meet in at most one point. In this ellip- 
tic geometry a ‘‘straight line’’ fails to divide the remaining points into two discon- 
nected parts, 

In the case of complex variable theory, R?,S?, and D are the only simply connec- 
ted complex 1-manifolds, a strong form of Riemann’s mapping theorem. 


Y 


Fig. 7.23 


| CHAPTER EIGHT 
IMBEDDED MANIFOLDS IN rR? 


In the previous chapter we studied the intrinsic geometry of a surface. Now we 
look at the properties of a surface as it lies in R3, 

Let (M, f) be a submanifold of R°, where M is an oriented 2-manifold, Let M be 
given the Riemannian structure induced from f: for v,, v, « T(M, m), 


(vy, Vadm = (df (v,), Af (v2) ¢(m)s 


Definition. Given (M, f), the spherical map on M is the maps: M — S? defined 
as follows. For me M, let s(m) « T(R*, f(m)) be the unit vector perpendicular to 
af(T(M, m)) that is consistent with the orientations of T(M, m) and 7T(R3, f(m)); 
that is, if v isa unit vector in T(M, m), then s(m) is the (unique) unit vector in 
T(RS, f(m)) such that {df(v), df(iv), s(m)} is an oriented orthonormal basis for 
T(R%, f(m)), Identifying T(R%, f(m)) with R° in the usual way, we may regard s(m) 
as a point in S?. 


s(m) 8(m) 


T(S?,s(m)) 


Fig. 8.1 


We shall find it convenient to identify T7(M, m) with df(7(M, m)). Furthermore, 
since df(T(M, m)) and T(S?, s(m)) are the same subspace of R? under the usual 
identification of the tangent spaces to R° with R°, we shall identify T(M, m) and 
T(S?, s(m)). Then 


ds(m): T(M, m) — T(S?, s(m)) = T(M, m), 
so ds(m) isa linear transformation from T(M, m) into itself. The main result of 
this chapter is the theorem of Gauss: The curvature K(m) of M at m is equal to the 
determinant of ds(m). In fact, Gauss originally defined K (for imbedded manifdlds) 
to be this determinant, andhe was Surprised to discover that K was in fact intrinsic; 


194 


IMBEDDED MANIFOLDS IN R? 195 


that is, K depends only on the Riemannian structure on M and not on the particular 
imbedding /. 


Let us first note wha 


manifolds 


in R? look like in local coordinates in terms of 
= 1; ° (7 = 1, 2, 3), so that 


fim) = U,(m), fa(m), f4(m)) 


for all me M. Here 7; are the coordinate functions on R5, Let uw: U-+M be a 
Smooth injective map from an open set U C R? onto an open set in M such that fir? 
is smooth, and such that if 7 isa 2-form on M which gives the orientation of M, 
then .*7 is a positive multiple of dr, »dr,. Thus 4~+ is an oriented coordinate sys- 
tem on u(U). Let x; = 7; ° #7? (¢ = 1,2) denote the coordinate functionson 4 (U). Then 
a/ax,; = du(a/ar;) and 


so that the matrix for df, relative to the bases {8/ax,;} for T(M, m) and {8/87;} for 
T(R®, f(m)), is 


a(f, ° #) af, ° B) 


or, ar, 
df ~ af, ° ) a(fe 2H) 
ar, a7, ; 
a(f,°H) Fs °h) 
ar, a7, 


The Riemannian structure on (UV) is then given by 


Ge 3 22, Be HY Oe Ee pe tish, 


ar; 57; 


Since df(8/ax,) x df(v/ax,)—cross product in R°—is perpendicular to df(T(M, m)) 
ateach point m € U and is consistent with the orientationsof 7(M, m) and T(R%, f(m)), 
the spherical map on (UV) is given by 


_ _adf(8/ax,) x df(a/ax,) 

s(m) = idf(a/ax ,) x df(a/ax.)il 
e 1 (ou AE): BUF Oe) OU gt) 
“4 ar,” ar, , ary 


(% ou) af, 2H) alfa e 4) 

av,” ar, =” ar, : 
where a is the magnitude of this cross product. In particular, we See that s isa 
smooth map. 

Now consider a fixed point m,¢« M, Altering f bya translation and rotation if 
necessary (this will leave the induced Riemannian structure on M unchanged), we 
may assume that f(m,) = 0 and that df(7(M, m,)) is tangent to the (7,, 7,)-plane R? 
and is oriented consistently with the natural orientation of R*; that is, f*(dr, * dr.) 
gives the orientation of T(M, m,). Let p: R®?— R? be projection; that is, 


pl,, us, us) = Gi, Us). 
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Then p of: M-—- R*; p o f(m,) = 0; and 

a(p © f)(m,) = dp ° df(m,) = af(m,) 
maps 7(M,m,) isomorphically onto T(R?, 0). By the inverse function theorem, there 
exists a neighborhood U of 0 in R? such that (p © f)-! is defined and is smooth on JU, 
Let = (p ef)*: U- M. Then yu is a local coordinate system about ™m,. More- 
over, Since p of oM = iy, 


f° Hlu,, 2) = (21, #2, E(%,, #,)) ((u4, #2) € U), 


where g=7,°f o4: U—-R Thus, if x,, x, are the coordinate functions on u(U), 
then the matrix for df relative to this coordinate system is 


1 0 
adf~; 0 1 |, 

og og 

ar, ar, 


and the spherical map on 4) is given by 


s(u(z,, ut») a aa U>) (. 0, = (u,, us)) x (0, 1, eo (u,, u2) 
2 ee yee. _ 2g. : 
7 a(u,, U,) ( ar, (u., Ma), ar, (u,, U2), 1); 


that is, 
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L(g _ 2g. ) 


Sof =— 
a ar,’ ar,” 


where a = V(dg/8r,)? + (og/8r,)2 + 1. Note that at m, = (0), s(m,) 1 df(T(M, m,)) =R? 
implies that (ag/87,)(0) = (ag/87r,)(0) = 0 and a(0) = 1. 
Now under our identification of T(M, m,) with df(7T(M, m,)), (8/ax,;)(m,) becomes 
identified with (8/87,)(0) (z = 1, 2), so that the entries 5,; for the matrix for 
ds: T(M, m,) > T(M, m,) 


relative to the basis {9/ax,} are given by 
te] a t) te] 
os ee), = Gen) 
jt ax; , ax; Mg or; ar; ‘ 
dr; {d(s ) as =d(rj,°s°¢ ) (8 
Pye ee e 5 oo er t ari] |, 


2 (rj os oH) 
=> Fe) ° 
ar; j o 
Thus 
oe #(-2%) _ 1 ta og) _18%| _ _ 2% 
1 ar, \ a ar,/|, a? ar, a7,|,  @ ArT), aril, 
and, similarly, 
ag 
Die = ~ Briar), 2P 
19% 2hg 
97 
bop = — ar? f 
that is, 
fe OS _ 2g 
ar ar, or ,87r, 
ds(m,) ~ 
fe eee er 
ar or, 87,07, ‘ 


In particular, assuming Gauss’s theorem (which still remains to be proved) that 
K is the determinant of ds, we obtain a qualitative description of the behavior of 
f(M) near the point f(m,) under various assumptions on the curvature K(m,). For 
from the critical point theory of functions of two variables, we know that the function 
g will have a maximum at the critical point 0, provided that the eigenvalues of the 
matrix 


og mye 
ary ar ,8r, 
92 92 

aR os 


ar,ar, ar3 
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are both negative and that g will have a minimum if the eigenvalues are both posi- 
tive. Thus if K(m,) > 0, then near 0, f(M) lies either completely above or completely 
below the R?-plane. On the other hand, if K(m,) < 0, then ds(m,) has one positive 
and one negative eigenvalue, and g has a saddle point at 0. If K(m,) = 0, the behavior 
of f(M) near 0 is undetermined, 


K(mme) > 0 K(m«) > 0 


ENV on 
Bega 


K(mo) < 0 


Fig. 8.3 


In order to prove Gauss’s theorem, we need an explicit description of the local 
geometry of imbedded manifolds. 


THEOREM 1. Let (M, f) be an oriented 2-manifold in R®. Let 2,, @: S(M) > R? 
be defined by 
em, v) = df(v), 
df(iv). 


e,(m, v) 


Let y be the 1-form on S(M) defined by 
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y = (dey, e2); 
that is, for (m, v) « S(M) and te T(S(M), (m, v)), de,(t) « T(R’, e,(m, v)) = R%, and 
yd) = (de,(t), e,(m, v)). 


Then y is the 1-form of the Riemannian connection on M. 
Proof. : 
Invariance. For g = e*® € S?, 


gry = yo dg = (de, ° dg, e, ° g) = (dle, ° 8), &2 ° &). 
But, for (m, v) € S(M), 
e,° g(m, v) =e,(m, cos 6 v + sin @ (iv)) 
= cos 0 df(v) + sin®@ df (iv), 
e, ° g(m, v) = e,(m, cos 0 v + sin 8 (iv)) 
=—sin 6 df(v) + cos 6 df (iv), 
sO 
€,°g= cos 8 e, + sin? @,, 
€, °g=—sin de, + cos 8 @y, 
Thus 
de, ° g) = cos @ de, + sin @ de,, 
Now since (e,, €,) = 1, (@g, €,) = 1, and (e,, e,) = 0, 
0 = d(e,, €,) = 2(de,, ey), 
O= aXe, @,) = 2(deé,, @2), 
0 = dey, ey) = (dey, e2) + (€,, dg); 
so that (de,, e,) = (de,, e,) = 0, and (e,, de,) = —(de,, e,). Hence 
arty = (dle, © 8), 2 ° g) = (cos? 6 + sin? 6)(de,, e,) = ¥. 


Normalization. For (m, v) € S(M), V(m, v) = ¥(0), where y: R ~S(M) is given by 


y(8) = (m, cos 8 v + sin @ (iv)). 


Hence 
p(V(m, v)) = wly(0)) = (de (0), e,(7(0))) 
= ((e, ¢ y)(0), df (év)). 
But 
e, ° y(9) = cos 6 df (v) + sin 8 df (iv), 
so that 


(e, > y)(0) = —sin 6 df (v) + cos 0 df (iv)|, = af (iv), 
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and 
y(V(m, v)) = 1. 

Thus } isa connection form on M, To verify that it is the form of the Riemannian 
connection, it suffices to check that the simplified forms of the first structural equa- 
tions are satisfied, To do this, note that when (m,v) ¢€ S(M) andi e T(S(M), (m, v)), 

w,(t) = (di(t), v) = (df ° dn(t), df(v)) = (df © m)(0), e,(m, v)), 
sO 
w, = (df © 7), €,). 
Similarly, 
We, = (af : 7), 22). 


Also note that the component of d(f © 7) in each y;-direction is the exterior differ- 
ential of a function, namely, 


(ats ©), B= ary cdf em) =d(7; of °n), 


so that d(d(f ° 7)) = 0, where the exterior derivative of a 3-tuple of forms is com- 
puted componentwise. Hence 
dw; = d(d(f © 7), e;) 
= (ddf ° 1), e;) — (df © m), de;). 


(*) dw; = —(dUf ° 1), de;). 


But 
af on) = (af on),e)e,+ (df o 7), e,)e,, 


since e,(m, v) and e,(m, v) form an orthonormal basis for df(T(M, m)) for each 
(m, v) € S(M). Thus 


Af ° 1) = WC, + Weed, 


hence, from (x), 


dw, =~ (W,@, + W6,, de,) = —w, A (@,,de,) = —WeAP= PA ws, 


dw, = —(W 6, + W202, de,) =—w, * (€,,de,) =, AP=-~rw,. 0 


Interpretation of parallel translation for imbedded manifolds. 

Let a bea curve in M, and @ some lift to S(M). Then e€,° @ is a curve in R3 
lying on the unit sphere, so that d(e, ° a)(d/dt)t, = (d/dt)(e, ° a), is always perpen- 
dicular to e, o G(¢,). Now @ is horizontal if and only if y(@) = 0. By Theorem 1, 
this is the case if and only if d(e, » &)(d/dt),, is perpendicular to e, ° Q(t). Since 
e, and é, span the tangent space, @ is horizontal if andonly if (d/dé)(e,  @),, is per- 
pendicular to df(T(M, a(f,))) for all fp. 
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Thus if X is a unit vector field defined along a and a(é) = (a(#), X(a(é))), then X 
is parallel along a <> @ is horizontal <> (d/dé)(e, > @) = (d/dt)(X ° a) is always 
perpendicular to the manifold; that is, X is parallel along a if and only if X e @ is 
‘constant along the manifold’’: the tangential component of the derivative of X ° @ 
in R? is identically zero. For imbedded manifolds, this characterization can be used 
in place of the abstract notion of connection. 

THEOREM 2. (Gauss) Let (M, f) be an oriented 2-manifold in R°. Lets: M—S? 
be the spherical map. Then for each m € M, det ds(m) = K(m). 

Proof. Let 3: S(M) — S(S?) be defined by 


3(m, v) = (s(m), af(v)). 


Let w,, w,, and ~ be the structural 1-forms on S(M), and let w,, w2, and ¥ be the 
corresponding forms on S(S*), Then 
(1) Sty = y. 


For 


But 
2, ° S(m, v) = &,(s(m), df(v)) = df(v) = e,(m, v), 
é, ° S(m, v) = &,(s(m), df(v)) = idf(v) = s(m) x df(v) 
= af(iv) = e,(m, v); 


so that 2, ° S = e;, and ¥*p = (de,, e,) = yp. 


(I) 


SX oS 
Wy = AyyW, + AiQWo, 


S*W_ = Az W, + ApWe, 
where the aj; are the smooth functions on S(M) such that 
ay ay 


Gay a20 (m, v) 
is the matrix for ds(m) relative to the basis {v, iv} for T(M, m). 
For if (m, v) € S(M) and te T(S(M), (m, v)), then 
(S*5,)() = G, ° ds (d 
(di(d&(t)), dflv)) — (since 3(m, v) = (s(m), df(v))) 
= (dm ° 3)(d), df(v)) 
= (d(s © m)(t), df(v)) 
= (ds(di(t)), df(v)) 
= (ds(w, (dv + w,(é)(iv)), df(v)) 
= (ds(v), v)w,(d + (ds(iv), v) (4), 
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since d/(v) is identified with v. Similarly, 
(S*0,)(t) = (ds(v), iv) w,(d) + (ds(iv), iv) w,(1, 
completing the proof of (II). 
(I) For each m € M, det ds(m) = K(m), 


For 
—Kw, Aw, = dp = d($*) = 3*(ap) 


W 


S*(-G,4G,) (since S? has constant curvature 1) 
=—S*0, 4 S*0, 
= ~—(4,,W, + @ygw,) 4 (4a, # dew.) 
= (Gy, A22 — Ay. n))W, A Wo, 

so that 


a, Ap 
K = det = det ds(m), Q 
Ao, ar20 


Remark. The linear transformation ds(m) is called the second Sundamental form 
of M at m. Note that it is a self-adjoint linear transformation, since its matrix 
relative to the special coordinates discussed above is the symmetric matrix 


_ a eee a 
ar? ar,ar, 
oes =e 
a7 ar, are 


THEOREM 3. Let (M, f) be a compact oriented 2-manifold in R?, Then there ex- 
ists my « M such that K(m,) > 0. 

Proof. Consider intuitively any sphere with M inside. Shrink this Sphere until it 
just touches M at some point m,. Then the curvature of M at m, is greater than the 
curvature of this sphere. 

Consider more precisely the function 77 © f on M, where + is the distance from 
the origin in R°, Let m,€ M be a point where 7 © Jf assumes its maximum. By ro- 
tating about the origin in R° if necessary, we may assume that f(m,) is onthe 73 
axis; that is, that f(m,) = (0, 0, c) for some c. Then’, © f also has a maximum at 
m, since 7, ° f(m,) = ro f(m.) 2 r > f(m) = 7, ° f(m) for all mé M. Hence for 
ve T(M, m,), 


ao) a) dy{af(v)) = d(r, ° f)(v) = 0; 


that is, df(T(M, m,)) is perpendicular to the vy, axis, We may assume that the ori- 
entation of df(7(M, m))) agrees with the orientation on the 7,, 7, plane. (Otherwise, 
a rotation through an angle of 7 about the vy, axis will accomplish this.) We may 
further assume, by rotating about the 7, axis if necessary, that 8/ar, and 9/ar, are 
eigenvectors of ds(m,). Then since f(m,) = (0,0,c), the special coordinates are 
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valid on the translate of f(M) by (0,0,-c); that is, there exists u: U ~M, UCR? 
such that 


fe L(y, ut) oa (4, Ug, + Blu, u2)) 


for some g: U — R with g(0, 0) = 0 and 


i Oe 
a PF 26 


og 
or, 


Then, since 0/87, and 0/87, are eigenvectors of ds(m,), ds(m,) has matrix 


2 


ag 
ar? 0 
0 og 
ar? - 


But 7? o f ° » has a maximum at (0,0). Hence since 


vo fcpU(u,,u) =ur+ug?tle+ glu, u,)], 


ag\? a? 
o= ; + 2(5e) + 2(c +g) #4 
. o 
7 og 
= 2+ 2c ar;! 
o 


Then 


92 
Oe ye ef op) 


for j = 1,2. Thus 


a? 1 ag 1 
ar? a ar,t| =e? 
i9) Lv) 
so that 
= _ bg ag S 1 
K(m,) = det ds(m,) = a >0 a 


COROLLARY. The torus S! x S' with its Riemannian product structure cannot 
be imbedded as a submanifold of R?, 

Proof. Since the covering map R? — S' x S* isa local isometry, S* x S$? has 
curvature identically zero. 

THEOREM 4, Let (M, f) be a compact connected oriented 2-manifold in R*. Sup- 
pose the curvature K of M is never zero. Then in fact K > 0 everywhere. If, fur- 
thermore, M is simply connected, then the spherical map s: M — S? is injective, 
surjective, and has a smooth inverse (that is, then M and S? are isomorphic as 
manifolds). 

Proof. The first statement is a consequence of the previous theorem. For the 
second statement, consider the map 7° s mapping M into the projective plane P*, 
where 7: S? ~ P? is projection. We show that 7 ° s is a covering map, First, since 
det ds = K > 0, ds is everywhere non-singular, hence so is dm » ds = a(n °s), By 
the inverse function theorem, 7 ° s is locally one-to-one and isan openmap, More- 
over, 7 °S isonto. Forif p« P*—say p = 1(p), B € S*?—consider the plane in R® 
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perpendicular to 5. Moving this plane out in the direction of } toward infinity and 
then back until it just touches M at m,, we find that s(m,) = +p, sothat 1 o s(m,) = p. 
More precisely, let mp € M be such that the function m —(f(m), 7) assumes its 
maximum at my. Then B 1 df(T(M, m,)) because, for v « T(M, m,), 


(af(v), B) = af, Bw) = 0. 


Hence s(m,) = +p, and 1° s(m,) = p. Finally, since M is compact, (7 ° s)"(p) is 
finite for each p € P*, (It is closed in M, hence compact; on the other hand, each 
point in 1"(p) is open in the relative topology, since 7 is locally one-to-one), Hence 
for U a sufficiently small open set about p, (7 © s)-(U) is a union of disjoint open 
sets each mapped homeomorphically onto U by 7 > s. Thus mos isa covering map, 
and M is a covering space of P®, But the only covering spaces of P® are S? and P? 
itself. Since P? is not orientable, M must be homeomorphic to S* and s must bea 
smooth homeomorphism with a smooth inverse. Q 

THEOREM 5, Let (M,, f,) and (M,, f,) be oriented 2-manifolds in R°. Suppose 
M, and M, are tangent along a curve o in R’; that is, suppose there exist curves 
a,;: [a,b] ~M; (G = 1, 2) such that 


f,° @=fy° M,= a, 


and 
df (T(M,, a,(t))) = af (T(M,, a,(t))) 


for all te [2,6]. Then parallel translation along a is the same in both manifolds: 
if v, « T(M,, a,(a)) and v, € T(M,, a,(a)) with df (v,) = df,(v,), then 


af, (parallel translate of v, along a,) 


= 4f, (parallel translate of v, along a,). 


Proof. Let s;: M; — S? denote the spherical map (i = 1, 2), and let §;: S(M,) — S(S?) 
denote the corresponding map on the circle bundles. Since 


af (T(M,, a,(t))) = df,(T(M,, a,(0))) 
for all tla, 6], we have s,° a= +s, ° a, We may assume that $,° @=+8,° a, 
for otherwise we may reverse the orientation on M, so that this is the case. (Note 
that orientation reversal on M, has the effect of changing the sign of the connection 


form on S(M,) and hence does not affect parallelism.) 
From the proof of Theorem 2, 


Si) = v; 


where }; is the connection form on S(M;). Let &;: [a,b] — S(M;) denote the hori- 
zontal lift of a; through (a,(@), v;). Then 


Has «B(G) = H(i(ea(G) = 6H(«8,(§) 


- lel) 


since @; is horizontal. Hence 3,  a;: [a, b] — S(S) (i = 1, 2) is the horizontal lift 
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of s,° @,= S, ° @, through 


Sy . @,(@) (s (a ,@)), af (v,)) 
(s,(a,(a)), df ,(v2)) 


3, ° aa). 


In particular, %, © @, = 3, ° @,. Hence, if v;(¢) denotes the parallel translate of v; 
along a; to a,(d, then @,(é) = (a,(4), v,(t)) @ = 1, 2), and 


(s (a(t), af,(v,(0)) = 5 ,(@,(2)) 
3, ° (4) 
3, ° @(2) 


(s2(a,(t)), df2(va(¢))); 


that is, df,(v,(é)) = @f,(v,(d). Oo 

Remark. Theorem 5 gives us a way of seeing geometrically how parallel trans-~ 
lation behaves for submanifolds in R?, Let a: [a, b]-—-M be a curve, Consider the 
family of tangent planes to /(M) along the curve f ° ain R*, For 4, t€ {a, b], the 
intersection of the tangent plane at f © a(i,) and the tangent plane at f ¢ a(t) will 
generally be a line. The limit of this line, as ¢— to, will be a line through f ° a(t,) 
in the plane df(T(M, a(t,)). The collection of all these lines, for f, € {a, 6], forms a 
surface D, called a developable surface. It turns out that such a surface D is flat 
(K = 0) and is tangent to f(M) along f ° a, Hence parallel translation in M along a 
is the same as parallel translation along f ° @ in D, But since D is flat, it is locally 
isometric toa piece of the plane; that is, ina neighborhood of a, D can be rolled out 
on the plane where parallel translation is ordinary translation, In particular, paral- 
lel translation along a circle on a sphere in R* is the same as parallel translation 
along that circle in the cone tangent to the sphere along that circle. But the cone 
can be rolled out on the plane where parallel translation is ordinary translation; 
then the cone can be rolled back around the sphere to find the parallel translate on 
the sphere. 


Fig. 8.4 
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THEOREM 6, Let M be an oriented connected 2-manifold, and let f, g: M — R° 
be two isometric imbeddings. Suppose that the second fundamental forms of (M, f) 
and (M, g) are the same. Then there exists a rigid motion (isometry) } of R? s 
that f=@c g, 

Sketch of proof: Choose a point (77, vy) € S(M) and a rigid motion ® carrying 
g(m,) into f(m,), dg(v,) into df(v,), and dg(T(M, m,)) onto af(T(M, m,)). Let f, =f 
and f, = ®» g; then f,(m,) = felm), Af (v9) = af(v9), and 


df (T(M, m,)) = df,(T(M, m,)). 


Hence §,(m,, vp) = 3,(m,, v,). Furthermore, because is an isometry, the second 
fundamental forms of (M, f,) and (M, f,) are equal. 

Note that as a result of formulas (I) and (II) in the proof of Theorem 2, the fact 
that the second fundamental forms for (M, J;), 7 = 1,2, are equal implies 


By: S(M) — S(S2) 


has the following property: §,*(%) = $,*(%) and $,*(@,) = 3,*(0,), 7 = 1,2. 

Note also that S(S?) can be identified with the space of 3 x 3 orthogonal matrices 
of determinant one, for a point of S(S?) consists of a pair (uw, v), where u is a unit 
vector in R*, and v is a unit vector perpendicular to u. The matrix corresponding 
to (%, v) is the one whose columns are u,v, and uw Xv, = 

LEMMA, Let a, a, be two curves [0,1] — S(S?) such that @,*(}) = o,*() and 
a,*(G;) = a,*(@,), (¢ = 1,2). Let B be the curve A(t) = a(t)" - a(t), where inverse 
is matrix inverse and the dot indicates matrix multiplication, Then £*(}) = 8*(@,) = 0. 

Proof. We leave the proof of this lemma to the student, It involves computing 
dp in terms of da, and da,, 

COROLLARY TO THE LEMMA. If in addition, a,(0) = @,(0), then @, = a, 

Proof. Since w,, @,, 9 span the catangent space at each point of S(S*), the lemma 
implies that dg is identically 0, so that 6 is a constant map. Since a,(0) = a,(0), 8(0) 
is the identity matrix, and, therefore, so is A(t) for all t € [0,1]. Hence a(t) = a(t) 
for allt € [0,1]. 

We are now in a position to show that Jt, =F. Let y be a curve in S(M) starting 
at (mo, vo), and let a; = 3; ° y. Then the curves @,; satisfy the hypothesis of the 
lemma, and a,(0) = @,(0), so we conclude from the corollary that a, = a. In par- 
ticular, 3,(y(2)) = 5,(7(0), (t € [0,1]). Since any point of S(M) is reachable by a 
smooth curve starting at (mm, v9), we have 5, = S,5 that is, for every (m, v) « S(M), 
s,(m) = s,(m) and df iv) = df,(v). 

Consider the map f, — f,: M — R°, where (f, ~ f,)(m) = f lm) — f,(m). Since 
df (v) — df,(v) = 0 for any unit vector, we conclude d(f,~ f,) = 0; thatis, f, = f, 
+ constant. Since f,(m,) = f,(m,), we have f, = fo 


Bibliography 


TOPOLOGY 

1. Alexandroff, P. and Hopf, H. Topologie. Berlin: Springer-Verlag, 1935. 

2. Bourbaki, N. Topologie Générale. Paris: Hermann, 1953. 

3. Eilenberg, S. and Steenrod, N, E, Foundations of Algebraic Topology. Prince- 
ton, N. J.: Princeton U. P., 1952. 

4, Hocking, J. G, and Young, G. S. Topology. Reading, Mass.: Addison-Wesley, 
1961. 
Hu, 8S. T. Elements of General Topology. San Francisco: Holden-Day, 1964. 

6. Kelley, J. L. General Topology. New York: Van Nostrand, 1955. 

7. Lefschetz, S. Introduction to Topology. Princeton, N. J.: Princeton U. P., 
1949, 

8. Pontryagin, L, 8. Foundations of Combinatorial Topology. Rochester, N. Y,: 
Graylock, 1952. 

9. Seifert, H. and Threlfall, W. Lehrbuch der Topologie. Leipzig: Teubner, 1934. 

10. Sierpinski, W. Introduction to General Topology. Toronto, Ontario: University 
of Toronto Press, 1934. 

11. Spanier, E. H. Algebraic Topology. New York: McGraw-Hill, 1966. 

12. Wallace, A. H. Introduction to Algebraic Topology. New York: Pergamon, 
1957, 

GEOMETRY 

1, Auslander, L. and Mackenzie, R. E. Introduction to Differentiable Manifolds. 
New York: McGraw-Hill, 1963. 

2. Bishop, R. L. and Crittenden, R. J. Geometry of Manifolds. New York: Aca- 


10. 


11. 


demic, 1964, 
De Rham, G. Variétés Differentiables. Paris: Hermann, 1960. 


Flanders, H. Differential Forms, with Applications to the Physical Sciences. 
New York: Academic, 1963. 


Guggenheimer, H. W. Differential Geometry. New York: McGraw-Hill, 1963. 


Hicks, N. J. Notes on Differential Geometry. Princeton, N. J.: Van Nostrand, 
1965. 


Kobayashi, 8, and Nomizu, K. Foundations of Differential Geometry, Vol. I. 
New York: Interscience (Wiley), 1963. 


Laugwitz, D. Differential and Riemannian Geometry. New York: Academic, 
1965. 


O'Neill, B. Elementary Differential Geometry. New York: Academic, 1966. 


Sternberg, S. Lectures on Differential Geometry: Englewood Cliffs, N. J.: 
Prentice-Hall, 1964. 


Whitney, H. Geometric Integration Theory. Princeton, N. J.: Princeton U. P., 
1957. 


207 


INDEX 


Arc length, 174 
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Broken C™ curve, 103 
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Cauchy sequence, 34 

Chain, 137 

Circle bundle, 157 

Class CS, 98, 99 

Closed differential form, 114 

Closed set, 6 

Closure, 6 

Coboundary, 144 

Coboundary operator, 144 

Cochain, 144 

Cocycle, 144 

Cohomology, De Rham, 114 
simplicial, 144 

Compact, 10 

Complement, 1 

Complete, 34 

Completely regular, 32 

Complex structure, 98 

Cone, 74 

Conformal structure, 98 
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Connection, 159 
Riemannian, 169 

Contiguous, 84 

Contiguous equivalent, 85 

Continuous, 11 

Continuous extension, 17 

Contractible, 44 

Converge, 34 

Convex, 69 

Convex independent, 70 

Coordinate function, 99 

Coordinate system, 98 

Cotangent bundle, 104 

Cotangent space, 103 

Countable, 3 

Covering, 10 

Covering homotopy theorem, 59 

Covering space, 55 

Covering transformation, 67 

Cross product, 112 

Curl, 112 

Cycle, 139 


Deck transformation, 67 
Degree, 107 
De Rham cohomology group, 114 
De Rham cohomology ring, 156 
Derivation, 100 
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Differential, 101 
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Differential form, 105, 108 
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Divergence, 112 


Edge, 86 

Edge equivalent, 87 
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Euler characteristic, 92, 142 
Exact form, 114 
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Exterior multiplication, 107 


Face, 71 

Finite, 3 

Finite intersection property, 10 
First category, 36 

First countable, 33 

First structural equation, 168-169 
Form, 107, 108 
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Function, 3 
Fundamental cycle, 176 
Fundamental group, 48 


Gauss-Bonnet Theorem, 176 
for 2-simplices, 175 

Gauss’s lemma, 179 

General position, 73 

Geodesic, 174 

Geodesic coordinate system, 179 

Geodesic curvature, 175 

Glueing lemma, 43-44 

Gradient, 112 

Graph, 91 

Grassmann algebra, 107 

Group of isometrics, 188 


Hausdorff space, 23 
Homeomorphism, 12 
Homology group, 139 
Homotopic maps, 43 
Homotopic paths, 46 
Homotopy, 43 
Homotopy type, 44 
Horizontal lift, 162 
Hyperbolic metric, 191 


Implicit function theorem, 120 

Indexing set, 3-4 

Induced map on De Rham cohomology, 115 
on differential forms, 113 
on fundamental groups, 52 

Infinite product, 4 

Injective, 3 

Inner automorphism, 51 

Integral curve, 125 

Integral of a 2-form, 176 

Interior: multiplication, 117 

Intersection, 1 

Inverse function theorem, 119 

Inverse image, 3 

Inverse of a function, 3 

Isometry, 135 

Isomorphic covering spaces, 66 

Isotropy group, 188 


Jacobi’s equation, 182 
Join, 74 


Length of a curve, 174 
Lie group, 122 
Limit point, 6 
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Local one-parameter group of transformations, 127 
Locally arcwise connected, 55 

Locally compact, 30 

Locally connected, 55 

Locally Euclidean, 97 

Locally finite, 132 

Locally simply connected, 62 


Manifold, complex analytic, 98 
differentiable, 97 
orientable, 128 
oriented, 128 
smooth, 99 
smoothly triangulated, 145 

Maximum principle, 4 

Mesh, 80 

Metric, 4 

Metric space, 4 


Normal topological space, 24 
Normed linear space, 37 
Nowhere dense, 36 


1-form of a connection, 160 

1-point compactification, 30 

One-to-one correspondence, 3 

Open covering, 10 

Open set, 6 

Orbit, 189 

Ordering, partial, 2 
Simple, 3 

Orientable, 128 

Orientation, 128 

Oriented, 128, 137 

Orthogonal group, 121 


Paracompact, 132 

Parallel translate, 162 
Parameterized by arc length, 174 
Partial ordering, 2 

Partition of unity, 132 

Pasting lemma. See Glueing lemma. 
Path, 45 

Poincaré metric, 191 

Poincaré’s lemma, 116 

Product topology, 14 


Regular covering space, 67 
Regular topological space, 24 
Relation, 2 

Relative topology, 8 

Riemann surface, 98 © 


Riemannian connection, 169 
Riemannian manifold, 134 
Riemannian structure, 134 
Route, 87 


Second category, 36 

Second fundamental form, 202 

Second structural equation, 168 

Simplex, 71 

Simplicial approximation, 82 

Simplicial complex, Euclidean, 72 
abstract, 88 

Simplicial map, 81 

Simply connected, 62 

Skeleton, 73 

Smooth curve, 103 

Smooth differential form, 105, 108 

Smooth function, 99 

Smooth homotopy, 117 

Smoothly triangulated manifold, 145 

Smooth manifold, 99 

Smooth mapping, 99 

Smooth vector field, 105 

Sphere bundle, 157 

Spherical map, 194 

Star, 82, 146 

Star-shaped region, 117 

Subcomplex, 73 

Subdivision, 76 

Submanifold, 123 

Subset, 1 

Surjective, 3 


Tangent bundle, 104 
Tangent space, 101 
Tangent vector, 99 

to a curve, 103 
Tietze extension theorem, 29 
Tp space, 23-24 
Topological space, 6 
Topology, 6 

discrete, 8 

relative, 8 
Transitive, 188 
Tree, 91 
Triangulated manifold, 145 


Unimodular group, 121 
Union, 1 

Unitary group, 122 
Universal covering space, 62 
Urysohn’s lemma, 27 
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